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The fundamental purpose of the revised version remains the 
same as that of the original edition published in 1933, namely, to 
serve as the basis of an intermediate course in mechanics for 
college students who have taken a substantial course in elementary 
general physics and college mathematics through calculus and 
introductory differential equations. The aim is still to stress the 
fundamental concepts and principles of mechanics and their use 
in all branches of physics. Certain additions, e.g., in atomic 
theory, relaxation phenomena, motion in resisting media, kinetic 
theory, oscillations, etc., reflect an increased concern with the 
applications. 

An outstanding change has been made in the treatment of rigid 
bodies by the consolidation of the original two chapters on the 
statics and dynamics of rigid bodies, respectively, into a single 
chapter in which the dynamical approach is kept paramount and 
statics is brought in as a special case. This reorganization is not 
only a more logical carrjdng out of the original plan of the book 
but serves to de-emphasize somewhat the statics part which is not 
so important for physicists. In the development greater use has 
been made of vector notation, though as before the author has 
refrained from a detailed presentation of vector differential opera- 
tors. The approach to rigid bodies is also made smoother and 
more logical by introducing earlier the chapter on the mechanics 
of collections of particles of which rigid bodies form a special case. 
The first part of this chapter has been largely rewritten with 
greater emphasis on the two-particle problem. 

The fundamental concepts of impulse, momentum, work and 
energy are now introduced in Chapter I from an elementary point 
of view, thus remedying what several have considered a weakness 
in the first edition in which the idea of energy is first introduced 
in Chapter IV. Collision phenomena have been taken out of 
Chapter XI and introduced where they more naturally belong in 
Chapter VI. The material on advanced mechanics and wave me- 
chanics has been placed in a separate chapter at the end of the 
book. 
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The problem lists have been revised and more carefully graded. 
Numerous additions have been made, and answers to many prob- 
lems are provided. 

Occasion has been taken to correct the obvious errors and in- 
felicities which occurred in the first edition, many of which have 
been brought to the attention of the author by those who have 
used the book. Several demonstrations have been materially 
simplified by putting more emphasis on the physical content than 
on algebraic manipulation. 

The author wishes to express here Ms deep appreciation to all 
who have taken an interest in the book by forwarding criticisms 
and suggestions. He is particularly grateful to Ms wife for assist- 
ance with the proof. 

R. B. Lindsay 

pTwidence, R. L 
February^ 1950 
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THE ELEMENTAL CONCEPTS OF MECHANICS 

14. What is Mechanics? Mechanics is the science of motion. 
Since motion is probably the most obvious of all physical phe- 
nomena, it is not surprising that the field of physics dealing with 
it has received careful attention by physicists from the very earliest 
times. The evolution of mechanics as we know it today has been 
a long protracted process involving the introduction and discarding 
of many different notions. The ideas of Galileo, Huygens and 
Newton^ developed mainly during the seventeenth century, proved 
so successful in the description of the observed large-scale motions 
of bodies that it became only natural to attempt the explanation of 
other physical phenomena like heat and light in terms of mechanical 
principles. This has further enhanced the importance of me- 
chanics in the evolution of physics. 

It should be made clear at the beginning that mechanics is not 
an explanation of why bodies move. It seeks the simplest possible 
description of how bodies move. It is true that this description 
does not content itself with ordinary, common-sense observation 
expressed in terms of everyday language. Rather, it involves the 
construction of what has come to be called a physical theory of 
motion, a logical structure in which certain general but plausible 
principles are postulated without proof. From these principles 
physicists can deduce mathematically all the possible motions of 
bodies. The latter can then be compared with actually observed 
motions, and the extent of the agreement between the theoretically 
predicted results and those observed is treated as a measure of the 
success of the theory.^ In particular if the theory is able to predict 
a result which has not previously been observed and subsequent 
test leads to agreement with the prediction, confidence in the suc- 
cess of the theory is considerably enhanced. From this standpoint, 
theoretical mechanics has proved to be a highly successful physical 
theory and it is therefore hardly surprising that up to very recent 

1 For a discussion of the nature of a physical theory cf. Lindsay and Mar- 
genau: Foundations of Physics ” (Wiley, 1936), Chap. I. 
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times it has been the endeavor of physicists to cast all physical 
theories into mechanical form, that is, to reduce the description of 
all natural phenomena in the last analysis to the motions of 
particles or continuous media of appropriate properties. This 
procedure has been attended with considerable success, though 
the satisfactory application of it to certain modern problems like 
the structure of atoms has demanded modifications in the funda- 
mental postulates leading to the generalization of classical me- 
chanics which is called quantum mechanics. 

It is the aim of the present volume to set forth the fundamental 
principles of classical mechanics and to illustrate them with many 
applications to concrete physical problems of all kinds, not only 
large-scale observed motions but also phenomena described in 
terms of the motion of hypothetical particles like molecules, atoms 
and electrons. In this way, it is hoped that the reader will secure 
a proper perspective on the value of mechanics as a tool in general 
physical description. 


1-2. Fundamental Definitions. Since mechanics is the science 
of motion, the question at once arises: what moves, and what are 
the simplest elements in terms of which its motion may be described? 
A careful analysis of the first question indicates that a logicaUy 
consistent answer is really very hard to find; the usual statement 
that it is matter which moves is not very helpful, since we do not 
know precisely what matter is, though we are now well acquainted 
with many of its properties. However, in order to avoid too much 
of a philosophical discussion, in this book we shall adopt the simple 
assumption (recognizing, of course, its shortcomings) that the 
fundamental entity in mechanics is the material particle and that 
all gross bodies whose changes in position with respect to then- 
surroundings we denominate by the term motion, are aggregates 
of such particles. At the present stage the simplest and most 
profitable view which the student can take of such a particle is 
that It IS a geometrical point with the important added non- 
geoinetncal property of inertia, the quantitative measure of which 
we shall later define as its mass. We shall also assume that par- 
ticles may have certain relations with respect to each other e.g. 

gravitation, electrical attraction or repulsion etc ^ 

_ We shaU therefore begin our study of mechanics with a discus- 
sion of the motion of a single particle. Now the elements in terms 
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of which we describe motion are first of all position in space and 
time. The thoughtful student will undoubtedly wish to examine 
closely these fundamental concepts.^ All that we can well say 
here is that space and time are strictly modes of perception, ways 
in which we as human beings distinguish objects and events. 
Each individual thus possesses his own space and time. But for 
practical purposes there has been devised a kind of public space 
in which we all agree to conceive the objects of perception to be 



placed, and a public time in which events take place. This 
public space, which is likewise that used in elementary mechanics, 
is Euclidean and three dimensional. There is one very important 
fact concerning the position of an object, such as a particle, in this 
space: we can never know more than its position with respect to 
other particles, which, of course, may include ourselves as observers. 
When we speak of the position of a particle, what we really imply 
is a method of reaching that particle, starting from some given 
position. Hence position is wholly relative, and implies an arbi- 
trary set of particles or bodies as a reference system. In mechanics 
this reference system will vary. For many problems it will consist 
of a point or points on the surface of the earth; for others it will be 
the sun; while the most general system of this kind is provided by 
the so-cafied /^ fixed stars. This latter system is known as the 
primary inertial system. 

There are many ways of representing mathematically the posi- 

^See H. Poincar^j Foundations of Science’’ (trans. by G. B. Halsted), 
a work wMch should be in the library of every student of physics. Cf. also 
“ Foundations of Physics,” Chap. II. 
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tion of a particle. The two most common ways are (1) by means 
of rectangular coordinates and ( 2 ) by a vector. Consulting Fig. l-l, 
the point P may have its position referred to a set of three mutu- 
ally perpendicular planes intersecting at the point 0 and in the 
lines Ox, Oy and Oz (the so-called coordinate axes) respectively, 
by means of the three perpendicular distances from P to the yz, 
xz and xy planes respectively. These three distances, usually 
denoted by x, y and ^ for convenience, are called the rectangular 
coordinates of the point P in the reference system 0 -xyz-, and 
the three values are in themselves sufficient to determine the 
position of the point.^ 

But it is clear that the point P is also completely specified by 
its distance r from the point 0 and the direction of this line with 
respect to the three coordinate axes, the latter being given by the 
angles a, ft y which the line OP makes with these axes. Such a 
line OP with definite length and in a specified direction is called 
a vector, for it is a physical quantit5^ which has both magnitude 
(i.e., as given by its length) and direction (as given by the three 
angles). We may say that the vector OP completely determines 
the position of the point P and the particle located there in the 
given reference system. We shall call OP = r the position vector 
corresponding to the position P.® It might at first be thought 
that the specification of P by means of a vector involves the use 
of four independent quantities, viz., r and the angles a, /3 and 7; 
whereas the rectangular coordinates are but three in number ' 
However the student wiU at once recall that a, j8, 7 are not inde^ 
pendent but are connected by the relation 


cos^ a H- cos^ -f cos^ 7=1. 


( 1 - 2 - 1 ) 


As a matter of fact it follows from an examination of the figure 
that the following connection holds between the rectangular co- 
ordinates and the angles, viz. : 

a: = r cos O', y = r cos z = r cos 7, (1-2-2) 

«^n Jfh^rth I'l lo™ is caUed a right-handed set in the 

sense tothe positive direction of the z axis is fixed by the direction of advance 
of a nght-^nded screw rotated m the xy plane from the positive direction of 
the X axis to that of the y axis through the angle between them. Interchange 
of he y and z axes leads to a le/f-Wed aef, useful for some purposes We 

shall use nght-handed axes in this book p puses, we 

» Note the use of bold face type for the designation of vector quantities. 
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whence^ since the identity (1-2--1) follows im- 

mediately. The rectangular projection of a vector on a given line 
is termed the rectangular component (usually more simply com- 
ponent) of the vector along the given line and is equal in magnitude 
to the product of the magnitude of the vector by the cosine of the 
angle between the positive directions of the vector and the line. 
Thus it develops that the rectangular coordinates of P are the 
components of the vector OP along the three coordinate axes re- 
spectively. (See Sec. 1*3.) We shall find that both methods of 
locating P are useful, both when P may be considered as l3dng in 
a plane and also when three dimensions are essential. The meth- 
ods of specifying position known as spherical and cylindrical co- 
ordinates will be dealt with later. 

Specification of position by distance, of course, demands the 
introduction of a unit of length. In the metric system this is the 
meter, which is the distance between two marks on a bar of plati- 
num carefully preserved at the International Bureau of Metric 
Standards, St. Cloud, near Paris. The common unit is the 
centimeter (cm.) which is 1/100 of a meter. The British unit is 
the foot, which is 1/3 of the Standard Yard,’^ the latter being 
the distance between two marks on a metal bar preserved in 
London. 

We must next consider the element of time. All physical events, 
including the motion of particles and bodies, are said to take place 
in time. The time to which mechanical motions are referred is 
the public time, which is arbitrarily related to the observed motions 
of the heavenly bodies, and it has been agreed in mechanics to take 
as a unit of this time 1/86,400 of a mean solar day. The mean 
solar day is the time (averaged over one year) between two 
successive transits of the sun across a given meridian. The unit 
of time thus defined is called the mean solar second. ^ Actually 
when in theoretical mechanics it is stated, for example, that the 
position of a particle is a function of the time, this really means 
that the position can be most conveniently represented as depend- 
ent on an independent variable which can take on an aggregate of 
values capable of being put into one-to-one correspondence with 
the real number continuum or, if we like, the points on a line. 
From this standpoint an interval of time is represented simply as 

1 Astronomers use also the mean sidereal second, which is 1/86,400 of the 
mean sidereal day or 365.25/366.25 of the mean solar second. 
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the interval between two real numbers or two points on a line. 
However, in actual practice these two values are made to corre- 
spond with two readings on a clock which registers public t-ime. 
This is the modem point of view which replaces Newton’s definition 
of “absolute” time as “flowing uniformly.” For the latter 
definition is clearly circular. Nevertheless it is also evident that 
Newton felt the necessity for the continuity of the abstract time of 
physics as opposed to the discreteness of the time of perception. 

Time like space is relative, and Einstein has shown that it is 
necessary to modify the common notion regarding the simul- 
taneity of two events. The Einstein modifications are of practical 
importance only for particles moving with very high velocities 
(e.g., close to that of light). 

The development of physical concepts suitable for physical 
description, e.g., for use in building a theory like mechanics, 
affords a problem of great interest in what may be called the 
foundations of physics. Already much thought has been given to 
this question. One of the most striking points of view is that of 
P. W. Bridgman,! who stresses what may be called the operational 
standpoint. According to this every physical concept possesses 
meaning only in so far as there exists a laboratory operation or set 

of operations by which a 
number may be attached to 
the symbol representing the 
concept. 

1-3. Displacement and 
Velocity. When a particle 
changes its position, it is said 
to undergo a displacement. 

, . . Since this may be treated as 

a change in the position vector of the particle, it is essential that 
we introduce some considerations on the properties of vectors 

ipf/? 5r figure 

(Fig 1.2). Though B draw the line parallel to and in the same 
direction as OA; through A draw the line parallel to and in the 

' ” ^Macmillan Co., New 

1927). T^his has much matenal which wiU prove very fasomatinv fnr 

B L»d»y, » 
a critique of operationahsm. 
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same direction as OB. Let these two lines intersect at C, Then 
the vector OC will be defined as the mm or resultant of the two 
vectors OA and OB, Thus we have the vector equation 

OA + OB = OC. (l-S-l) 

The sum of the two vectors may be looked upon as that diagonal of 
the parallelogram with OA and OB as adjacent sides which is 
included by these two sides. We may also consider the resultant 
as the third side of the triangle formed by OB and BC, where BC is 
equal in magnitude to OA 
and parallel thereto. This 
point of view is particularly 
valuable when we desire to 
find the sum of several vec- 
tors: we merely lay off at 
the end of the first vector a 
line equal in magnitude to 
and in the same direction as 
the second vector. We re- 
peat in turn for all the vec- 
tors, and the resultant will 
be the vector from the origin 
to the end of the line last drawn, thus completing a polygon. 
(Consult the figure — Fig. 1*3 — - where OD' is the sum of OA, 
OB, OC and OD, the four vectors being taken for convenience in 
the same plane, although this is not necessary for the application 
of the method.) 

Reverting to the simpler case of two vectors, we must b6 careful 
to note that eq. (1*3~1) is not an algebraic hnt a vector equation. 
The magnitude of the resultant OC is given by the cosine law, i.e., 

lOCp = ]OA|2 + lOBl^ + 2|OA| • |OBl cos B, (L3-2) 

where the bars indicate absolute value or magnitude. 

We are now in a position to discuss the subtraction of two 
vectors. Consulting Fig. 1-2 once more, we are led to define the 
vector BA as the difference between OA and OB, for it is the 
vector which when added to OB (by the preceding rule) yields 
OA. We thus have the vector equation 


C' 
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The magnitude of the difference vector will again be obtained 
from the cosine law, i.e., 

|AB(* = |OAp '-j- jOBp - 2|OA| • |OB| cos e. (1-3-4) 

A very important illustration of the addition of vectors is 
afforded by the resolution of the position vector r corresponding to 
a given point (Sec. 1-2) into its components along three mutually 
perpendicular lines, i.e., the rectangular components x, y, z. If 
we consult again Fig. M, the law of vector addition gives us at 
once the vector equation 

OP = OA -f AB + BP, (1.3_5) 

where OP = r, while |OAl = a;, |BP| = y and |AB| = z. If now 
we denote by i, j, k vectors of unit magnitude along the a:, y and 2 
directions respectively, we may write 

OA = ir, BP = jy, AB = k 2 , 
vrhenee (1-3-5) becomes ■ 


r = Lc -f- jy -f kz. 


(1-3-6) 


This mode of representing vectors in terms of their rectangular 

<^<^niponents is of considerable 
utility. 

It is now in order to discuss 
the displacement of a particle. 
Consulting Fig. 14 we note 
that the particle is conceived 
at first to be at the point Pi 
and at a short time interval 
M later to be at the point P^, 
If the displacement has taken 
place along the line PiP^ it is 
best represented by the vector 
element P 1 P 2 which is equal to 





Fig. 14 


.T r , , nr 2 wnicn is equal to 

the Merenc. betw^n the Teeters giTing the respective pesitiops 

r2 and I.e., we have 

P1P2 = OP2 — OPi = ra — ri, (1-3-7) 

ro^tfons the position vectors corresponding to the 

positions Pi and P 2 respectively. We shall then write 

PiP2 = Ar 


(1-3-8) 
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as a simplified expression for the displacement. We shall now 
Ar 

dejine — as the average velocity of displacement from Pi to F2. 
M 

It is the average time rate of change of position of the particle 
from its original position Pi to its final position P^. It will be 
noted that we have here confined our attention to an elementary 
displacement. But we can easily apply the same method to any 
finite displacement along any path whatever by considering the 
path to be made up of a great number of such elementary displace- 
ments. 

The instantaneous velocity of the particle at the position Pi is 
then defined as follows: 

. ( 1 - 3 - 9 ) 


lim ■ 


which, of course, assumes that the derivative actually exists. 
This will be the case in all the problems in mechanics which we 
shall study. It is clear that velocity like displacement is a vector 
quantity; its magnitude is often referred to as the speed and will be 
denoted simply by v. In the metric system it will commonly be 
expressed in cm/sec, while in the British system the unit is the 
foot/sec. 

It is often convenient to resolve a velocity into components 
along the a:, y and z axes in a coordinate system. We shall denote 
these three components by Vxj Vy and Vz respectively. Let Ax^ Ay, 
Az be the components of Ar along the coordinate axes, i.e., 

Ax = |Ar| cos 


Ay = |Ar| cos ri, 
Az = |Ar| cos f, 


(1-3-10) 


where n and f are the angles Ar makes with the three axes 
respectively. We then have 

Ax dx / 

Iini — = — = i - y,,, 

Ai=0 dt 


lim , 
A^ 


(1*3-11) 


' . Az dz 
lim — = — = 2 
At=.oAt dt 
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Attention should be called to the use of the dot to indicate differ- 
entiation with respect to the time. Two dots will indicate the 
second derivative, etc. This notation will be used throughout the 
book because of its simplicity. It will be noted that Vy and 
D* are no longer vectors, for they are the magnitudes of the com- 
Vonents of the vector velocity along the coordinate axes. Since 


we have 


COS^ f + COS^ 7 ] + cos^ f = 1, 

|vp = 2)2 = _)_ y^2_ 


(1-3-12) 


The representation of a velocity vector in terms of its components 
is termed the resolution of the vector. From another point of view 
we can consider the vector as compounded of three mutually 
perpendicular vectors of magnitudes equal to the components 
v^, Vy and % respectively, by the general method of summation of 
vectors discussed in the first part of this section. For velocity 
vectors follow the same rules for addition and subtraction as posi- 
tion and displacement vectors. Thus corresponding to eq (1-3-6) 
we shall have here 


= t = ivx + py + ky*. 


(1-3-13) 


In fact the student should realize that the vector formulas we have 
been using in this section are perfectly general in form, i e hold 
for vectors in general. Anyone interested in vector analysis as a 
brmch of mathematics may turn with profit to a text like that of 
J. L. Coffin, Vector Analysis (Wiley, New York, 2 nd ed., 1911 ) i 
There is, indeed, one important point to note concerning the 
composition of vector velocities by the parallelogram or polygon 
rule,^ namely, that in using the latter in this case we are really 
m^mg an assumption of a very fundamental nature, though one 
not: often emphasized -in elementary texts. The assumption is 
that the velocities are mutually independent, i.e., the fact that a 
particle has the velocity Vi does not influence the imposition of a 
velocity V2 at the same time. This mutual independence is not 
miversal in physics,® but where the assumption is justified, as in 
the present instance, it introduces marked simplification. The 

! f’hillips, “ Vector Analysis ” (Wiley, New York lOS'!! 

fluent of elementary electrostatics that the mutaal ia- 

Sucti ^ conductors is rmt independent of the presence of a tLrd 
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hypothesis is usually referred to as the principle of superposition. 
We shall meet with other illustrations. 


1*4. Linear and Angular Motion. The notions of displace- 
ment and velocity developed in the preceding sections are quite 
general. But there is a particular method of measuring displace- 
ment and velocity which is often of such great use that special 
mention must be made of it here preparatory to the more thorough 
discussion of Chapters II and III. Let us consider the special 
case of the motion of a particle in a 
circle. Examining the figure (Fig. 

L5) we note that the motion of the 

particle from F to Q may be described / / \ ^ 

either by the distance As traveled / \ 

along the circumference or by the I — JL~™Jp 

angle A6 through which the line \ / 

joining the position of the particle to \ / 

the center of the circle is displaced. 

In physics the common unit of such 

angular displacement is the radian, Fig. 1-5 

which is the angle at the center of a 

circle subtended by an arc equal in length to the radius. It 
follows immediately that the one displacement may be expressed 
in terms of the other by the relation 


As — r Ad, 


(14-1) 


If the displacement from P ioQ takes place in an interval of time 
At, the average angular velocity during the displacement may be 
defined as Ad /At and the instantaneous angular velocity at F will 
then be 

Ad de 

expressed in radians per second. From (14-1) it follows that the 
corresponding instantaneous velocity along the are of the circle 
ds ■ 

VIZ., = — = s IS related to oj by the relation 

V = m, ■ (14-3) 

where v will be expressed in cm/sec if r is in cm and w in radians 
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per sec. If the angular velocity is expressed, as is sometimes done, 
in revolutions per sec, say n in number, we have 


and therefore 


w = 2'7rn, 
V = 2^rnr, 


( 14 - 4 ) 

( 14 - 5 ) 


expressions which the student will have frequent occasion to use. 

It may be noted, of course, that the above relationships are 
strictly scalar in nature. Yet velocity along a curve is a vector, 
as we have seen. Is then angular velocity representable by a vec- 
tor? It is, and the representation is usually made by a line drawn 
from the center of the circle 0 perpendicular to the plane of the 
motion directed in such a way that as one looks along the vector 
from 0 the sense of revolution is clockwise. Alternatively one 
may say that the direction of the vector is the direction of advance 
of a right-handed screw the sense of whose revolution is the same 
as that of the given motion. This provides a rule which it is 
particularly simple to remember. The length of the line is pro- 
portional to the magnitude of the angular velocity. As a matter of 
fact, finite angular displacements are not compoundable in the same 
way as linear displacement or velocity vectors, and hence we shall 
not consider them as vectors in this book. (See Problem 11 at the 
end of the chapter.) However, finite angular velocities are com- 
poundable in the usual sense and as vectors turn out to be of im- 
portance in the motion of rigid bodies. 

1*5. Acceleration. The definition of instantaneous velocity 
given in Sec. 1*3 implies that the velocity of a particle may change 
with the time. The time rate of change of velocity is called the 
acceleration of the particle and is one of the fundamental quantities 
of mechanics. Thus, if in the time element At the linear velocity 
of a particle has changed from Vi to V 2 , we have 


Sav — 


V2 — Vi Av 


At 


At 


( 1 - 5 - 1 ) 


■ . Av dv 
lim 

At=o At dt 


V. 


( 1 - 5 - 2 ) 


and similarly 
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Since v, the instantaneous velocity, has been defined in Sec. 1-3 as 

di. 

— , we can write 

at 


— — 

dt\dt) 


tE = •• 


(1-5-3) 



thus defining a as the second derivative of the position vector r with 
respect to the time. It is clear that acceleration is a vector since 
the difference between two 
velocities is a vector. It may 
be observed that for this rea- 
son, even though the magni- 
tude of the velocity of a 
particle may not change, it 
may nevertheless experience 
an acceleration due to change 
in the direction of its velocity. 

The classical illustration of 
this is to be found in uniform 
motion in a circle. We can 
treat this in simple fashion by 
an investigation of the adjacent 
figure (Fig. 1*6). Let the particle move with constant angular 
velocity CO radians/second in the circle of radius r with center at 0 . 
The position vector of point P on the circular path is (cf. 1-3-6) 

r = ir + jy = r(i cos 5 + j sin 6). (1-5-4) 

Hence by differentiation with respect to the time, remembering 
that r is constant, the instantaneous velocity becomes 

V = f = r (-i sin 5 + j cos ^)ff, (1-5-5) 

leading to the speed 

V = \v\ = re = rca, ( 1 - 5 - 6 ) 

in agreement with (1-4-3). A second time differentiation yields 

a = V = f = ?•(— i cos 0 — j sin d)6'^ + r(— i sin ^ -f j cos d)S. 

rp,. . . , (1-5-7) 

Ihis IS more convemently written 

a = n(- cos e-e^-sine- 8) + rj(- sin 9-8^ + cose- 8). 

(1-5-8) 
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In the usual way the magnitude of the acceleration becomes 

a = = rV 6'^ + (1-5-9) 

To give a physical interpretation to (1-5—9) let us assume first 
that S = 0. This means that w = 0, i.e., there is no change in the 
magnitude of the angular velocity with the time. We shall say 
that there is no angular acceleration, putting 

= a, (1-5-10) 

for convenience. Then 


a = 


= TCX>^ 


(1-5-11) 

Thus even when the angular speed w is constant the particle still 
has an acceleration whose magnitude is given by (1-5-11), It 
remains to be ascertained what the direction of this acceleration is. 
From (1-5-8) (we are still considering ^ = 0) we have 


-r6^ cos 6, 


-r6^ 


sm I 


(1-5-12) 


But these are precisely the components of a vector of magnitude 
r6^ directed along the radius r toward the center of the circle 0. 
Hence the acceleration a is called the centripetal acceleration with 
magnitude denoted by Oc- 

It then develops that a particle moving in a circle is subject to 
two kinds of acceleration. Whether the angular velocity is con- 
stant or not, there always exists the centripetal acceleration with 
magnitude a^. If in addition there is an angular acceleration a 
there exists another acceleration of magnitude ra. The direction 
of this can be seen from an examination of (1-5-8), since the 
components are, respectively, ’ 

-rsme-d, rco&d-§. 

These are the components of a vector of magnitude ra directed 
tangentially to the circle at P in the direction in which P is movins 
(i.e., increasing 0). We therefore write 

at = ra, (1-5-13) 

and refer to this acceleration as the tangential acceleration of P 

It IS clear from (1-5-9) that if a is the magnitude of the resultant 
acceleration 






(1-5-14) 
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1*6. Concept of Inertia and Definition of Mass. So far we have 
concerned ourselves solely with kinematicSj the geometry of 
motion. This treats particles essentially as geometrical points 
and neglects any differences that may exist between them. Actu- 
ally two particles that look alike may move quite differently even 
when subjected to what appear to be identical conditions. To 
explain this the concept of inertia has been invented with mass as 
its quantitative measure. This is inextricably related with the 
mutual motion of two or more particles as will be made clear in 
the definition we shall now examine.^ 

Let us suppose that we have two particles A and B which are 
completely isolated from all others in the universe. Under their 
mutual action they will suffer accelerations which with reference 
to the primary inertial system we may denote by b.ab and ^lba 
respectively. Now all experiments which have ever been per- 
formed on actual bodies lead us to assume that in such a case as we 
are discussing, these accelerations are opposite in direction and 
that their ratio is a scalar constant which is independent of the 
relative positions of the particles, of their velocities (save when 
the latter approach in value the velocity of light) and the time. 
We shall extend this assumption by supposing that this ratio is 
also independent of the presence of other particles, where, of 
course, it is to be clearly understood (as the above notation 
indicates) that the accelerations in question are due solely to mutual 
action. The presence of other particles will indeed produce 
accelerations in A and R, but our assumption is that the ratio of 
the acceleration of A due to B to that of B due to A is not influenced 
by such. We thus have, no matter what the magnitudes of the 
individual accelerations may be, 


— S-bA 


= Kba^ 


( 1 - 6 - 1 ) 


The constancy of this ratio may be looked upon as one of the most 
fundamental laws of mechanics. We are now free to give some 
interpretation to the magnitude of the constant Kb a- Let us take 
any other particle C. For the mutual actions of C and A, and C 

1 Of. “ Foundations of Physics,” p. 91 fi. Also-H. Pomcar4, “Soienceand 
Hypothesis” (English translation in “Foundations of Science”), p. 98 fl. 
Also Ernst Mach, “ The Science of Mechanics ” (English translation by Open 
Court Publishing Co., Chicago), p. 216 if. 
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and B respectively we shall then have analogously to (1-6-1) 

^AC ^B€ 


Kca, 


= KcB’ 


{h%-2) 


-^CA —B.CB 

Now experiment indicates that the following relation holds be- 
tween the three constants Kba, Kca and Kcb, namely, 

Kca 
Kba 


Kcb 


( 1 - 6 - 3 ) 


The second of the relations (1*6-2) then becomes 

Kba^bc = —Kca^cb- ( 1 - 6 - 4 ) 

The relation (1*6-4) indicates that we are able by choosing A as a 
standard particle to associate with every other particle a constant 
which does not depend at all on the particle with which the one in 
question interacts. Its importance will be emphasized if we give 
to it or some simple function of it a name. This may, of course, 
be done in a variety of ways, but we shall prefer to name the con- 
stant Kba the mass of B relative to A, or more simply the mass of 
By it being understood that A is to be taken as a reference particle. 
Thus we write Kba = ms, etc., so that (1*6-4) becomes 

mB!B.BC = -^mcSLcB- (1-6—5) 

We make further the important assumption also suggested by ex- 
periment that if a particle B is influenced by several particles 
Cy D, E, ... its resultant acceleration will be the vector sum of 
the accelerations due to the particles independently, viz., 

^B,CDE ~ ^BC + ^BD + SLbE + * • * . 

This is another illustration of the principle of superposition already 
mentioned in Sec. 1*3. We shall see in the next section that the 
foregoing definition of mass implies the important additive property 
that the mass of the particle formed by joining any two is equal to 
the sum of the individual masses. Indeed this may be looked upon 
as one reason for choosing the present definition, which is, of course, 
really arbitrary in nature.^ 

In order to measure mass by means of eq. (1-6-5) it is necessary 
to establish Siunit by arbitrarily assigning unit mass to a certain 
volume of some substance. In the metric system the unit of 

^ Thus we might have named If Kba the mass of B with equal consistency. 
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mass is the gram, which is defined to be the one-thousandth part of 
the mass of a lump of platinum carefully preserved in Paris — 
the so-called standard kilogram. It was originally intended that 
the standard kilogram should be the mass of 1000 cubic centimeters 
of water at its maximum density. Actually there is a slight dis^ 
crepancy so that the volume of one kilogram of water at maximum 
density is 1000.027 ± 0.001 cubic centimeters./ The British 
unit is the standard pound, whose relation to the kilogram is ex- 
pressed in the statement that one kilogram is approximately 
equivalent to 2.205 pounds. 

The definition of mass presented in this section is general in 
nature and the student will find it desirable to think out for him- 
self certain special cases. For example, two particles may be 
conceived to be connected by a perfectly elastic spring which it- 
self has no mass. When the spring is stretched and released the 
relation (1*6-1) will be verified irrespective of the extent of 
stretching. Moreover with other particles and springs, eq. (1-6-3) 
will also be verified. Other modes of interaction will occur to the 
mind, such as the mutual actions of gravitating and electrified 
particles. Our fundamental assumption is that in every case of 
this sort the relations (1*6-1) and (1*6-3) will be found to be 
satisfied. 

The student is particularly urged to avoid such statements 
as mass is the amount of matter in a body.’’ It is becoming in- 
creasingly clear that the expression amount of matter ” without 
further qualification is physically meaningless. The only logical 
definition of mass is that which enables us to establish a method 
of comparing masses. This is precisely the object of the definition 
of this section- Of course, it must be at once admitted that in 
practice masses are not usually compared in the ideal way indi- 
cated. For this purpose it is much more convenient to employ a 
balance, which utilizes the gravitational attraction of the earth 
for all bodies. The connection between this type of measurement 
and the logical definition of mass will be discussed later. 

1*7. Force and the Laws of Motion. We are now in a position 
to introduce formally the fundamental laws of motion resulting 
from the experimental researches of Galileo and the more mature 

i See R. T. Birge: '' Probable Values of the General Physical Constants 
in Reviews of Modern Physics, Vol. 1, p. 11, 1929. 
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considerations of Huygens and Newton, the three greatest 
physicists of the 17th century. As a matter of fact we have already 
progressed far toward an understanding of these laws in the 
preceding section. For let us go back to eqs. (1*6-1) and (1*6-3) 
with the resulting equation (1*6-4). We were there led to a 
definition of mass, wherein mass and acceleration for two inter- 
acting particles B and C are connected by the relation 


— — Mc&CB- 

We now wish to attach further significance to this relation. It 
states that in the interaction of the two particles there is some-- 
thing which is the same in magnitude for both particles. This is, 
of course, the product of mass (as we have defined it) and accelera- 
tion. We shall now further assume that its value in any given case 
depends on the relative positions of the particles, though it may 
conceivably sometimes be a function of the relative velocities of 
the particles as well as of the time. It is convenient to express 
this dependence by introducing a new vector function^ Fac(^, y, ^), 
where z are the coordinates of the one particle relative to the 
other, and placing 

'm,B^Bc — T^Bc{x^i y, ^)‘ (1*7-1) 

We now define the function Fbc as the force acting on the particle 
B due to the influence of the particle C. For C we have similarly 

mc^CB = Fob, (1*7-2) 

and the relation (1*6-5) shows us that 

Fbc = “Fes, (1*7-3) 

which means that the force on B due to C is equal and opposite in 
direction to the force on C due to B, It is to be noted that the 
force is B. vector and is moreover directed along the acceleration. 
Using the derivative notation we may write (1*7-1) in general 
form 

F = mv = mf (1*7-4) 

if V = f , as in Sec. 1*3. This may be called the equation of 
motion of the particle, which is thus obtained by placing the 

iPor simpliedty of notation we shall express this here as a function of 
position only, and leave more complicated cases for later discussion. ■ , • . 
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force equal to the product of mass and acceleration, i.e., the so- 
called kinetic reaction. It is fundamental in the solution of all 
problems in motion. 

The definition of force given above is probably the only logically 
consistent one available in mechanics. For the notions of push 
and pull” are too purely anthropomorphic for any exact use, 
though we shall probably continue to employ them for illustrative 
purposes.^ In a later chapter we shall see how static force is 
related to the present definition. The only kind of motion in 
which we conceive no force to act is clearly that in which the 
acceleration is zero everyvdiere and at all times. This is either 
rest or uniform motion (i.e., with constant velocity) in a straight 
line. With this addition to our previous discussion we have de- 
veloped the essential content of Newton’s three laws of motionj 
stated by him in the following form: 

(I) Every body continues in its state of rest or of uniform motion 
in a straight line, except in so far as it is compelled hy forces to change 
that state. 

(II) Change of motion is proportional to the force and takes 
place in the direction of the straight line in which the force acts. 

(III) To every action there is always an equal and contrary re-- 
action; or, the mutual actions of any two bodies are always equal and 
oppositely directed along the same straight line. 

In comparing the first two formal statements with the dis- 
cussion of the present section we must bear in mind that as a 
measure of the motion ” of a body, Newton used the product of 
mass and velocity, w^hich in present day usage is termed the 
momentum, though Newton referred to it as quantity of motion.” 
Hence Newton’s statement of the second law would logically be 
written in mathematical form 


d(mv) 

dt 


(1-7-5) 


However, if the mass remains constant in time, eq. (1-7-5) is 
equivalent to eq. (1 •7-4). We shall in general prefer (1*7-4). 


1*8. Units. The units of mass in the metric and British systems 
have been stated to be the gram and the pound respectively. The 

^ Cf. “ Foundations of Physics,” p. 85 ff. 
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unit of force may be at once defined from eq. Thus the 

force which corresponds to one gram of mass moving with an 
acceleration of one centimeter per second per second is the unit 
force in the metric or centimeter-gram-second (c.g.s. ) system, and is 
called the dyne. Similarly the force associated with one pound of 
mass moving with an acceleration of one foot per second per second 
is called one poundal. Engineers rarely use this unit, preferring to 
define their unit of force in terms of weight. Thus they call the 
force with which the earth accelerates a body of mass one pound, 
a force of one pound. This is sometimes called the gravitational 
unit of force. Since it is experimentally true that every body in 
the neighborhood of the earth^s surface experiences an approxi- 
mately constant downward acceleration of “ g (about 32.2 
feet/sec^ or 980 cm/sec^, though variable from place to place^ 
within certain narrow limits) it follows that the pound of force 
or weight is equivalent to g poundals. The poundal has the 
advantage of being an absolute unit, while the pound of force 
(written in this text hereafter as pound weight and abbreviated 
to lb wt) varies in magnitude from place to place on the earth’s 
surface, being greatest at the poles and least at the equator. 
While the student of mechanics is advised to use mainly the abso- 
lute units, he should be prepared to transfer his results into the 
engineering units, for the latter are the most widely used in daily 
life, at least in English-speaking countries. In the metric system 
there is an analogous usage, the gram of force or weight being 
defined as that force with which the earth accelerates a mass of 
one gram. The gram weight is then g ” dynes (g in metric units 
here, of course). 

The reader will already have noted that the introduction of 
units is a matter of convention and bound to be arbitrary. For 
pure science usage the metric c.g.s. (centimeter-gram-second) 
system has been pretty generally adopted throughout the world. 
Engineers usually employ some kind of gravitational unit. Much 
pressure is being exerted on both engineers and scientists to adopt 
a uniform system. The one commonly urged for this purpose is 
the so-called m.k.s. (meter-kilogram-second) system. In this the 
meter is the unit of length, the kilogram the unit of mass, while the 
second remains the unit of time. The unit of force is iho newton 

^The value of g ’' at the poles is 983.21 cm/sec^ wMle at the equator 
it is 977.99 cra/sec\ 
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or one kilogram meter per second per second. It is clearly equal 
to 10® dynes and hence, so far as magnitude is concerned, a more 
practical unit than the dyne. Indeed, the m.k.s. system is some- 
times called the absolute practical system. It has some advantages 
in connection with the relation between mechanical and electrical 
units. In the meantime the reader is advised against a slavish 
adherence to any particular system. The main thing to keep in 
mind is the necessity for consistency: in the solution of numerical 
problems in mechanics, adopt at the start the system of units which 
seems most convenient and stick to it throughout the analysis. 

1*9. The Third Law of Motion, Combination of Masses. The 
first two laws of motion were completely implied in the truly 
remarkable investigations of Galileo. The third law was the 
peculiar contribution of Newton himself. We note that it is 
already present by implication in eq. (1*6-5), and following upon 
the definition of force the complete mathematical statement of the 
law was given in eq. (1*7-3). It thus appears as an even more 
fundamental law of motion than the first two. To state it again in 
words, it means that whenever one body is accelerated there must 
be another body accelerated in the opposite direction. Thus 
accelerations never occur singly but always in pairs. Stated in 
terms of force we may say that if a force acts on a given body, this 
body exerts an equal and oppositely directed force on some other 
body. The significance of the law is perhaps most easily under- 
stood with reference to the push and pull forces with which we 
feel ourselves so familiar. When a book lies on the table we say it 
presses down on the table with a certain force: the law states then 
that the table pushes up with precisely the same force. The loco- 
motive pulls forward on a train of cars and the cars pull back on 
the locomotive with precisely the same force, irrespective of the 
actual state of motion of the whole train. Newton called the two 
aspects of the force action and reaction^ whence the formal state- 
ment of the law given above. 

The recoil of a gun is another familiar illustration of the prin- 
ciple. That the latter is sometimes a matter of confusion is 
evident from the well known student paradox: if action and re- 
action are equal and opposite, how can bodies ever move?'' The 
well-worn illustration of the horse pulling the wagon will suffice 
to clear up this point: the horse pulls forward on the wagon and 


22 THE ELEMENTAL CONCEPTS OF MECHANICS 


the wagon pulls back on the horse with the same force, yet the 
wagon moves! The answer is that the acceleration of the wagon is 
a function only of the forces acting on the wagon, which in this 
instance are the forward pull of the horse and the backward pull 
of the ground. The force which the wagon itself exerts has nothing 
to do with its motion — this force concerns the motions of other 
bodies only, for example, the horse in our illustration. 

In the previous section it was pointed out that the definition of 
mass there presented implies the additive property that the mass 
of two particles joined together is equal to the sum of the individual 
masses. The truth of this statement is now seen to follow from 
the third law of motion. 

Consider the three mass particles E, C and D and suppose that 
B and C have approached so closely to each other that they may 
effectively be considered as forming a single particle under the 
influence of D. The equation (1*6-5) then becomes 

W(c+B)a(c+s),z) = (1*9-1) 

where m(c+B) denotes the joint mass of C and B considered as a 
single particle, and a« 7 +a)m is the acceleration of the joint particle 
due to D, The left-hand side is equal by definition to the force 
which D exerts on the joint particle C + B, Call this F(c+b),d. 
By the use of the principle of superposition this may be considered 
as the resultant of the forces which D exerts on C and B separatelv. 
Thus 

F(c+a),n = Fcj? + Fbp. (1*9-2) 

Now no matter what the mutual orientation of B, C, D is, the 
total force on C is the vector sum of the force due to D and that 
due to B and this is equal to the mass of C times the acceleration 
of C, since we have already assumed in the preceding section that 
the resultant acceleration is the vector sum of the individual accel- 
erations. There is a similar equation for S. We may write them, 
both as follows: 

F<7i> + Fob = mcSLc,BD, (1*9-3) 

Fbd + Fbc = mBB^B^cD, (1*9-4) 

where Fcb and Fbc are respectively the force on C due to B and 
that on B due to C. From the third law of motion, we have, of 
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course, no matter of what character the action may be, 

'Fob + Fbc = 0. (1-9-5) 

Hence if we add (l'9-“3) and (1*9-4) having regard for (1*9-5) we 
get 

FcD + FbD = Mc3.C,B1> + (1*9-6) 

where dLc,BD and are respectively the accelerations of C due 
to B and D, and of B due to C and D. For any arbitrary orienta- 
tion of R, C and D these accelerations may be quite different. 
However, since we are going to assume that B and C are to form 
the equivalent of a single particle, we must suppose that by the 
time we are considering them they move in such a way that their 
distance apart always remains within certain fixed limits, the upper 
of which is very small compared with the distance of either from 
D. To specify exactly their mutual motion under this condition 
would demand a precise assumption with respect to the nature of 
the forces between them and this, of course, we desire to avoid 
since we wish our result to be as general as possible. However, 
if we finally neglect small quantities of the second order, which 
is equivalent to assuming that the distance between B and C 
remains invariable, we may write 


^C,BD = ^B,CD = a(C4.S),n. 

Consequently eq. (1*9-6) becomes 

Fci) + = (wc + w^s)a(c^-B).I). 

It now follows from (1*9-1) and (1*9-2) that 

W(c+a)a(c+5),2> = (^c + ms)a(a+^),z>, 

^(C7+B) = ma + rriBy 


(1*9-7) 


(1*9-8) 


whence 


(1*9-9) 

and the additive property is thus confirmed. 

The student may well inquire what attitude he should adopt 
toward the laws of motion, i.e., are they truly experimental laws 
or are they merely postulates — a part of the fundamental theory 
of mechanics? Careful consideration of this question by such 
men as K. Pearson, H. Poincare, Ernst Mach, H. Hertz, and others 
indicates that the latter attitude is the more strictly logical one 
for while the laws are of course BuggcBtsd by experiment, no experi- 
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the wagon pulls back on the horse with the same force, yet the 
wagon moves ! The answer is that the acceleration of the wagon is 
a function only of the forces acting on the wagon, which in this 
instance are the forward pull of the horse and the backward pull 
of the ground. The force which the wagon itself exerts has nothing 
to do with its motion — this force concerns the motions of other 
bodies only, for example, the horse in our illustration. 

In the previous section it was pointed out that the definition of 
mass there presented implies the additive property that the mass 
of two particles joined together is equal to the sum of the individual 
masses. The truth of this statement is now seen to follow from 
the third law of motion. 

Consider the three mass particles C and D and suppose that 
B and C have approached so closely to each other that they may 
effectively be considered as forming a single particle under the 
influence of D. The equation (L6-5) then becomes 

^<c+s)a(a+js),n = —mDQ>D,(c+B)} (1-9-1) 

where mcc+js) denotes the Joint mass of C and B considered as a 
single particle, and sl(c+s),d is the acceleration of the joint particle 
due to D. The left-hand side is equal by definition to the force 
which D exerts on the joint particle C + B. Call this 
By the use of the principle of superposition this may be considered 
as the resultant of the forces which D exerts on C and B separately. 
Thus 

F((7+B).n = Fen + F^n- (1-9-2) 

Now no matter what the mutual orientation of 5, C, D is, the 
total force on C is the vector sum of the force due to 2) and that 
due to B and this is equal to the mass of C times the acceleration 
of C, since we have already assumed in the preceding section that 
the resultant acceleration is the vector sum of the individual accel- 
erations. There is a similar equation for 5. We may write them, 
both as follows: 

Fen + Fen = mcac.nn, (1*9-3) 

Fnn + Fjbc == w^an.cn, (1*9-4) 

where Fan and F^a are respectively the force on C due to B and 
that on B due to C. From the third law of motion, we have, of 
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course, no matter of what character the action may be, 

Fcb+Fbc==0, (1-9-5) 

Hence if we add (1*9-3) and (1*9-4) having regard for (1*9-5) we 
get 

Fc7D + FjbD = (1*9-6) 

where ac.sn and a^,cn are respectively the accelerations of C due 
to B and Z), and of B due to C and D. For any arbitrary orienta- 
tion of jB, C and D these accelerations may be quite different. 
However, since we are going to assume that B and C are to form 
the equivalent of a single particle, we must suppose that by the 
time we are considering them they move in such a way that their 
distance apart always remains within certain fixed limits, the upper 
of which- is very small compared with the distance of either from 
D. To specify exactly their mutual motion under this condition 
would demand a precise assumption with respect to the nature of 
the forces between them and this, of course, we desire to avoid 
since we wish our result to be as general as possible. However, 
if we finally neglect small quantities of the second order, which 
is equivalent to assuming that the distance between B and C 
remains invariable, we may write 


^C,BD = ^B,CD = .n* 

Consequently eq. (1*9-6) becomes 

Fcb + Fbd = {nio + ^B)a(c7+s),z>. 
It now follows from (1*9-1) and (1*9-2) that 

m(a-f.B)a(c+B),n = (^c + WB)a(C4.B),i>, 

wcc+B) = + rriB, 


(1*9-7) 


(1*9-8) 


whence 


(1*9-9) 

and the additive property is thus confirmed. 

The student may well inquire what attitude he should adopt 
toward the laws of motion, i.e., are they truly experimental laws 
or are they merely postulates — a part of the fundamental theory 
of mechanics? Careful consideration of this question by such 
men as K. Pearson, H. Poincare, Ernst Mach, H. Hertz, and others 
indicates that the latter attitude is the more strictly logical one, 
for while the laws are of course suggested by experiment, no experi- 
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ment can ever be devised to test them fully and unambiguously. 
They may be taken to represent our idea as to the most general 
and simple basis, compatible with experiment, for the development 
of mechanics. Beginning with them as assumptions we shall make 
various deductions which may then be checked by the results of 
the most careful experiments which can be carried out. We shall 
see in the course of our work that beside the three laws of Newton, 
other more compact formulations of the principles of mechanics 
are possible and very valuable for certain purposes. 


1‘10. Impulse and Elmetic Energy. Work and Power. In 
addition to mass and force there are certain other mechanical 
concepts so important that it seems desirable to introduce them 
here, even though we shall postpone their detailed application to 
Chapter IV. 

What is the cumulative effect of a force acting on a particle as 
time passes? The natural measure of this is the time integral of 
the force over the interval in question. This is known as the 
impulse of the force in this interval. A simple but significant 
theorem can be proved about this quantity. Thus if we employ 
the equation of motion (L7-5) we can write 



where Vo and Vi are the velocities of the particle at the instants 
^0 and 4 respectively. Integration yields 



Fdt = mvi — mvo. 


(MO-2) 


It thus appears that the impulse of the resultant force is the change 
in momentum of the particle during the interval in which the force 
acts. This is known as the impulse-momentum theorem. It is 
of particular interest for forces which are of short duration. 

For example, though the force may be very great (i.e., mathe- 
matically approach infinity) the time integral (1*10-2) may never- 
theless be finite if the time interval is small enough. Thus we 
may have for F = co and r = 0 for a particle of mass m 


m(v2 



Fdt = 





(MO-3) 
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where Vi and V 2 are the velocities of the particle at the beginning 
and end of the time interval r and J is a finite vector quantity. 
A very interesting though curious feature of this problem is seen 
in the following. Suppose the velocity of the particle remains 
always and let Vmax. be its largest value during the interval. 
Then the actual distance traveled during the duration of applica- 
tion of the force is certainly less than TV^ax. But as r = 0 this 
approaches zero, and hence we conclude that the effect of this 
infinite force for an infinitely short time is to produce a change in 
velocity (or momentum) but no displacement of the particle. It 
is just as if the force had no time to produce a displacement in the 
body, even though it produces a change in the momentum. We 
shall call such forces momentary or impulsive forces. Their meas- 
ure is the quantity J or the amount of change in momentum they 
produce. Though such forces are strictly ideal, they are approxi- 
mated in nature b}"^ such impulses as the blow of a hammer and the 
explosion of the powder back of a projectile. The reader should 
be able to show very simply that when computing the effect of an 
impulsive force on a particle all finite forces acting during the same 
interval may be neglected. 

Now let us ask ourselves about the cumulative effect of a force 
over the space traveled by the particle acted on by the force. In 
analogy with the measure of the time cumulative effect just dis- 
cussed above, it is natural to take as the space cumulative effect 
the space integral of the force. But since this involves the product 
of two vectors it is necessary first to define what we shall mean by 
this. 

Suppose we have two vectors A and B, written in terms of their 
rectangular components as follows [cf. (1-3-6)]: 

A — iAx + + iiAzj 

(MO-4) 

B = iBx + jBy + kBz. 


We shall define the so-called dot or scalar product of A and B as 
A • B = AxBx + AyBy A JBz* (1*10“5) 

It is cl^«th^ the commutative law holds. Thus 

/J' 


S-O 'T 

: ■ 


A • B = B • A. 


(MO-6) 
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ment can ever be devised to test them fully and unambiguously. 
They may be taken to represent our idea as to the most general 
and simple basis, compatible with experiment, for the development 
of mechanics. Beginning with them as assumfUms we shall makp 
various deductions which may then be checked by the results of 
the most careful experiments which can be carried out. We shall 
see in the course of our work that beside the three laws of Newton, 
other more compact formulations of the principles of mechanics 
are possible and very valuable for certain purposes. 



LIO. Impulse and Kinetic Energy, Work and Power. In 
addition to mass and force there are certain other mechanical 
concepts so important that it seems desirable to introduce them 
here, even though we shall postpone their detailed application to 
Chapter IV. 

What is the cumulative effect of a force acting on a particle as 
time passes? The natural measure of this is the time integral of 
the force over the interval in question. This is known as the 
impulse of the force in this interval. A simple but significant 
theorem can be proved about this quantity. Thus if we employ 
the equation of motion (1-7-5) we can write 


ph Jy 

1 .*• 


where Vo and Vi are the velocities of the particle at the instants 
fo and ti respectively. Integration yields 



mvi — mvo. 


(MO-2) 


It thus appears that the impulse of the resultant force is the change 
in momentum of the particle during the interval in which the force 
acts. This is known as the impulse-momentum theorem. It is 
of particular interest for forces which are of short duration. 

For example, though the force may be very great (le., mathe- 
matically approach infinity) the time integral (1-10-2) may never- 
theless be finite if the time interval is small enough. Thus we 
may have for F = co and r = 0 for a particle of mapp m 


m(v2 - vi) Fd< = J, 




(MO-3) 
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where Vi and V 2 are the velocities of the particle at the beginning 
and end of the time interval r and J is a finite vector quantity. 
A very interesting though curious feature of this problem is seen 
in the following. Suppose the velocity of the particle remains 
always finite and let Vmax. be its largest value during the interval. 
Then the actual distance traveled during the duration of applica- 
tion of the force is certainly less than rVmax. But as r = 0 this 
approaches zero, and hence we conclude that the effect of this 
infinite force for an infinitely short time is to produce a change in 
velocity (or momentum) but no displacement of the particle. It 
is Just as if the force had no time to produce a displacement in the 
body, even though it produces a change in the momentum. We 
shall call such forces momentary or impulsive Their meas- 

ure is the quantity J or the amount of change in momentum they 
produce. Though such forces are strictly ideal, they are approxi- 
mated in nature by such impulses as the blow of a hammer and the 
explosion of the powder back of a projectile. The reader should 
be able to show very simply that when computing the effect of an 
impulsive force on a particle all finite forces acting during the same 
interval may be neglected. 

Now let us ask ourselves about the cumulative effect of a force 
over the space traveled by the particle acted on by the force. In 
analogy with the measure of the time cumulative effect just dis- 
cussed above, it is natural to take as the space cumulative effect 
the space integral of the force. But since this involves the product 
of two vectors it is necessary first to define what we shall mean by 
this. 

Suppose we have two vectors A and B, written in terms of their 
rectangular components as follows [cf. (L3-6)]: 

A = iAx + }Ay -f IsiA^, 

• 7~» T~» (1*10-4) 

B = iR, + IBy + kR.. 


We shall define the so-called dot or scalar product of A and B as 
A • B = A^B^ + AyBy -f A,R,. (MO-5) 

It is clq^. tkat,„the commutative law holds. Thus 

''Sn -Vc'" ■'* 


A • B = B • A. 


(MO-6) 
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meat can ever be devised to test them fully and unambiguously. 
They may be taken to represent our idea as to the most general 
and simple basis, compatible with experiment, for the development 
of mechanics. Beginning with them as assumptions we shall make 
various deductions which may then be checked by the results of 
the most careful experiments which can be carried out. We shall 
see in the course of our work that beside the three laws of Newton, 
other more compact formulations of the principles of mechanics 
are possible and very valuable for certain purposes. 

I-IO. Impulse and Eunetic Energy. Work and Power. In 
addition to mass and force there are certain other mechanical 
concepts so important that it seems desirable to introduce them 
here, even though we shall postpone their detailed application to 
Chapter IV. 

VTiat is the cumulative effect of a force acting on a particle as 
time passes? The natural measure of this is the time integral of 
the force over the interval in question. This is known as the 
tmpulse of the force in this interval. A simple but significant 
theorem can be proved about this quantity. Thus if we employ 
the equation of motion (1-7-5) we can write 

£Fdt = m£^di=^m£yv, (Mo-i) 

where Vo and Vi are the velocities of the particle at the instants 
to and ti respectively. Integration yields 


ph 

I ¥ dt = mvi — mvo. 

^ tn 


(MO-2) 

It thus appears that the impulse of the resultant force is the chanae 
mmommtum of the particle during the interval in which the force 
acts. This IS known as the impulse-momentum theorem. It is 
of particular interest for forces which are of short duration 
For example, though the force may be very great (i.e. mathe- 
matically approach infinity) the time integral (1-10-2) may never- 
thele® be fimte if the time interval is small enough. Thus we 
may have for E and r 0 for a particle of mass m 


m(v2 


Vi) =£^Fdt 


J, 


(MO-3) 
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where Vi and V 2 are the velocities of the particle at the beginning 
and end of the time interval r and J is a finite vector quantity. 
A very interesting though curious feature of this problem is seen 
in the following. Suppose the velocity of the particle remains 
always finite and let Vmax, be its largest value during the interval. 
Then the actual distance traveled during the duration of applica- 
tion of the force is certainly less than rVmax. But as r = 0 this 
approaches zero, and hence we conclude that the effect of this 
infinite force for an infinitely short time is to produce a change in 
velocity (or momentum) but no displacement of the particle. It 
is just as if the force had no time to produce a displacement in the 
body, even though it produces a change in the momentum. We 
shall call such forces momentary or impulsive forces. Their meas- 
ure is the quantity J or the amount of change in momentum they 
produce. Though such forces are strictly ideal, they are approxi- 
mated in nature by such impulses as the blow of a hammer and the 
explosion of the powder back of a projectile. The reader should 
be able to show very simply that when computing the effect of an 
impulsive force on a particle all finite forces acting during the same 
interval may be neglected. 

Now let us ask ourselves about the cumulative effect of a force 
over the space traveled by the particle acted on by the force. In 
analogy with the measure of the time cumulative effect just dis- 
cussed above, it is natural to take as the space cumulative effect 
the space integral of the force. But since this involves the product 
of two vectors it is necessary first to define what we shall mean by 
this. 

Suppose we have two vectors A and B, written in terms of their 
rectangular components as follows [cf. (1-3-6)]: 


A = lAx + lAy -1- )s,Azy 
B = iBx ~t” “b kJ52. 


(MO-4) 


We shall define the so-called dot or scalar product of A and B as 
A • B - AxBx + AyBy + AzBz, (MO-5) 


It is cl^.itliat.^the commutative law holds. Thus 





A B = B • A. 


(MO-6) 
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Moreover if A, B, C are any three vectors, the distributive law 
holds, viz. : 

(A + B) • C = A ■ C + B • C. (MO-7) 

The proof is left to the reader. Since the magnitudes of A and B 
are given by (cf. Sec. L3 again) 


A = |A| = ^ A + Ay^ + 

B = |B| = VbT+bTT^, 


we may write (140-5) in the form 


But 


A • B = AB 


Ax^x 

~AB 


AyBy AA \ 

AB AB/' 


(MO-8) 


(MO-9) 


Ai = A cos ai, Aj, = A cos 0 : 2 , Ax = A cos as, 

„ (MO-10) 

Bx = B cos jSi, By = B cos /S 2 , Bx = B cos /Ss, 

where cos ai, cos as, cos as are the direction cosines of A (cf. Sec. 
L2), and cos ft, cos ffs, cos fis are the direction cosines of B. A 
fundamental theorem of analytic geometry gives 


cos 8 = cos ai cos ft + cos a 2 cos /Ss + cos as cos ft (LlO-11) 

as the cosine of the angle between the vectors A and B. Hence 
(1-10-9) becomes 

A • B = AB cos 8. (MO-12) 


This result is indeed sometimes used as the definition of the scalar 
product of the vectors A and B. 

By the use of (1-10-12) we readily show the following properties 
of the unit vectors i, j, k. 


i . i = j . j = k . jj == 

i-j = j- k = k- i = 0. 


(MO-13) 


Reverting to the definition (1-10-5) we can assume that A and B 
are functions of the time and differentiate, obtaining 

— (A • B) = AxBx + Ax^X + AyBy + AySy 
— f- AxBx -j- Ax^x 

= A-B +A-B, 


(1-10-14) 
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where 

A = ii. + ji„ + ki., (1-10-15) 

it being assumed that j, k remain fixed as time passes. 

We are now ready to consider the space integral of the force. 
We shall define it as follows: 

(MO-16) 

e/ro 

where Xq is the position vector of the particle at the beginning of 
its motion, and ii is the position vector at the end of the motion. 
The infinitesimal displacement of the particle in the neighborhood 
of position vector r is denoted by dr. The integrand is the space 
effect of the force during the displacement dr^ when the force has 
the (nearly) instantaneous value F. The whole integral is then 
taken as the space cumulative effect of the force during the motion 
from To to Ti, We shall call the integral in (1-10-16) the work 
done by the force on the particle during its displacement and 
denote it by W, Let us evaluate W for the important case in 
which the force is the resultant force acting on the particle. Then 
we may replace F by mi from the equation of motion (1*7-4) and 
get' 

f mi • dr = I mf • f dt, (MO-17) 

To %JTo 

where we have replaced dr by f dt. Let us examine f • f . If we 
differentiate i • t with respect to time, we get from (1-10-14) 

d 

-(r-r) = 2r-r, (1-10-18) 

recalling that the scalar product is commutative. Hence (1-10-17) 
becomes 

m r m /'"I 

TU = -jd(f-r) = |jf^ d(.^), (1.10-19) 

where we have replaced f - f by v^, since 

and have changed our limits to the initial and final speed values 
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respectively. Now the integration in (1-10~19) can be readily 
carried out and yields 

W = imvi^ - imvo^ (MO-20) 

This reminds us of the impulse-momentum theorem (1*10“~2) in 
that the work done by the resultant force appears as the difference 
between the values of a certain function of mass and velocity at 
the beginning and the end of the motion. The function here is 
a scalar quantity ’which was known in the 18th century as 
the vis viva of the particle but which during the 19th century came 
to be called the kinetic energy. We shall, in general, denote it by 
the symbol K. The theorem we have just proved then says that 
the work done by the resultant force acting on a particle is equal to 
the change in kinetic energy experienced. We call this result the 
work-kinetic energy theorem. We must be careful to note that it 
applies only to the work done by the resultant force. Actually a 
force can act on a particle and do no work on it at all. Thus to 
revert to (1-10-16) we see that if F is at right angles to the dis- 
placement dr, we have 

dF = F • dr = 0. 

In other words, whenever a force is perpendicular to the dis- 
placement of the particle its space cumulative effect is zero or it 
does no work. This, for example, is the case for the centripetal 
force discussed in Sec. 1*5. In general 

dW = Fdrcos0, (1*10-21) 

where B is the angle between F and dr. 

We must now consider the matter of units. The work done 
when a particle is moved one centimeter while acted upon by a 
force of one dyne in the direction of the motion is called an erg. 
Because of the smallness of this quantity, a larger unit is used. 
This is equal to 10^ ergs and is called the joule. The student 
should verify that has the same dimensions and therefore the 
same units as workj i.e., dimensionally, kinetic energy and work B>re 
the same, as naturally they should be by definition. The absolute 
English unit of work and energy is the foot poundal; this is the 
work done when a particle is moved through a distance of one foot 
by a force of one poundal in the direction of the motion. Engineers 
never use this unit; they prefer the foot pound, which is the work 
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done in the motion of a particle through one foot under the action 
of a pound of force (lb. wt.). From the relation between the two 
units of force we note that 32 foot poundals are equal to one foot 
pound. In the m.k.s. system, mentioned in Sec. 1*8, the natural 
unit of work is the Newton meter. . But a moment^s reflection 
shows us that the Newton meter is exactly equal to the joule. 
This indicates one advantage of the m.k.s. system of units. 

The rate at which work is done is called power. Denoting the 
latter by P we have the general relation 

P = W. (M0~22) 

The metric unit (which is the same here as the m.k.s. unit) is the 
wait or Joule/sec, the kilowatt being 1000 watts. In the English 
system the corresponding unit foot pound/sec has no name, but 
550 foot pounds/sec is called one horsepower (hp.). The student 
is advised to note that the kilowatt hour and the horsepower hour 
are not units of power but units of work, equivalent respectively to 
3.60 X 10® joules and 1.98 X 10® foot pounds. 

By dividing by dt both sides of the relation 

dlT = F • dr 

we obtain 

p = F-f = F- V, (M0~23) 

which is often a useful relation. 

1*11. Resume. With the ideas of the preceding sections in 
mind we are now prepared to take up some concrete illustrations 
which will develop our understanding of the laws of mechanics. 
In the next two chapters we shall discuss the motion of a particle 
under various conditions. The main problem we shall meet there 
will be the setting up and solution of the equation (or equations) oj 
motion^ which is only the mathematical expression of the second 
law, namely (1‘7~4). The physics of the problem enters with tlie 
significant choice of the force F and the appropriate initial condi- 
tions of the motion, i.e., the so-called “ boundary conditions/^ 
initial or final position and velocity of the particle. The rest ^ ' 
problem will be mathematical. But each illustration will I " ■"’ ' 
arranged that the results will tie up intimately with the expe’ i- '* 
of our actual world. This will strengthen our grasp of the 
mental concepts already introduced in the present chaptc-’ - ' ' 
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afford a preparation for the more elaborate treatment to follow. 
In Chapter IV we shall show how the concept of energy can be used 
to particular advantage in the solution of mechanical problems. 

There is one point about the use of the equation of motion which 
merits a general remark before the solution of specific problems 
is undertaken. We have already noted in Sec. 1*2 that position is 
relative and the same must be true of displacement, velocity and 
acceleration. It will therefore naturally occur to the thoughtful 
student to inquire whether the equation of motion (L7-4) will 
retain its present simple form in all systems of reference. The 
answer to this is in the negative. The most general system in 
which the equation applies is that fixed relatively to the average 
position of the fixed stars. Nevertheless, it is easy to show that 
the equation retains the same form in any system which moves 
with constant velocity (without rotation) with respect to the above 
mentioned system. For suppose x, y, z are the coordinates of a 
particle in the first reference system, while x\ y\ are the co- 
ordinates in a system moving in the x direction with velocity v 
relative to the first. We then have the following relations con- 
necting the coordinates in the two systems 

X — vt — a, 

y' (Ml~l) 

z* ^ Z — Cj 

where a, &, c are constants giving the position 
second system relative to the first when t == 0. 
at once that 

X' = Xj 

y' = y, 
s' = z, 

whence the accelerations are the same in the two systems. It 
must, of course, be noted that this result would not be true were 
the two systems accelerated relatively to each other. 

Our discussion has, to be sure, neglected the effect of the trans- 
formation on the force side of the equation. But we recall from 
Sec. 1-7 that F is a function of the relative position coordinates of 
the interacting particles. Relative position coordinates are not 
altered by the transformation (1- 11-1). 


of the origin of the 
But it then follows 


(Ml-2) 
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PROBLEMS 

1. Determine the expression for the distance between two points in a plane 
(a) in terms of rectangular coordinates, (b) in terms of polar coordinates, (c) 
in terms of oblique coordinates with the axes making an angle of 60° with each 
other. 

2. The position of a point in a plane with respect to rectangular coordinate 
axes is given by ix,y). If the axes are rotated through angle what are the 
new position coordinates? 

3. The position of a point P in space with respect to rectangular coordinate 
axes is given by (a:, y, z). If the axes are rotated with the origin held fixed, the 
position of the original point P is now given by (x', y', z'). Find the expres- 
sions for x', y'j z' in terms of a:, y^ z and the direction cosines of the new axes 
with respect to the old axes. 

4. Prove that the distance between any two points in three-dimensional 
space remains invariant under a rotation of axes as that discussed in Problem 3. 

5. A flywheel of radius 1 meter starts from rest with a constant angular 
acceleration of 1 rev/sec^. Find the resultant acceleration of a particle on 
the periphery at the end of 1 second. 

6. Compare the instantaneous linear velocities relative to the ground of the 
hub of a wheel and the highest point of the rim. 

7. A ship sails southeast at 15 mi/hr and the wind blows from the south at 
10 mi/hr. In what position will a masthead pennant come to rest? 

8. A boat is headed southwest with a speed of 10 knots, while another boat 
is headed due east with a speed of 15 Imots. Find the relative velocity of the 
boats. 

9. Iwo particles move with equal speeds v in opposite directions in the 
same circle. In what position will their relative velocity have a maximum 
magnitude and what will it be? What is the magnitude of the relative velocity 
when the position vectors of the two particles make the angle 45° with each 
other? Draw a diagram showing the actual relative velocities. 

10. Particle A moves with a uniform velocity of 100 cni/sec in a direction 
making angles of 60° and 45° with the x and y axes respectively. Particle B 
has a constant velocity of 50 cm/sec along the z axis. Find the components 
along the x, y, and z axes respectively of the difference between the two veloci- 
ties. 

11. Show by a sirnple example that the resultant of two finite angular dis- 
placements depends in general on the order in which the displacements are 
performed. Are there exceptions? Show by a construction why it is plausi- 
ble that the resultant of two infinitesimal ongvlox displacements is independent 
of the order in which such displacements are performed. 

12. ^ On the simple Bohr theory of the structure of the hydrogen atom a 
negatively charged electron revolves in a circular orbit about a positively 
charged nucleus. Denoting the charge on the electron by that on the 
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nucleus by and the mass of the electron by m, find the expression for the 
angular velocity w of the electron corresponding to orbital radius a. Calcu- 
late 03 ioT a - 0.53 X 10“^ cm, m = 9 X grams, and e = 4.80 X 10~^® 
electrostatic units, (Hint: Use the electrostatic Coulomb law of force between 
point charges. ) 

13. A particle moves with uniform angular velocity in a circle of radius a. 
Derive the expressions for the rectangular components {x and y) of the periph- 
eral velocity in terms of the angular displacement 6 from the x axis as polar 
axis. Find the similar expressions for x and y. 

14. A particle moves in a plane with respect to fixed rectangular axes. 
Express its velocity and acceleration components relative to a set of rectangu- 
lar axes rotating about the same origin with constant angular velocity co in 
terms of the corresponding components relative to the fixed axes. Specialize 
to the case where the particle is at rest in the fixed system. 

15. A particle of mass 100 grams and traveling along the x axis in the direc- 
tion of increasing x with the constant speed 100 cm/sec collides at the origin 
with a particle of mass 200 grams traveling along the y axis in the direction of 
increasing y with the constant speed 150 cm/sec. If the two particles lock 
together after the collision, find the velocity in direction and magnitude of the 
combined particles. Compare the kinetic energy after collision with that of 
the individual particles before collision. 

16. Two particles of masses Wi and respectively suffer acceleration due 
to their mutual interaction. Find the expression for their relative acceleration 
in terms of the actual acceleration of either particle in a fixed reference system. 
What does it become when either mass is very large compared with the other? 

17. In Problem 12, derive the expression for the kinetic energy of the elec- 
tron moving in the circular orbit of radius a. 

18. A force F = where k and a are positive constants, acts on a 

particle of mass m constrained to move in the x direction. Find the change 
in momentum produced by the force in time t If the particle starts from rest, 
how far will it go in a time to equal to that at which the force attains its maxi- 
mum value? 

19. In Problem 18, if the particle starts from rest, find the Icinetic energy 
attained in time ^o. Find the maximum kinetic energy attained and the time 
at which it is attained. 

20. In Problem 18, if the particle starts from rest, find the instantaneous 
power at time t. Also find the average power over the time interval r. 


CHAPTER II 

RECTILINEAR MOTION OF A PARTICLE 


24. Free Motion and the Uniform Field. As an introduction 
to the study of the motion of a particle, let us consider motion 
along a straight line. The simplest type of this is, of course, 
free ” motion, that is, motion without acceleration, i.e., under 
the influence of no force. The velocity is constant and the dis- 
tance traveled in time t, assuming that the motion takes place 
along the x axis, is a; — Xq, where 

X ^ vt Xo» (24—1) 

The velocity is v in magnitude and the original displacement of 
the particle at ^ = 0 is xq. 

From this trivial case we pass at once to the more important 
one in which the particle moves with a constant acceleration. 
We shall call this motion in a uniform (i.e., constant) field of 
force. If the mass of the particle is m, the equation of motion 
(1*7-4) when reduced to scalar form becomes^ 

mx = Fq, (2*1-2) 

where Fo represents the constant force. The equation (2*1-2) 
may be written in the form v = Fo/m, whence dv — Fo/m • dt 
Integrating both sides we get 

V =z X = I — dt = — t + Cj 
J m m 

where c is a constant of integration. In value it is equal to v when 
t == 0, i.e., the initial velocity, which we may call ^o. So we have 

Fo 

V — t + Vo. (2*1-3) 

m 

A second integration in similar fashion gives the distance from the 

i The motion being rectilinear, we are interested in its scalar magnitude only. 
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origin at time viz., 


l/^o\ , 

^ = o I M + ^0^ + ^0, 
2\m/ 


(24-4) 


where we have already replaced the constant of integration by 
.To, the initial displacement of the particle. This simple illustration 
shows clearly that in order to use for purposes of computation the 
integrated equation of motion, we must know the particle^s dis- 
placement and velocity at some chosen instant (here ^ = 0), 
These are, so to speak, the boundary conditions of the motion, 
though they are usually referred to as the initial conditions. 

By elimination of the time t between eqs. (24-3) and (24-4) 
the reader may show the existence of the following important 
relation between velocity and distance traveled, viz., 


2Fo 

y2 ^ __ 

m 


(24-5) 


The most important illustration of this type of motion is fur- 
nished by a particle falling freely under the influence of gravity 
near the earth’s surface, neglecting the air resistance.^ Then Fo 
becomes the weight of the particle, which is numerically equal to 
mQj where g is the constant acceleration of gravity. We are here 
considering the upward direction as positive, while the weight is a 
downward force. Hence Fo/^n = — gr and (24-4) becomes 

X = + vot + To, (24-6) 

and (24-5) is now 


-2g(x — xo) + vo^. 


(24-7) 


If we wish, to discuss the height which a particle thrown into the 
air with initial upward velocity vo will attain, we merely substi- 
tute y = 0 in eq. (24-7), whence the height is given at once by 

h == — ‘ 


(24-8) 


The same result follows from the application of eqs. (24-3) 
and (24-6). Incidentally the reader may easily show that the 
particle spends as long a time going up as it does coming down and 

1 We also neglect the small effect due to the rotation of the earth. See end 
of See. 3*3. Also See. 7*12. 
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that it reaches the ground with a downward velocity equal in 
magnitude to its original upward velocity. These facts are very 
neatly brought out by the construction of a space-time graph, 
plotting the coordinate x against the time by means of the 
equation (24-6). The result, of course, is a parabola as shown 
in Fig. 24, where the axis of abscissas is the time axis and the 
ordinates are values of the upward displacement. What may be 
called the space-time history of the particle from the instant it is 
projected upward to the time when it strikes the ground is com- 
pletely given by the portion of the curve between 0' and P'. 









Moreover, the do'pe of the curve at each point yields the instan- 
taneous velocity of the particle at the corresponding time and place. 
We shall find this type of graph of value in the further study of 
problems in motion. 

It has already been pointed out that in the above discussion 
we are neglecting the effect of air resistance, in order to simplify 
the problem. (See Sec. 2*6 for the more complicated case.) 

There are some important examples of rectilinear motion under 
the influence of gravity in which the particle is constrained to 
move in a certain direction or with an acceleration which while 
constant is different from g.^^ Such cases logically belong to 
the discussion in Chapter VIII. But the physical ideas involved 
are so common and so important that we shall discuss here the 
problem of motion along an inclined plane and the Atwood, ma- 
chine. 

Consulting Fig. 2*2, which represents a plane inclined at an 
angle ^ to the horizontal, let a particle of mass m move without 
friction on this plane. The force of gravity is mg, but this acts 
vertically downward while the particle is constrained to move 
along the plane. The net, unbalanced force F which acts in the 
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direction of the motion has therefore the magnitude mg sin and 
the equation of motion is 

mx = mg sin By (2*1-9) 

where x is measured positively down the plane, for convenience. 
The results of the first part of this section will then follow in this 



case with the substitution of g sin B for g. For example, the 
application of eq. (2*1-7) reveals the interesting fact that since 
I sin. B = hy where I is the length and h 
the height of the plane, the velocity along 
the plane acquired at the foot of the 
plane is equal to the velocity which would 
be acquired were the particle to fall freely 
through a distance equal to the height 
of the plane. The times of fall for the 
same initial velocities are, of course, dif- 
ferent. In fact, the reader should show 
that the time for descent along the plane 
is to that down the height of the plane 
in the ratio 1 : sin 

In the Atwood machine (shown dia- 
grammatically in Fig. 2*3) there are two 
particles of mass mi and m 2 respectively 
at the ends of a flexible inextensible string 
wrapped around a frictionless peg, A. 
Suppose mi > m 2 . We proceed to set up an equation of 
motion for each particle by determining the unbalanced force on 
each. The string pulls up on each mass particle with a force T, 
the so-called tension in the string, which we shall assume is not 
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altered when the latter passes over a perfectly smooth peg. The 
equations of motion therefore are 

mig — T = miXi] 

( 24 - 10 ) 

m2g — r = m2X2l 

where Xi and X 2 are the corresponding displacements of mi and 
m2 measured dowmvard. Now since the one mass rises with the 
same acceleration with which the other falls, we have 

xi = '-X2 = Xy ( 24 - 11 ) 


and hence by subtraction of the two equations in (24-10) there 
results 


mi — m2 

— ; 

mi -j- m 2 


(24-12) 


and the solution follows as in the previous cases. The tension 
in the string is evaluated by substitution from (24-12) into either 
of the equations (24-10). The utility of this device in studying 
the acceleration of gravity is evident from the fact that the actual 
acceleration of either particle may be made as small as desirable 
by choosing mi and m 2 sufficiently close together in magnitude. 

2*2. Motion in a Field Proportional to the First Power of the 
Distance. The next simplest type of rectilinear motion is perhaps 
that in which the force is directly proportional to the distance 
from some fixed point in the straight line in which the motion 
takes place, a state of affairs not uncommon in physical phenomena. 
In such a case the equation of motion has the general form 

mx = cx, (2-2-1) 

where c is a constant. Two cases will arise, according as c is 
negative or positive. The former is by far the more important 
for our purpose and will be considered first. Let c = -ib, where 
k is positive. Probably the simplest way^ of solving the differen- 

1 TMs book is not primarily a mathematical treatise. We shall therefore 
attempt to develop and solve each problem by the simplest mathematical 
methods available. This explains why, in the present case, we do not enter 
into the more elegant mathematical methods for the solution of differentia! 
equations of the type of (2-2-1). These wiU be found in any fairly compre- 
hensive text on differential equations (e.g., A. Cohen, » Elementary Treatise 
on Differential Equations,’’ Heath, N. Y., 1906, Chap. VII), and will of course 
be of great interest and ultimate use to the thoughtful student of theoretical 
physics. 
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tial equation (2-2-1) is to multiply both sides by x dt. Thus we 

have 

mxzdt = —kxdx. 

But this is simply 

'^md{xy = '-^kd(xy. ( 2 * 2 - 2 ) 

Integrating once then yields 

^^kx^ + Ci, (2*2-3) 


where Ci is a constant of integration. This so-called first integral 
of the equation of motion has a particularly significant form, which 
will be emphasized in Chapter IV. The value of Ci will depend 
on the initial conditions imposed on the motion. It must be 
emphasized that without these conditions we could not obtain 
specific physical results from our integration. The importance of 
such conditions will be continually evident throughout the text. 
Let us assume that when x = R, v — x = 0. Then Ci = ^kR^j 
and eq. (2*2-3) can be made to take the form 



( 2 * 2 - 4 ) 


which yields the velocity of the particle for any distance x from 
the chosen origin, subject, of course, to the above condition, which 
is arbitrary in nature. However, it should be noted from eq. 
(2*2-3) that the velocity must be zero for some value of x. We 
have merely specified this value as R in our above assumption. 
Separating variables in eq. (2-2-4) gives us 


dx 

± V 

which on integration becomes 



arc 


sin 

cos. 



t - 1 - Cl. 


( 2 * 2 - 5 ) 


( 2 * 2 - 6 ) 


where the notation of the left-hand side indicates that arc sin 
{x/R) or arc cos {x/R) results according as we choose the plus 
or minus sign in (2*2-5). <72 is a second constant of integration, 
the value of which must be determined from a second initial 
condition giving the initial value of the displacement x. Thus if 
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X ^ R when t 


0, we have C 2 = arc (1), which equals 
cosj 


either 7 r /2 or zero, according as we use the sine or cosine function. 
On the other hand, if = 0 for ^ = 0, (72 = 0 or 7r/2, according 
as the sine or cosine is used. 

The explicit expression for the displacement x in terms of the 
time is then 

+ (2-2-7) 


COS 


m 


The space-time graph of this case is the simple sine or cosine 
curve familiar to the student from elementary mathematics, and 

X 



the motion is known by the term simple harmonic. If we choose 
C 2 = 0, the result is shown in Fig. 2*4, where curve I corresponds 
to the sine and II to the cosine. The two can, of course, be made 
to coincide by a relative displacement along the t axis. In dmple 
harmonic motion there is thus a maximum displacement of the 
particle from the chosen origin and its value is i?, defined as the 
amplitude of the motion. The motion repeats itself, i.e., is oscil- 
latory or periodic, and the time for a complete oscillation, denoted 
by P and called the period^ is given by 




( 2 - 2 - 8 ) 


This follows from an inspection of eq. (2-2-7). Thus to consider 
the sine term only, a: = sin Ca for i = 0. The same value of x 
will next recur at a time P for which sin (Vj^ p + ( 7 ^) = 

But this will happen for Vl^P = 27r, whence (2-2-8) follows. 
The reciprocal of P is called ih.e frequency and is represented by v. 
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It is The number of complete oscillations per second. The dis- 
placement may then be written in the simplified form (using here 
the cosine only) 

X R cos (^Tvt + e), (2*2-9) 

where C% has been replaced by €. The argument of the cosine, 
viz., 2Tvt + e, is called the phase of the simple harmonic motion 
and e, its value for ^ = 0, is known as the epoch. 

From the above discussion the reader will see at once that in 
simple harmonic motion the particle has its maximum velocity 
when X = 0 (i.e., while passing through the chosen origin) while 
its minimum velocity (viz. zero) occurs at rr = ztR, i.e., at the 
two ends of its path. On the other hand, the maximum accelera- 
tion or force corresponds to x = Rj while the minimum (zero in 
value) occurs at x = 0. 

The reader will have noted that the treatment of simple har- 
monic motion given immediately above is purely analytic in 
nature. That is, we began with a differential equation, i.e., the 
equation of motion, and by two successive integrations attained 
the expressions for the velocity and displacement which were 
rendered specific by the introduction of the initial or boundary 
conditions. This is the straightforward method of discussing 
the problem. Yet in many cases it is illuminating to start at the 
other end, i.e., to conunence with a certain well-defined type of 

motion which appears to possess 
features of interest and then de- 
duce its properties. This method 
of approach to a dynamical prob- 
lem is very often the simplest. 
Let us now apply it to the case 
of simple harmonic motion. We 
shall suppose that a particle Q 
moves with uniform angular ve- 
locity o) rad/sec about a circle 
with radius R and center at 0 
(see Fig. 2*5). Let us consider 
the motion of the projection of Q 
on any straight line in the plane of the circle. For simplicity 
choose this straight line as the diameter AB and let P be the pro- 
jection in question. As the particle Q moves about the circle, P 



Fig. 2*5 
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moves back and forth on the line AB with a maximum excur- 
sion from 0 of magnitude R. If the motion is assumed to begin 
at A when t = 0, the displacement of P from 0 at any subse- 
quent instant t is, of course, 

X = R cos oiL (2'2“-10) 

Successive differentiations with respect to the time yield the in- 
stantaneous velocity and acceleration respectively, namely, 

^ X = —Ro) sin cot 


= ±Ro> ~ 
= ±WR^ - a 


R^ 


and 


a X = —Rct)^ cos cct 


( 2 * 2 - 11 ) 


( 2 * 2 - 12 ) 


If the number of revolutions per second of Q is = o)/2ir, the fre- 
quency of the motion of P will likewise be v. Comparison then 
shows that eq. (2*2-12) is equivalent to (2*2-1) with k/m = = 

Likewise eq. (2*2-11) is identical 
with (2*2-4). In other words, the mo- 
tion as defined above kinematically is 
precisely that which results when a par- 
ticle moves in a straight line in a field 
of force varying directly as the distance 
from a fixed point on the line and every- 
where opposite in direction to the dis- 
placement, and hence it is by definition 
simple harmonic motion. In the two 
treatments w^e have thus secured both a 
dynamical and a kinematic view of this 
important type of motion. 

It is now in order to discuss an illustra- 
tion. We shall consider the case of a 
spring (assumed here for simplicity as 
massless) one end of which is fastened to a rigid ceiling and to 
the other end of which there is attached a heavy particle of mass 
m (Fig. 2*6), At the moment when we first consider the system, 





# i 
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it is assumed to be in equilibrium, i.e., the downward pull of gravity 
mg on the particle is balanced hy the tension = mg with which 
the spring pulls upward on the mass. Now experiment shows that 
for small displacements from equilibrium (in general ^fsmall will 
mean small compared with the length of the spring, though actually 
in this case the definition depends on the physical characteristics 
of the spring, a topic to which we shall recur later), the additional 
force fd (generally in the form of a weight) required to stretch the 
spring in the direction of its length and thus displace the mass 
particle is approximately directly proportional to the displacement. 
This is, of course, an illustration of Hookers law. From the third 
law of Newton the same statement is true for the additional tension 
with which the spring pulls back on the mass, the so-called elastic 
restoring force. We should therefore expect that when the dis- 
placing force is suddenly removed, leaving the mass particle subject 
to an unbalanced restoring force varying directly as the distance 
from the equilibrium point, the resulting motion of the particle 
will be approximately simple harmonic about this point as center. 
This is indeed verified by experiment and the resulting oscillations 
are called the free oscillations of the system consisting of the spring 
and attached mass particle. Their frequency, the spring being 
assumed to be massless, is 

1 Ik ' 

where K is the coefficient of proportionality between the displacing 
force and resultant displacement, i.e., 

Fa = Kx, (2-2-14) 

and the equation of motion is then 

= —Fd = —Kx. (2-2-15) 

This has the same form as (2-2-1) with c — —K. The quantity 
K is often known as the stiffness of the spring. The formula 
(2-2-13) for the free oscillation frequency is worthy of special 
comment because we shall meet it again in our study of vibration 
problems. The significant thing to be noted is the presence of the 
elastic or stiffness factor in the numerator of the radical and 
the mass in the denominator. Thus, for given mass the stiffer the 
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spriagj the greater the frequency; on the other hand, for given 
stiffness, the larger the mass, the smaller the frequency. 

In our treatment of the above illustration, we have neglected 
one important point. The theory implies that the simple harmonic 
motion of the mass particle attached to the spring never stops 
when once started. Experience, of course, rejects this result, for 
all such oscillations die down eventually when the system is left 
completely to itself. This indicates that our theory is of but 
approximate application and that to render it more complete we 
must assume a frictional or damping force acting on the mass in 
addition to the elastic restoring force. The solution of this prob- 
lem will be postponed to Sec. 9*2. 

It still remains our task to notice the case where the force 
though proportional to the displacement is always in the same 
direction as the displacement, that is, the constant c in eq. (2-2-1) 
is positive. The first integration then yields by the method used 
at the beginning of this section, 

= Icx^ + (7i, (2-2-16) 

whence we have 



A second integration then gives 

from which we may express x in explicit form as 

c ’ 

which may in turn be written in the more convenient form 

x = (2-2-18) 

where the arbitrary constants A and B now replace Ci and C 2 . 
We shall recall without proof from the study of differential equa- 
tions that the general solution of a second order linear differential 
equation like (2-2-1) contains two arbitrary constants. Indeed 
(2-2-18) satisfies this requirement and the original differential 
equation, for c positive. It remains only to express A and 5 in 
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terms of the initial velocity and displacement of the particle. 
Taking the simple case in which x = R and v = Q when if = 0^ 
we have the conditions 

(1) A + R - J2, 

(2) A - R - 0, 


whence A ~ R = R/2 and therefore 
R 




(2*2-19) 


This may be more concisely expressed in terms of hyperbolic 
functions, i.e., recalling that = 2 cosh x, we may write 



X = R cosh 


vm 


( 2 * 2 - 20 ) 


The displacement increases rapidly with 
the time and there is no oscillation. 
The graph of (2*2-20) is shown in Fig. 
2*7. The curve is known as the “ cate- 
nary,’^ and we shall have occasion to 
use it again in connection with problems 
in statics. 

The type of force leading to (2*2-20) is 
Fig. 2-7 a repulsion from a fixed point. Though 

repulsive forces are encountered in phys- 
ical phenomena, the one here considered is uncommon, and it will 
not be profitable to discuss it further. It has served indeed the 
useful purpose of stressing the method of handling initial 
conditions. 


2*3. Motion in a Field Proportional to the Inverse Square of 
the Distance. The equation of motion for a particle moving in a 
straight line and acted on by a force inversely proportional to the 
square of the distance from a given point of the line, taken as 
origin, is 

^ = 3 - ( 2 - 3 - 1 ) 


If c is positive, the force is repulsive^ while negative c corresponds to 
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an aitractwe force. We shall here discuss only the latter case, 
as it is physically by far the more important. Thus as in Sec. 
2*2, we put c = —k, where fc is a positive constant. The eq. 
(2*3-1) then takes the form, multiplying both sides by x dt, 


\md{x) 

the result of the integration of which is 


iy — kd ^ 




or solving for the velocity, 




2k ^ 2Ci 
mx m 


(2-3-2) 


(2-3-3) 


(2-3-^) 


Let us evaluate the constant Ci by the boundary condition that 
the particle starts from rest at a: = R^. Then Ci = -k/Ro, and 
eq. (2-3-4) becomes on separation of variables 


dx 


Vl/x - l/Ra 


= ± 


dt. 


(2-3-5) 


We must actually choose the minus sign before the radical on the 
right since positive dt will here correspond to negative dx. The 
result of a second integration may be expressed in the form 


-y/R^{v^ 

- 4 , 


— Rq arc sin 




'2k 


m 


i + C2. 


(2*3-6) 


The boundary condition just assumed leads to (72 = 7 r /2 • 

It follows that the time the particle takes to reach the origin if 

it starts from rest at x = Rq is 


/m TT _ 


(2-3-7) 


According to Newton’s law or hypothesis of universal gravitation 
every particle of matter in the universe attracts every other particle 
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with a force, directed along the line joining the particles, directly 
proportional to the product of their masses and inversely propor- 
tional to the square of their distance apart, the coefficient of propor- 
tionality being known as the gravitation constant and generally 
denoted by (?. The motion being discussed in this section is there- 
fore linear motion in a gravitational field and of great importance 
in physics. In order to carry forward the discussion at this place, 
it wdll be necessary for us to interject a preliminary computation 
of the resultant attraction between an aggregate of mass particles 



and another single particle. Let us consider the aggregate in the 
form of a homogeneous sphere and calculate its attraction for an 
external particle. The simplest procedure is to begin with a 
spherical shell with center at 0 (Fig. 2*8). The external mass 
particle, supposed for simplicity to be of unit mass, is located at P. 
Let OP = z and the radius of the shell be P, while its mass is 
assumed to be uniformly distributed over its surface. Now let us 
draw about P as center two spheres of radii r and r + dr. These 
will cut the shell in a surface ring element of area 27rP^ sin d dd. 
For the width of the ring is R dd, where dd is the angle between the 
radii to the two edges of the ring. The circumference of the ring 
is 27rP sin 6. The area is the product. All points of the ring are 
at approximately the same distance from P. 

We may now conceive this zonal surface element to be subdivided 
into small sub-elements of unit area (e.g., the one at Q), each of 
mass m/47rP^ and equidistant from P. The force of attraction be- 
tween each sub-element and the unit mass at P has then the 
magnitude 


m G 
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and is directed from P to the sub-element in question. To find the 
resultant of these forces (i.e., the force between unit mass at P 
and the whole zonal surface element) we may most conveniently 
get their components normal and parallel to PO respectively. 
Examination at once discloses that the sum of the normal com- 
ponents is zero. Hence the required resultant is directed along 
PO, Its magnitude is obtained by multiplying the magnitude of 
each parallel component by the number of sub-elements. If the 
angle QPO is denoted by (t>, the magnitude of each parallel com- 
ponent is 

m G 

( 2 . 3 - 9 ) 

while the numbei’ of sub-elements is simply the area 2ttR^ sin d dd. 
Hence the magnitude of the resultant attraction is 

Gm 

— • wue aos 4 > de. (2-3-10) 

In order to find the complete attraction for the whole shell, this 
must be integrated as 6 goes from 0 to x. However, 6 does not 
appear to be a desirable integration variable, hence we shall use r. 
From the law of cosines 


so that 


Moreover 


+ 2Rz cos 6, 


sin d dd 


T dr 


cos<i> = 


Rz 

4- 

2zr 


Therefore on substitution the expression in (2-3—10) takes the 
form 


Qm 


r 




1 +: 


; — \dr. 


(2-3-11) 


This must be integrated between the limits r = z — R and r = 
g -f ig. The total attraction of the spherical shell for the unit 
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mass at P then has the magnitude 

^ Gm r z 
F = r — 

Gm 


Jg-E 


( 2 * 3 - 12 ) 


This means that the spherical shell attracts the external point 
as if all its mass were concentrated at its center. Now any 
spherical mass may be thought of as made up of a series of con- 
centric spherical shells of masses mi, m 2 , m 3 , .... From what 
we have just proved, the attraction for an external point of the 
totality of such shells has the magnitude 


G(mi + m 2 + ms * * •) GM 


(2*3-13) 


where M is the total mass of the sphere. It therefore follows that 
a solid sphere like a spherical shell attracts an external mass particle 
as if all its mass were concentrated at its center. For example, 
this will be very nearly true of the earth which is approximately 
spherical. 

We are now in a position to make more specific application of 
the earlier results of this section. Let us suppose that a particle 
of mass m falls to the earth from rest at a height h above the sur- 
face. The velocity which it has obtained at the moment of strik- 
ing, neglecting air resistance, is given by eq. (2*3-4), substituting 
X = R and k = GmM, where M is the mass of the earth. For 
the constant Ci, we substitute —GmM! (h + i?), where R is the 
radius of the earth and it is assumed that the velocity is zero at 
X = h + B, Hence the velocity at the moment of impact is 


Vq 


-4 


2GMh 


(Rh + R^) 


(2-3-14) 


In particular let us further suppose that h '> R &o that R^/h can 
be neglected in comparison with R: The velocity in question, 
which we may call the velocity from infinity, then takes the simple 
form 


^4 


'2GM 

R 


V 


( 2 - 3 - 15 ) 
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The same quantity represents the velocity with which a mass 
particle must be ejected from the earth’s surface never to return. 

Its magnitude with G = 6.67 X 10“® ^^^cm^ J/ = 6.1 X 10" 

gm= 

gms, and R = 6.37 X 10® cm turns out to be 1.13 X 10® cm/sec or 
approximately 7 miles/sec. 

It is interesting to observe that if A «: E, (2-3-14) now yields 


Vo 


4 


2GMh 


(2-3-16) 


But near the surface of the earth 

GmM 

= mg, (2-3-17) 


where g is the acceleration of gravity at points near the surface. 
Hence Wo becomes 

= V%h, (2-3-18) 


which is the usual formula for the velocity attained by a particle 
falling freely from a height h in the neighborhood of the earth’s 
surface. This will enable the 


student to connect the present 
discussion with the simpler case 
developed in Sec. 2-1. 

The gravitation constant “ G ” 
which has entered so prominently 
into the discussion of the pres- 
ent section is one of the most im- 
portant constants of physics. It 
is therefore of interest to note 
the most sensitive method for the 
determination of this quantity. 
This employs the so-called torsion 
balance in which two small metal 



Fig. 2-9 


spheres (usually of platinum or gold) are fixed to the ends of a light 

at its mid-point by a fine vertical 
quartz fiber. In the schematic diagram (Fig. 2-9) aPa denotes the 
rod with the two metal balls at its extremities in its equihbrium 
position. P is^the point of suspension by the fiber which is of 
course, pemendicular to the plane of the diagram. Two heavy 
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lead spherical balls are now placed at A, A and as a result the rod is 
deflected to a’Pa' as indicated by the dotted lines. When the 
lead balls are moved to A', A', the deflection is in the opposite 
direction and the total deflection is measured by the angle 5. 
From a knowledge of the elastic properties of the fiber (see Sec. 
10-1) the magnitude of the force of attraction F between the small 

and large spheres can be 

computed and G calculated 


— — ^ StatesBureauof Standards.* 

Fig. 2-10 Hisapparatusisshowninthe 

adjacent figure taken from 
the article indicated in the footnote (Fig. 2-10). Heyl used smsll 
platinmn spheres of mass about 50 grams each and large steel 
cylinders of mass 66 kilograms each. For greater accuracy the 
torsion pendulum was placed in an evacuated region in which 
the pressure was usually about 1 or 2 mm. of Hg. Heyl allowed 
the rod to swing as a torsion pendulum instead of follow ing the 
earlier static deflection method. His value of G, which is now 

dyne cm^ 


the accepted one, is (6.670 ± 0.005) X 10 


» P. E. Heyl, Proceedings of the National Academy of Sciences, Volume 13, 
p. 601 (1927). 


Fig. 2-11 


—M (Fig. 2-11), and inquire the resultant force on a unit north 
pole placed at P, distant x from the center of the magnet along 
the magnet extended, where a: » Z. From Coulomb’s law, ac- 
cording to which the force which a single isolated magnetic pole 
of strength M poles exerts on another of strength M' at a distance 
X is MM'/ x^, we have for the magnitude of the resultant force on 
the unit pole at P (in this case a force of repulsion) 

-M __ M _ M-2xl 
(x + Z/2)2 (x- l/2y ~ {x^ - P/4:Y’ (2-4-1) 

where the first term on the left denotes the force due to the south 
pole and the second that due to the north pole, and on the right 
we have reduced to a common denominator. Now we further have 

M ■ 2x1 2Ml 
(x^ - ^ 

if we utilize the assumption that l<t.x. The direction of the 
force is away from and in the line containing the magnet. 

In a force field of this nature, if the moving particle has mass m, 
the equation of rectilinear motion is 


K 


mx = 


(2-4-2) 


where if is a positive constant (e.g., 2Ml in the above iUustration). 
Conducting a first integration, we have 


•V. 

'V' 




X -K 


(2-4-3) 
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Suppose that the particle starts from rest at a distance R from 
the force center. Then Ci = K/2R^. The velocity which the 
particle will have after traveling to infinity will then be 


p = 



( 2 - 4 - 4 ) 


or inversely proportional to the distance from which it started. 
The student should also investigate the corresponding case in 
which iT is a negative constant. (Problem 15 at the end of the 
chapter.) 


2-5, Force Dependent on the Time. Impulsive Force. The 
forces considered so far in this chapter have been either constant or 

dependent on the distance 
from some chosen origin. 
These are not the only 
forces leading to motions 
of interest in physics. Let 
us recall the type of force 
involved in the blow of a 
hammer. Here the force is 
^ definitely a function of time, 
^ rising from zero to a maxi- 
mum and again falling to 
zero, more or less as in the accompanying figure (Fig. 2*12). If 
the time interval during which the force acts is sufficiently small 
we refer to the force as impulsive. Forces associated with the 
collisions of particles are usually of this character. The shape of 
the force curve is not always known, but a typical one might be 
of the form 



F=^Ate-^^ ( 2 - 5 - 1 ) 

This is something like Fig. 2-12, except that F does not vanish for 
finite t but goes asymptotically to zero as t increases. If R is suf- 
ficiently large, however, F approaches zero fast after attaining its 
maximum, which occurs for t = 1/B. The equation of motion of 
a particle of mass m in this case is 


= Ate~'^K 


(2-5-2) 
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A first integration yields the velocity, viz. : 



where C is the constant of integration. In terms of the initial 
velocity this becomes 

„ - i j^_ I ± (1 _ J . (2-5^) 

According to this, v attains a limiting velocity A /B^m + z;o which 
is non-vanishing, though it can be very small if ^^o = 0 and B is 
small enough. The maximum velocity is obtained in the usual 
way by setting dv/dt = 0. It then turns out that this happens 
only for » GO, and hence the limiting velocity is the maximum 
velocity. The determination of the distance traveled in time t is 
left as an exercise for the reader. 

The action of most impulsive forces encountered in practice is 
more complicated than that considered above, the reason being 
that the motion produced by the impulsive force is commonly 
resisted by another force whose value changes during the motion 
and is generally dependent on the velocity. This leads to the 
considerations of the next section. 

2-6. Rectilinear Motion in a Resisting Medium. It is found by 
experience that when a force produces acceleration through an 
actual material medium like the air (e.g., motion of a rain drop) or 
water (e.g., motion of a ship) or even a solid (as in the motion of a 
nail through a piece of wood) the medium always resists the 
motion with a force varying as some power of the velocity. The 
simplest case is that in which the resisting force varies directly as 
the velocity but is oppositely directed. This turns out to be a fair 
representation of the facts for motion in still air, for example, if 
the average velocity is small. ^ 

Let us consider the simple problem of a ball of mass m tossed 
straight up in the air. With the x axis vertical we have for the 
equation of motion 

mx = --mg ~ Rx, (2-6-1) 

where R is a positive constant. Dividing through by m and 
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(2-6-5) 


putting Rim = Z) for simplicity, we get the simpler form 

X + Dx g = 0. (2-6-2) 

We let f = y = instantaneous velocity, and have 

i) + Dv + g = 0. (2-6-3) 

We separate the variables by writing this as follows: 

dy „ , 

-T - 7 7 ; = -Ddt, 2-6-4) 

V + g/D 

which has the solution 

log (y + g/D) = -Dt + K, 

where K is the constant of integration. Let the initial velocity be 
yo. Then (2-6-5) yields for the instantaneous velocity 

y = (yo + g/D)e-^^ — g/D. (2-6-6) 

It is of interest to see what this becomes for D very small, so that 
we can expand e"®' in the usual series 

e-n< = 1 _ Ri + DHy2\ - DH^Zl -1 

and keep only the first three terms. The result is 

V = Vo — gt — voDt + (yo + g/D)DH^/2\ + - - ■ . (2-6—8) 

As D — » 0 , this takes on the familiar form 

V = vo- gt (2-6-9) 

with the time of rising into the air equal to vo/g. In the more 
general ease in which D is non-vanishing the time to reach the 
highest point h is 


(2-6-7) 


4 = - log (1 -f voD/g). 


( 2 - 6 - 10 ) 


To compare this with Vo/g in the non-resistance case, we again 
expand in a series (treating D as small) and obtain 

ih = Vo/g - Vo^D/2g^ + ■ ■ ■ . (2-6-11) 

It thus appears that 4 < vo/g or the time to reach the highest point 
is less in the resisting medium than in vacuo. This should be more 
carefully verified by the use of the inequality 

log (1 -fa;) < X, 
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which is true for all real, positive values of x. The result appears 
a trifle surprising until we reflect that the total height of rise will 
probably turn out to be less than in the non-resistance case. To 
get this we must solve (2-6-6) by putting v = i again, thus 
obtaining 

dx = [(% + glD)e-^‘ - g/D] dt. (2-6-12) 


The integration yields (using the initial condition x 
^ ^ -b g/D\ 


D 






0 for i = 0) 
(2-6-13) 


Once more, expansion in series gives the approximate result 


vd - gt^l2 - %Z)<V2 + 


(2-6-14) 


As Z> 0 this takes on the familiar form for upward flight in vacuo. 
We obtain the maximum height h by substituting 4for t in (2-6-13) 
The result is 

h = v,/D - g/D^ - log (1 -f- vj)/g). (2-6-15) 

Expansion of the logarithm again puts this in a form more readily 
compared with the ordinary ideal case of motion in vacuo. Thus 


A — VQ-/2g — Vt^^D/Zg^ -|- 


(2-6-16) 


The second term on the right thus appears as a correction (for D 
small) to the ideal maximum height given by the first term. The 
indication is thus that the maximum height attained in a resisting 
medmm for given initial velocity is less than in the non-resisting 
m^ium. This is verified by more careful examination of (2-6-15) 
The use of series expansions in this section is recommended to 
the reader as a useful device in many mechanical problems. 

PROBLEMS 

of thd .yst™, „ wdl „ fc. t„ a. " Sf Z“ D H 
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system starts from rest, what is the kinetic energy after each particle has 
moved a distance a along its respective plane? 



3. In the figure a particle of mass m starting from rest slides down a per- 
fectly smooth inclined plane of angle d and height h. When it reaches P, it 
continues to move along the horizontal in the x direction but subject to a 
resisting force of the form kv, where v is the speed and ^ is a constant. How 
far will it go before coming to rest? How long will it take to cover 99% of 
this distance? 



4. Prove that the time for a particle to descend a smooth inclined plane 
is to the time to descend vertically a distance equal to the height of the plane as 
1 : sin where 6 is the angle of the plane. 

5. A metal ball of mass 100 grams falls from rest through a column of 
glycerine. It is ultimately observed to attain a practically constant velocity 
of 5 cm/sec. If the resisting force of the glycerine is assumed to vary as the 
first power of the velocity of the ball, find the magnitude of the force for any 
velocity v. Also find the distance traveled in the first second. 

6. A particle of mass M is subject to two forces: (1) a constant force F; 
and (2) a resisting force varying as the square of the velocity. Find the ex- 
pression for the distance traveled by the particle in time t and its velocity at 
the same time. 

7. Prove that the motion of the projection of a fixed point located on the 
circumference of a circle on a uniformly rotating diameter of the circle is, rela- 
tive to the diameter, simple harmonic motion. 

8. A straight smooth tube is bored through the center of an otherwise 
homogeneous solid sphere of mass M and radius R. A particle of mass m falls 
from rest through the tube from the surface of the sphere. What will its 
motion be, assuming that the only force acting is the gravitational force be- 
tween the particle and the sphere? How long will it take the particle to travel 
through the sphere? 
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9. One end of a vertical brass wire 10 meters long and 1 mm in radius is 
fastened to a rigid ceiling. The other end is loaded with a mass of 2 kilograms. 
If the mass is displaced 5 mm and released, show that its resulting motion is 
simple harmonic. If Young’s modulus for brass is 9 X 10^^ dynes/cm^, jSnd 
the frequency and the maximum kuietic energy of the load. What is the 
impulse of the force during a quarter period of the motion? How much average 
power is exerted during a quarter period? 

10. A cylindrical disc of radius R and height h floats in water with half its 
volume immersed, and its flat side horizontal. If it is depressed a distance 
X and released, show that the resulting motion is simple harmonic and 
find the frequency. 

11. A body falls 2000 miles to the surface of the earth. Find the time it 
takes and also the time for the last 1000 miles. 

12. An electron is attracted by a positive charge of magnitude Ne. Suppose 
that in addition to this there also acts a repulsive force on the electron var 3 dng 
inversely as the cube of the distance. Determine the coeflicient of propor- 
tionality of this latter force so that the resultant force on the electron is zero 
at a distance of 10"^^ cm from the positive charge. What velocity wall it have 
at this point if it starts at rest from a distance of IQ-s cm? 

13. Plot a space-time graph for the motion of the electron in Problem 12. 

14. A free particle (i.e., one which is subject to no accelerating forces) 
possesses initial velocity vq in a straight line in a medium which exerts a 
resisting force proportional to the cube of the velocity. Show that the time 
it takes the particle to travel a given distance is a quadratic function of the 
distance. 

15. A particle of mass m moves in a straight line subject to a force directed 
toward a fixed point on the line and varying inversely as the cube of the dis- 
tance. Discuss the motion. In particular if the particle starts from rest at 
distance h from the fixed point, find the total time required to reach the latter 
point. 

16. A particle of mass m is acted on by an attractive force directed along the 
X axis and yar 3 dng inversely as the nth power of the distance from the origin, 
where n is integral and different from 0 or 1. If the particle starts at rest at 
distance a from the origin, find the velocity it will attain at distance a;. 
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34. Components of Motion in a Plane. After rectilinear motion 
the next stage of complexity is clearly motion in a plane. It 
follows from the discussion in Sec. 1*2 that the position of a particle 
in a plane may be represented either by the position vector r from 
y, some chosen origin to the 

^ point occupied by the parti- 

cle or by the rectangular 
/ coordinates x, y in an ap~ 

/ / propriate reference system. 

/ dr In either case we have the 

r^dr/ I relation 

/ r = ia; + jy, (3-1-1) 


/ where i and j are the unit 
//^ vectors along the x and y 

O — — >- axes respectively d To con- 

Fiq. 3-1 * suit the figure (Fig. 3-1), if 

AB denotes an infinitesi- 
mally small portion of the path of a particle, the vector from 
0 to A which gives the position of A will be denoted by r and the 
con-esponding vector to IS is r -f dr. Hence the displacement AB 
may be represented by the vector dr. The velocity of the particle 
is V = f (See. 1-3), which from (3-1-1) becomes 


he + W- 


(3-1-2) 


It should be emphasized that in differentiating r in (3-1-1) with 
respect to the time the unit vectors i and j are treated as constants 
since the axes are assumed to remain fixed as time passes. 
Similarly the acceleration of the particle is by definition 

a - V = f = ix + ]y, 


>Eq. (3-1-1) is thus a special case of (1-3-6). 
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(3-1-3) 




EQUATIONS OF MOTION IN A PLANE 


59 


whence x and y appear as the rectangular components of the vector 
acceleration. We may therefore write (cf. Sec. 1*5) 


ax == 

% = y- 


(3T--4) 


We shall have occasion to use these acceleration components a 
great deal in the following sections. 

3*2* Equations of Motion for a Particle in a Plane. The motion 
of a particle in a plane is a special case of motion in space and 
hence is described by the fundamental equation (l*7-"4). It is 
important to recall that this equation, viz., 


F = mf, 


(3*2-1) 


is a vector equation. Its solution for each particular choice of 
F involves the integration of a second order ordinary differential 
equation. Methods are available in certain cases for the integra- 
tion in vector form, but we shall prefer the more common alter- 
native method of components. Thus we write (3*2-1) in the form 
(specialized to the xy plane) 


iFx + ]Fy = m(iax + j%), 


(3*2-2) 


where Fx and Fy are the x and y component forces already men- 
tioned, and ax and % similarly the component accelerations. Since 
(3*2-2) holds in general, the coefficient of i on the left must be 
equal to that of i on the right, etc., with the result that (3*2-2) is 
actually equivalent to the two equations 


Fx = max — mXj 
Fy = may — my. 


(3*2-3) 


These are called the component equations of motion in the plane. 
Their independent solution provides the solution of the problem 
of plane motion. It is well to stress that our handling of them as 
independent simultaneous equations reflects our faith that a force 
Fx can act on the particle in the x direction independently of the 
action of F y in the y direction. This is, of course, an illustration 
of the principle of superposition and is implicit in the vector form 
of the fundamental equation of motion. 
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We now proceed to a simple illustration of the integration of 
equations of the form (3*2-3). 

3*3. Projectile Motion. Consider a particle of mass m pro- 
jected into the air from a point on the ground with velocity of 
magnitude in a direction making an angle 6 with the horizontal. 

y We wish to determine its 

^ motion, neglecting the resist- 

^ ance of the air, which for 

small velocities will not af- 
feet the motion appreciably. 

\ We also neglect any effect 

of the wind. Since there are 
Fig. 3-2 Uien no forces save gravity, 

the motion is confined to a 
plane which we shall take as the xy plane (cf. Fig. 3*2). If we 
draw the x and y axes through 0, the point of projection, the 
force components are then 

= 0, F^= -mg, (3-3-1) 

where we assume that the motion takes place so close to the surface 
of the earth that we are justified in taking the acceleration p as a 
constant. To be perfectly general we should have to take account 
of the fact that the particle is attracted to the earth by the New- 
tonian force of gravitation and hence should use the inverse square 
law. However, from the discussion in Sec. 2-3 it is clear that for 
elevations small compared with the radius of the earth, the error 
in assuming a constant g in (3-3-1) is negligible compared with 
that made in neglecting air resistance. 

The resulting equations of motion are (cf. 3-2-3) 

mx = 0, ] 

(3-3-2) 

my = —mg.] 

Integrating, we have at once 


= - « + cs, 
m 

■ + Cat -f- C4, 


(3-3-3) 

(3-3-4) 


where Cj, Cz, ca and C4 are the usual arbitrary constants of Integra- 
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tion. To evaluate them, let us note that at ^ = 0, a; = 2 / === 0, 
and therefore C 2 = = 0. Moreover 


and 


— == a; 


m 


|i=0 


= Vq cos dj 


(3-3-5) 


C 3 = y\t =0 = ^0 sin (3-3-6) 

The component velocities at any instant are then 

X = Vo cos dj 2/ == + 2^0 sin 9, (3-3-7) 

and the final parametric equations of the path of the particle are 
X — Vo cos 6 • y = + vo sin 9 • L (3*3-8) 


Eliminating t between the two equations in (3-3-8) we get the 
equation of the path of the projectile in the form 

x^ 

y = - ig “1 ^ + X tan 9, (3-3-9) 

1^0^ cos^^ 


which is the equation of a parabola with axis parallel to the y axis 
and with vertex at the point with the coordinates 


X = 


vo^ sin 29 


2g 


y = 


sin^ 9 

^g 


This is the point at "which the particle reaches its maximum height, 
as may be verified by applying the usual test of equating dy/dx to 
aero. The maximum height is therefore 

, vo^ sin^ 9 

^ = — ( 3 - 3 - 10 ) 


and the range, or total distance which the projectile travels along 
the X axis, is, from s 5 Tnmetry, 


R = 


sin 25 
9 


( 3 - 3 - 11 ) 


For a given value of vo, B is & maximum for 6 = 45®. The sym- 
metry of the parabola about its axis indicates that the time spent 
on the upward part of the flight is equal to the time for the down- 
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ward flight. From (3-3-8) the total time spent by the projectile 
in its flight is readily seen to be 


tn 


2vo sin 6 
9 


( 3 - 3 - 12 ) 


In oiir discussion of the motion of a particle under gravity both 
in this section and Sec. 2-1, we have deliberately overlooked one 
point of small practical but considerable theoretical significance. 
It will recalled from Sec. 1*8 that the equations of motion which 
we have used are applicable only in inertial systems, i.e., those 
which move with constant velocity (without rotation) with respect 
to the primary inertial system. In treating axes fixed in the 
rotating earth as an inertial system we are therefore committing 
a logical error and our results cannot then be completely correct. 
The thorough solution of the problem will be found in Sec. 7*12, 
where the correct equations of motion for such a case are set up and 
solved. As has been intimated, the modification in the results of 
the present section will be found to be very slight in practice. 


3*4. Projectile Motion in a Resisting Medium. The general 
problem of the plane motion of a projectile through a medium that 
resists its flight is a highly involved one which it is the function of 
exterior ballistics to solve. Nevertheless there is some value in 
considering here the rather simple special case in which the resist- 
ing force varies as the square of the resultant velocity magnitude 
and is directed at every point along the trajectory oppositely to 
the direction of motion. 

Let us assume that the magnitude of the resisting force is of the 
form 

kmv% 

where m is the mass of the particle, and k is the specific resistance 
factor, i.e. the resisting force per unit mass per unit (velocity)^. 
The component equations of motion then become 

( 34 - 1 ) 
( 3 * 4 - 2 ) 


X = —kxs, 
y == -Hh “ g, 
§2 ~ ^2 ^2 


where 
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is the square -of the magnitude of the resultant velocity. We 
find it convenient to use as a variable, s, which denotes distance 
measured from the origin along the path of the projectile. The 
reader should be able to show without difficulty from the first 
equation in (34-1) that 

X = vq cos 6 • (34-3) 


where Vo and 6 have the same meaning as in Sec. 3*3. Note that 
when s = 0 (i.e. at the origin or point of projection) x = vq cos 6, 
the initial horizontal velocity. Combination of (34-3) with the 
second equation in (34-1) gives the differential equation of the 
orbit in the form 


d^y 

dx^ 


g 

Vo^ cos^ d 




(34-4) 


Note that for k = 0, i.e. no resistance, this reduces to a differential 
equation which when integrated yields precisely the parabolic 
orbit (3'3-9) as it should. 

If we now restrict the discussion to a rather flat trajectory, i.e. 
one in which \dyldx\ < 1 in all parts of the path, the first integral 

of (34-4) becomes 


dy a 

* 7 " = tan B + (1 — ^ 2 *®) {'34-5'> 

dx 2kv^^ cos^ e ^ ^ ^ o; 

yielding on a second integration the equation of the orbit in the 

form 


where the constant of integration has already been evaluated by 
the condition that, when a: = 0, y = 0. If we expand into 
the usual series and assume that kx is small so that no terms need 
be kept after the third power ones, the orbit becomes 


y = X tan B 


gx^ 


gkx^ 


cos^ B 3^0^ cos^ B 


(34-7) 


The last term on the right represents the correction to the ideal 
parabola due to the presence of resistance. This might serve as 
an approximation to the path of a rifle buUet fired through air with 







64 


CURVILINEAR MOTION IN A PLANE 


a small elevation angle d. Ballistically speaking the result should 
not be taken too seriously, however, since the resisting force does 
not vary with the square of the velocity for all speeds, and is not 

directed exactly opposite to the 
velocity of the bullet. 



n 


3*5. Composition of Simple 
Harmonic Motions in a Plane, 
Certain types of motion of in- 
terest in physics arise from the 
composition of simple harmonic 
motions along the coordinate 
axes. Confining our discussion 
as usual to motion in a plane, let 
us suppose that a mass particle at P (Fig. 3-3) moves in accordance 
with the following equations of motion 




Fig. 3-3 


mx = --Cix, 
m == -C2yy 


(3*5-1) 


where Ci and are positive constants. Consulting Sec. 2*2 we see 
that each of these can be integrated directly, yielding 


Cl 


x-= Ai cos ( i 


y = A 2 cos 


m 


t -jr €2 


(3*5-2) 


There are thus two simple harmonic motions along the x and y 
axes respectively having amplitudes Ai and A 2 and frequencies 


vi-= — 


2ir vm 


1 

2ir 


and differing in initial phase by €i — € 2 . The equations (3-5-2) are 
the parametric equations of the path of the particle. We may 
obtain the geometric path by the elimination of the time between 
them. 

Let us take first the special case where ci = C 2 = c, i.e., where 
the frequencies are the same along the two axes. Let Vc/m = a 
and for convenience choose the initial phase ei to be zero by taking 
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the initial x displacement equal to Ai. Then the total phase 
difference- between the two motions will be € 2 , which we shall call 
€ for simplicity. The parametric equations become 


X — Ai cos catj 
y = A 2 cos (o)t + e). 


(3-5-3) 


By substitution from the first into the second, t is eliminated and 

we have 


y = A^, 


By transposition, squaring and collecting terms, this equation 
takes the form 


"'x cos € 

L ~ 

. Ai \ 

1-— -sinej 


X- 


2xy 


+ 


y^ 


Ai^sin^e A 1 A 2 sing tan e A 2 ^sin 2 6 


= 1 . (3-5-4) 


Applying the usual test for a conic section, we find that this is 
the equation of an ellipse. Thus for an equation of the second 
degree in the form 

Ax^ -h Bxy + Cy^ + Dx+Ey + F = 0, 

we have^ a hyperbola, ellipse or parabola according as — 4AC 
is greater than, less than or equal to zero respectively. In the 
present case this quantity is -4/(41242^ sin^ e) and is less than 
zero. The student should show that the major axis of the ellipse 
lies along the line making with the x axis the angle^ 0 such that 


tan 20 = 


24i42 cos € 
4i2 - 42^ 


(3-5-5) 


Let us note a few special cases. If 4i 5 ^ 42 and e = 90°, 0 = 0 
and the major axis of the ellipse lies in the x axis. Supposing 

further Ai = ^2 = A and cos « = 0, i.e., e = t/2, the ellipse 
reduces to a circle of radius A about the origin as center. The 
student should work out other cases and show for example that if 

« any text on analytic geometry, e.g., Smith and Gale, 
New Analytic Geometry ” (Ginn & Go., 1912), p. 179 ff. 

® See, for example. Smith and Gale, he. at., p. 182. 
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€ = 0, the path is the straight line with equation 


X 

Ai 


y 

A,' 


(3-5-4) 


as is, of course, immediately evident from eq. (3*5“3). 

It may be pointed out that the above motions are really special 
cases of a very important general kind of motion. For we see 
that if a particle is attracted toward the origin with a force pro- 
portional to the distance to the origin, i.e., if the force magnitude 
F is such that 

F{r) = cr, (3*5-7) 


where r = the component equations of motion will be 

precisely the equations (3*5-1), with ci = C 2 = c. Such a motion 
is a special case of what is called central motion or motion in a 
central field. It will be discussed in detail in the next section 
(Sec. 3*6), where the truth of the statement immediately above will 
become perhaps more evident. 

Let us now, however, consider the case of eqs. (3*5-1) with 
Cl 7 ^ C 2 . This will correspond to the composition of two simple 
harmonic motions with different frequencies. For simplicity we 
shall call these 's/cilm = w and V 02 / m = o) + a, where a appears 
as the difference between the two angular frequencies. Now 
assume that there is a time when the two motions are in phase and 
choose this as the time origin. Then in eqs. (3*5-2) we have 
€1 = €2 = 0 and the equations become, choosing Ai = A% = A for 
greater simplicity, 

X = A QOS 0)t, ] 

(3*5-8) 

y = Aqqs (o) + a)tl 


We first eliminate (at and obtain 


x^ - 2xy QOS at + 


(3*5-9) 


To get rid of the product term, change the coordinates to x% 
where 

V2 

a; = — - (a;' - 2/0; 


V2 


(:^' + ^ 0 . 




'■A. 


( 3 - 5 - 10 ) 
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This corresponds to a rotation of axes through the angle 45® 
In the new codrdinates the equation (3-5“9) becomes 


— cos at) + ^'2(1 + cos at) 


or 


+ : 


,//2 


2A^cos^a^/2 2A'^sm.^at/2 


- A 2 sin^ at, 

== 1, (3*5-11) 


where we have used the trigonometric identities 

1 — cos at = 2 sin^ at/ 2] 1 + cos at ^ 2 cos^ at/2; 
sin^ = 4 sin^ ai/2 • cos^ ai/2. 

Equation (3,5-“ll) is the equation of an ellipse with axes which 
change continuously with the time and with values running from 
0 to 2^24. 

As a matter of fact, of course, eq. (3-5-11) cannot be used alone 
to determine the actual path which is the composition of the two 
simple harmonic motions. For this purpose the time must be 
ehminated between it and one of the equations (3-5-8). To plot 
the path in special cases it is most simple to use eqs. (3-5-8) 
as parametric equations of the orbit. As an illustration the case 
where (co a)/w = 8/7 or a = co/7 is plotted in the accompanying 
figure (Fig. 3-4),* the time origin being taken, of course, as that 
time when the motions are in phase. 

Actually the figure does not plot precisely (3-5-8) but rather 

X — —A cos coi, 
y = —A cos (co + cc)t, 

as is clear from the way the axes are chosen. This, however, is 
not significant. 

A more important question is this: Is the resultant motion in 
this case periodic, i.e., does the path of the particle repeat itself 
after some period P? It is seen from (3-5-8) that if there is to be 
such a period P there must exist a pair of integers j and k such that 

coP = 2irj, 

(cd -|- a)P = 2xfc. 

‘ Taken from Leigh Page, “ Introduction to Theoretical Physios” (D Van 
Nostrand Co., N. Y., 1928), p. 72. 
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But this means that the ratio of the two frequencies w and o) + a 
must be the ratio of two whole numbers, i.e. (o) + a)/o) must be 
a rational number or put in another way, + a and o) must be 
commensurable. This is certainly true in the example illustrated 
in Fig. 3*4. If a? + a and co are not commensurable, it follows that 
the resulting motion is not periodic. 

Curves for both commensurable and incommensurable cases 
have been widely studied and are known as Lissajous figures. A 


Fig. 3-4 

simple method of obtaining them experimentally is to allow a stiff 
rod with rectangular cross-section to oscillate perpendicular to 
its length when clamped in a vise. If a mirror is attached to the 
freely vibrating end and a ray of light is reflected from it, the 
figures can then be produced on a screen. These figures are also 
obtained in the cathode ray oscillograph. In this instrument, the 
cathode rays are permitted to pass through two perpendicular 
oscillating electric or magnetic fields, and the resulting path 
traced by the rays as they pass through these two fields may be 
observed on a fluorescent screen at the other end of the tube.^ 
The reader may find it of interest to express the horizontal and 

^ For an elaborate description of this instrument see L. B. Loeb, 'tFunda- 
mentals of Electricity and Magnetism ” (Wiley, New York, 1931), p. 281 ff. 
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vertical harmonic motions in the form 
X = A cos COit, 
p = A cos (c 02 t -f" d)j 


^ 


I 




where the two angular frequencies wi and a >2 are different and the 
initial phase angle B is not necessarily zero. As a matter of fact 
the Lissajous figure for 8 = ir/2 is particularly useful since it 
turns out in this case that if coi and m are commensurable, their 
ratio is equal to the ratio of the number of horizontal maxima to 
the number of vertical maxima in the figure. Electronic tech- 
nicians make good use of this case. 

3*6. Central Forces. Suppose that the force F on the particle 
is of such a nature that it is always directed toward or away from 
some fixed point, which we shall take as the origin, and is a function 
of the distance r from this point only. Such a force is termed a 
central force, and it is no exaggeration to state that central forces 
are among the most important of all that arise in physical problems. 
Geometrical reasoning shows that central field motion always takes 
place in a plane. Thus, the initial direction of motion of the 
particle and the initial line connecting it to the force center define 
a plane. Since there is no force component normal to this plane, 
motion once started in it will continue in it. 

We shall call the line joining the particle P to the origin the 
radius vector. It is strictly r, the position vector of the point P 
with respect to 0. (Recall Sec. 1*2.) Its magnitude is r, which 
will always be considered a positive quantity. Consulting Fig. 
3'5, let F(r) denote the functional dependence of the force on the 
distance along the radius vector. If F is assumed to be directed 
along r, we have F = F{r)t/r, whence the components of the force 
along the x and y axes become 


Fx = F{r) cos ^,] 
Fy = F{r) sin d) 


(3-6-1) 


where 9 is the angle which the radius vector makes with the x axis. 
But . 


X 1i 

COB 9 = sin ^ > 

r r 


(3-6-2) 
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whence the equations take the form 

mx = F{r) - ? 

r 


my = 

r 


(3* 6— 3) 


It is to be noted that if F(r) is positive the central force is one 
of repulsion, while if F(r) is negative, the force is attractive. 
Before we integrate these equations for special cases, we can gain 



much information of a general nature about motion in a central 
force field. Multiply the first equation in (3’6~3) by y and the 
second by x and subtract. We then have 

xy — yx = 0. (3-6“-4) 

This can be integrated at once and yields 

xy - yx = ft, (3*6-5) 

where h is an arbitrary constant. The physical significance of 
eq. (3*6-5) will be better understood if we transform from rec- 
tangular to polar coordinates r and 0, as given by the defining 
equations (3*6-2). Thus 

(3*6-6) 


(3*6-7) 


i = f cos 0 — r sin ^ 

^ = r sin ^ + r cos 0 • 0,. 
whence (3*6-5) becomes at once 

= k. 
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Referring again to Fig. 3*5, note that the area included between 
the path of the particle and the radii vectores r and r dr (enclos- 
ing the central angle dd) is equal to ^rHd, Therefore eq, (3*6-7) 
expresses the important fact that a particle in motion under the 
influence of a central force, irrespective of the exact form of F(r), 
moves in such a way that the radius vector traces out equal areas 
in equal times. This is often called the law of areas. We shall 
have further occasion to note its significance when we come to the 
study of planetary motion. The constant k (the area constant) 
is numerically equal to twice the area swept out in unit time. Its 
value will depend on the initial circumstances of the motion. 

To cany the discussion further it will be wise to employ polar 
coordinates exclusively. From (3*6-6) we have, differentiating 
again with respect to the time, 

X — (f — rB‘^) cos 6 — (2fd + rS) sin 
= (f — 7 -^ 2 ) gjjj 0 ^ (2f0 + rS) cos d. 

But from (3*6-7) it follows that 

2f6 + rS = 0. 

Hence (3*6-8) reduce to 

X = (f — rd^) cos 

y = (f — 0 


(3*6-8) 


(3*6-9) 


(3*6-10) 


This means that the resultant acceleration in central field motion is 
directed along the radius vector r (a direct result, of course, of the 
fact that the force is central) and has the magnitude 


ar — r — 


(3-6-11) 


We recognize the second term the centripetal acceleration 
[cf. e.g. (1*5-12)]. The term f is the second time rate of change 
of the length of the radius vector. From (3-6-4) it follows that 
we can write the equations of motion for a central field in the form 
of a single equation, viz.. 


mr 


mrB^ = F(r), (3-6-12) 

wrhere will be known as thB centripetal force. Let us try to 
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eliminate the time from (3*6--12) and obtain a differential equation 
connecting r and 6. From (3‘6--7) we can write 

^ (3-6-13) 


It is now simpler to introduce the transformation 

1 

f = “ 

u 


whence 



du 6 
dd 



and 



(3*6-14) 


Finally eq, (3-6-12) becomes by substitution of these results 


dhj. f(u) 

— — ” 4 “ 

dd^ mkV 


= 0, 


(3-6-15) 


where/(^) =F(r), i.e., when r is set equal to 1/w in F{r) the result 
is / {u). Eq. (3*6-15) connects u with Q and hence is the differential 
equation of the orbit of the particle in the central field. Its inte- 
gration will yield the path directly. It will be noted that our pro- 
cedure here is different from that pursued in Secs. 3-3 and 3-5 
w^here we integrated the component equations of motion separately 
and obtained parametric equations for the path. Here we have 
followed essentially the method of Sec. 3-4 and have eliminated 
the time from the differential equation of motion before integrating. 
This course is indeed dictated by the fact that in general the com- 
ponent equations of motion (3-6-3) cannot be integrated separately. 

The solution of eq. (3-6-15) will involve two arbitrary constants. 
A third is already represented by the area constant h. We need 
one more since in this problem we are really integrating two 
second order ordinary differential equations. The fourth appears 
in the integration of (3-6-7), after the result of integrating (3-6-15) 
(i.e., r in terms of B) has been substituted into (3-6-7). After this 
substitution, eq. (3-6-7) becomes the ‘Hime ’^ equation of the 
motion, since it gives dr or dd in terms of dt and, on integration, 
tells how r and 0 depend on L The four arbitrary constants are 
determined as usual by the initial conditions. We shall illustrate 
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this by the special cases discussed in the remaining sections of this 

chapter. , 


3'7. Motion in a Central Force Field Varying Inversely as the 
Square of the Distance. We shall now discuss the most important 
illustration of a central force, namely that in which the force 

fimction 


F{r) 

r- 


(3*7M) 


c being a positive constant, corresponding to attraction of the 
particle to the force center. The case of repulsion will be dis- 
cussed later. The fundamental equation (3-6-15) now becomes 


(Pu c 

h U = 0 

dd-‘ mk^ ’ 


(3-7-2) 


which is most simply integrated by placing w = u — c/mk^. Then 
(3-7-2) becomes 

d^w 

+ ^ = (3-7-3) 

We have already encountered an equation of this mathematical 
form in Sec. 2-2 (with t as the independent variable). Hence the 
solution may be written at once 

u = Aeos (e - a) + C, (3-7-4) 

where C = cfmk^ and A and a. are the new arbitrary constants. 
Reverting to r we have 

^ = I7 os(g-a)+c ’ 

This is the polar equation of a conic section/ i.e., the locus of a 
point whose distances from a fixed point and a fixed line are in a 
constant ratio. Let us write (3-7-5) in the form 

1/C 

-■ (3-7-6) 


A 

1 + — cos {d 


« P- Mumaghan 

Analytic Geometry (Prentice-HaJl, N. Y., 1946), p. 307. 
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Now referring to the figure (Fig. 3*6), let F be the given fixed point 
on the so-called polar axis 00, and let r be the distance from the 
particle P to F, with FP making the angle d — a with FO", where 
the line O'O" makes the angle a with the polar line. The angle 6 is, 

of course, the angle the ra- 



dius vector makes with the 
polar axis. Let O'Q, per- 
pendicular to the line O'O", 
be the given fixed line and 
O'F = -1/A. Then eq. 
(3*7”6) expresses the fact 
that the ratio of r to the 
distance 


PQ == [O'F + r cos (6 — a)] 


has the constant value —A/C, This ratio is defined as the 
eccentricity e of the conic, while the distance O'F is usually writ- 
ten p. The point F is called the focus. In this notation the 
equation becomes 

€p 


r = 


1 — € cos 


a) 


(3-7-7) 


It is shown in texts on analytic geometry that for 6 = 1, the conic 
is a parabola; for e < 1, the conic is an ellipse; while for e > 1, 
the conic is a hyperbola. The exact shape of the orbit thus de- 
pends on the initial conditions, as we emphasized in the previous 
section. Since e = — A/0 and 0 = c/mfc^, we have 


€ = ~mk^ — > 
c 


(3-7-8) 


where since c and 6 are positive, A must be a negative constant. 
Thus according as 

( 3 - 7 - 9 ) 




there results an elliptic, parabolic or hyperbolic orbit. The physi- 
cal considerations underlying the distinction between the various 
types of orbits are more clearly brought out by a study of the 
initial conditions. 


m 
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First let us notice from eq. (3-6-6) that the magnitude of the 
resultant velocity of the particle is 

(3-7-10) 

where f appears as the component of the velocity along the radius 
vector, and rB the component of the velocity perpendicular to the 
radius vector. (Cl. eq. (1-4-3) for the latter for the special case 
of a circle. It is, however, true for any continuous plane motion.) 
From eq. (3-7-7) we obtain by time differentiation 

~ * sin (d - a) 

1 — e cos^ {e — a) ~ p ’ 0'7-ll) 

where we have also used (3-7-7) again as well as the law of areas 
(3-6-7). FinaUy 

k'^ sin2 {e 

(3-7-12) 


v‘ = 




a) k^ 

J.2 ’ 


If now for r we substitute once more from (3-7-7) the result is, 
after a certain amount of algebraic manipulation. 


But in eq. (3-7-7) 

ep 


- 1 



2A;2\ 


I 2 

‘ ■ IfV 

epr/ 

(3-7-13) 


1 mk'^ 


" V a)' 

" G 

(3-7-14) 

’7-13) in the form 


/ 

2c \ 


= r 

mrj 

(3-7-15) 


Now suppose that the particle is initially projected with velocity 
iTo from the initial position r = ro. We still have 

/»2 


€2 - 1 = 


If vq = V2^ 


Wfo, 


1 and the orbit is a parabola. If 
Wo < V 2c/mro , € < 1 and the orbit is an ellipse. FinaUy if 
Wo > V2c/mro, e > 1 and the orbit is a hyperbola. 

The velocity V2c/w„ has an interesting physical significance. 
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Returning to (3-7-15), we note that if the particle is considered to 
start at rest at an infinite distance from the force center, i.e., 
r = 0 for r = », the left side of (3-7-15) must vanish identically. 
Hence € = 1, and the path is a degenerate parabola (the straight 
line j oining the initial position to the force center) . But this means 
that 

2)2 = — ( 3 - 7 -- 17 ) 


mr 


gives the velocity attained in the motion at the distance r. 
at distance tq the velocity attained is 


Hence 


V = 



mro 


( 3 * 7 - 18 ) 


The results at the end of the previous paragraph may then be 
restated: the orbit in an attractive inverse square force field is a 
parabola, ellipse, or hyperbola according as the velocity of pro- 
jection at To is equal to, less than, or greater than the velocity 
attained at ro by a particle falling freely in this field from infinity. 

It is worthy of comment that, although the kind of conic repre- 
sented by the orbit depends only on the speed voy the actual 
eccentricity e for elliptic and hyperbolic orbits still depends on the 
area constant fc and is therefore dependent on the direction of 
projection as well as the speed. 

At the end of Sec. 3-6 we mentioned the “ time equation which 
expresses r or ^ in terms of the time L We obtain it in general 
by the use of eq. (3-6-7) and the equation of the orbit, (3-7-7). 
Thus from the latter we have 

p) 


$ — a = arc cos 


e-f)’ 


so that differentiating with respect to the time 

^ k 

v2 7-2 


d 




(3-7-19) 


(3-7-20) 


Hence we have for the determination of r in terms of t, the 
differential equation 

k r 7i ^ 

-(--f). (3-7-21) 


db -A/ 1 
P 
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The integration of eq. (3*7-21) for the special case of planetary 
elliptic motion will be given in the next section. 

3*8. Planetary Motion. Abont the beginning of the seventeenth 
century the laws of planetary motion were enunciated by Kepler 
after many years of laborious calculation and reduction of observa- 
tions of the positions of the planets. These laws are three in 
number, mz. (1) that the planets describe, relatively to the sun, 
ellipses of which the sun occupies a focus; (2) the radius vector of 
each planet traces out equal areas in equal times; (3) the squares 
of the periodic times (i.e., periods of revolution) of any two planets 
vary as the cubes of the major axes of their orbits. These laws 
do not imply that the sun must be stationary in the reference 
system being used. In this section we shall actually make this 
assumption, reserving the general case for later consideration. 

We recall at once that the second law is satisfied by any par- 
ticle moving in a central field of force [eq. (3*6-7)]. It remains 
to be shovm, however, that if the second law is satisfied the force 
acting on the planet is directed toward the sun, i.e., it is a central 
force. But this follows at once from the result of differentiating 
eq. (3*6-5) (the expression of the second law in rectangular co- 
ordinates) with respect to the time. The result is, of course 


y 

X 


y 

— j 

X 


(3*8-1) 


whence, since my and mx are respectively the y and x components 
of the force, the latter must be directed through the origin and 
hence be a central force. 

We can next show that the first law of Kepler implies an inverse 
square law of force. The polar equation of an ellipse referred to 
the focus as pole is (with a = 0 for convenience) 


1 


== u 


1 — € cos 6 

3 

ep 


(3-8-2) 


as given in eq. (3-7-7). We therefore have 

dhi COS0 


P 


(3-8-3) 
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Now for any central force we have shown that the function /(w) 
[eq. (3-6-15)] obeys the equation 

f(u) = (u + ■ 


On substitution from (3*8-2) and (3*8-3) we therefore have 

(3*8-4) 


, mkV 
f{u) » 


€p 

which shows that the force varies inversely as the square of the 
distance, the negative sign of course indicating attraction. 

The third law of Kepler may also be shown to follow from the 
laws of motion in an inverse square central force field. For we 
have 

=:2S = k, (3*8-5) 

where S is the area swept out in time t by the radius vector. In 
one period P of the motion the area traversed will be the area of 
the ellipse itself, or where a is the semi-major axis and b is 
the semi-minor axis. (That this is the area may be verified by 
simple integration.) Noting the relation^ 


we have 


P = 


b = aVT 


k 


vT 


From eq. (3*8-2) in connection with Fig. 3*7 we see that 
mk^ , mk^ 




C(1 — e) 


> and rmin == 


c(l+6) 


(3*8—6) 

(3*8-7) 

(3*8-8) 


corresponding respectively to the positions marked A and B, 
The former is termed aphelion while the latter is the perihelion. 
Clearly 

2(Z = Tmax Hh rmin 


mk^ 
c 1 


(3*8-9) 


^ Smith and Gale, loc. dL, p. 162 . 
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Therefore 


and (3-8-7) becomes 


vT 



'mk^ 

— , — j 

ca 


4:ir^ma^ 

JT^ = > 


( 3 - 8 - 10 ) 


which is the mathematical statement of KepIer^s third law. 

It will be recalled that the connection between the laws of 



Kepler and motion in an inverse square central force field led 
Newton ultimately to propound his law of universal gravitation 
already stated and discussed in Sec. 2*3. 

The quantity the coefficient in the central force expression 
used in this and the previous section, can be expressed in terms of 
the gravitational constant G (see Sec. 2*3) if the central force is 
due to a particle of mass M. Then c = GmM, and the equation 
(3-8-10) can be written in the form 


P2 


GM ‘ 


(3-8-11) 


From this it follows that if a planet has a satellite whose period 
of revolution P about the planet can be observed as well as the 
semi-major axis a of its orbit, the mass of the planet may thereby 
be obtained. The mass of the sun is, of course, obtainable by the 
use of the same equation. 


so 
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It is interesting to note that the orbits of many comets (the 
non-returning kind) have been found to be parabolas, a special 
variety of central field motion, thus lending further support to 
Newton^s law. 

The “ time equation for an elliptical planetary orbit can be 
obtained by the integration of eq. (3-7-21) of the previous section. 
The latter becomes on separation of variables and choosing the 
plus sign 

dr k 




= - dL 

2 p 


(3-8-12) 


If we recall that the quantity p is given by 

mk^ 


V 


C€ 


we have from (3*8-9) the relation 

ep = a(l — €^). 


(3*8-13) 

(3*8-14) 


Substituting for p in terms of a and e in eq. (3-8-12), we are led 
to the form 

, . -^dt. (3-8-15) 

V 1 — 

Now it is of advantage to introduce the observable quantity P, the 
period of the planet^s revolution. From eq. (3*8-10) we have 


= i- / ^ 

2'w V ma^ 


But 


c 

m 


¥ 


¥ 


from eq. (3-8-13) above. Therefore 

i__2. L 

P 2t aSvTT 


and eq. (3*8-15) becomes 
r 


dr 


^ — {a — ry 



(3-8-16) 

j 

(3-8-17) 

. g2 


II 

(3-8-18) 
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To integrate this equation conveniently it is customary to intro- 
duce a new variable E defined by the equation 

a — r = aecosEj (3*8-19) 

so that 

r = a(l — ecosE). (3*8-20) 

E is an angle and is called in texts on celestial mechanics the 
eccentric anomaly. To understand the geometrical significance 
of the latter, let us refer to the following figure (Fig. 3*8). This 



It 'v' ' * 

ifV' A''/- ' A" A 


Fig. 3*8 





presents the elliptical orbit APB with the focus at 0 and center at 
C. Let us draw the circle AQB of radius a about C as center. 
This is termed the auxiliary circle. Suppose the planet is at the 
position P with coordinates r and <9. Through P construct PD, 
the perpendicular to the major axis AB, and let it intersect the 
circle at Q, Then the angle QCB = P, the eccentric anomaly. 
That this satisfies the definition given in the relation (3*8-20) 
may be seen from the fact that from the figure we have 

r cos 6 + a cos E = OC. (3*8-21) 

mk^ 


But 0(7 
to 


‘^mia 


OC = 


a — 


C(1 + €) 

a + ae — ep a + ae 


from (3*8-8), and this reduces 
a + ae^ 


1 + € 


1 +€ 


ae. 
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Hence (3-8-21) becomes, using eq. (3-8-2), 

T 

p + <2 COS -E = 0€, 


or 


7 * = ep + <3^6^ — ae cos £?. 


(3*8-22) 


But ep = a(l — 6^) and hence (3*8-20) follows. 

Now substituting into (3*8-18) the differential equation becomes 


27r 


di - {I — € cos E) dEj 


(3*8-23) 


and integrating we have 
27r 


(t — U) = E — e sin Ej 


(3*8-24) 


where is the time for J? = 0, i.e., the passage through peri- 
helion (see the figure). Now 2t/P * (if — k) represents the angle 
through which the radius vector would have moved at the uniform 
angular velocity a? = 2t/P, This angle is called in celestial 
mechanics the mean anomaly and often denoted by M, The 
relation 

M = - €sin£ (3-8-25) 

is known as Kepler^s equation, and as soon as M is known for any 
time it can be solved for E, whence r and 6 can be found for any 
instant. However, since the equation (3*8-25) is transcendental, 
its solution cannot be expressed in a closed form. Methods for its 
approximate solution in various cases will be found in texts on 
celestial mechanics.^ 


3-9. Electron Motions in the Bohr Model of the Hydrogen 
Atom. The Bohr-Rutherford atom model, which is still of great 
value in pictorial representations of atomic structure, pictures the 
hydrogen atom as formed of a heavy nucleus with a charge of posi- 
tive electricity of magnitude e = 4.80 X 10“^° electrostatic units, 
and a negatively charged electron with charge — e. To a first 
approximation the electron is supposed to move about the nucleus 

iFor example, see F. E. Moulton, " Celestial Mechanics '' (Macmillan, New 
York, 2nd ed., 1914), p. 160 ff. 
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in an orbit due to the central electrostatic attraction of magnitude 
— where r is the distance between the particles. The gravi- 
tational attraction can easily be shown to be negligible compared 
with the electrostatic, for the mass of the hydrogen nucleus is 
1.66 X 10"'^'^ grams while that of the electron is approximately 
0.9 X 10“^^ grams. As a matter of fact the investigation in a 
later chapter will show that the two particles both move about 
their common center of mass (see Sec. 6-3). However, the motion 
of the nucleus due to its much larger mass is so slight compared with 
that of the electron that for the present we may neglect it and con- 
sider that the electron moves in a central field about an approxi- 
mately stationary nucleus. Since the orbit of the electron must 
be bounded in space as long as it remains in the atom, the path 
will then be an ellipse with the nucleus at one focus, as we learn from 
our study of the analogous case of planetary motion discussed in 
Sec. 3*8. 

Now an outstanding feature of the Bohr theory is the postulate 
that not all elliptical orbits are possible for the electron, i.e., not 
all values of the semi-major axis a and eccentricity € occur. The 
possible orbits are those for which the following extra-mechanical 
conditions are satisfied, viz.. 


^pedd^ uih, 

^Prdr= n2h. 


( 3 . 9 - 1 ) 


These relations are to be interpreted thus: pe is the so-called 
moment of momentum of the electron in its path, viz., 


Pq = mvH = mrvi, 


(3.9-2) 


where vi = rB = velocity component at any instant perpendicular 
to the radius vector [recall eq. (1.4-3)].^ On the other hand pr 
is the so-called radial momentum, i.e.. 


Pr = mr. 


(3.9-3) 


1 The moment of momentum is now commonly referred to as the angular 
momentum, though the latter term is more strictly applicable to rigid bodies 
than to single particles. Note that is also interpretabie as the product of 
mass and area constant [cf. eq. (3-6-7)]. 
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The form in which the integrals in (3-9-1) are written is to in- 
dicate that the integration is to extend over the whole region of 
variation of the variables in question. Thus the first integration 
will extend from 0 = 0 to ^ = 27r as limits, while the second is 
taken from rmin (i.e., perihelion) to fmax (aphelion) and back again 
to Tmin along the elliptical path. The actual method of integration 
will be indicated below. The quantity h is the fundamental con- 
stant of the quantum theory, the so-called constant of Planck.^ 
The quantities ni and ^2 are integers^ and the conditions expressed 
in the equations (3-9-1) are known as the quantum conditions. 
We must emphasize that they are not deductions from previous 
theory but are outright postulates or assumptions. We cannot 
here be concerned with their true significance for it would take a 
considerable discussion of atomic structure theory to make this 
clear. What w’^e are interested in is their influence on the possible 
motions of the electron. 

Substituting the value of pe from (3-9-2) into the first condition 
and recalling that for a central field motion = k [eq. (3-6-7)] we 
have: 

mk dd = nih, 
or 

, nji 

mk = pe = const. = — • (3-9-4) 

2x 


The carrying out of the integration in the second condition is 
somewhat more troublesome. Let us write the polar equation of 
the ellipse in the form 


r = 


a(l - 

, 

1 — e cos ^ 


(3-9-5) 


^ The student’s attention at this point is directed to the good popular treat- 
ment of the classical quantum theory of atomic structure in A. Haas, The 
World of Atoms ” (D. Van Nostrand, New York, 1929). See also in the same 
connection the readable work of K. K. Darrow, Introduction to Contempo- 
rary Physics” (D. Van Nostrand, New York, 1926) or the more recent text by 
G. E. M. Jauncey, ‘‘ Modern Physics ” (D. Van Nostrand, New York, 1932). 
The more ambitious student may profitably consult Ruark and Urey, “ Atoms, 
Molecules, and Quanta ” (McGraw-Hill, New York, 1930), Loeb, ^‘Atomic 
Structure ” (Wiley, New York, 1938), or H. Semat, “ Introduction to Atomic 
Physics ” (Rinehart, New York, 2d ed, 1946). 


ELECTRON MOTIONS IN HYDROGEN ATOM 85 


which follows from eq. (3-8-2) if we note that 

mk^ 


^ = a(l - 

c 


(3-9-6) 


from eqs. (3*7-14) and (3*8-"9). Now the radial momentum can be 
transformed as follows 


while 


dr , mk dr 


dr ae(l — 6^) sin B do 

do (1 — <5 cos BY 


(3*9-7) 


(3*9-8) 


from eq. (3*9-5). Therefore on substitution the second condition 
becomes 

sin^ B 


mke 




(1 — 6 COS B) 
We integrate this by parts, obtaining 


: do = n^h. 


(3*9-9) 


nji = mke 

which reduces to 
n^h 


sin B 


■ COS 0 


q2x /*2x 

: + f : 

'Jo j 


COS i 


1 — e COS ^ 


■ dB) > 


= mk f (- 1 ) ddj (3*9-10) 

Jo \1 - e COS ^ / 


since the square bracket above vanishes on the introduction of the 
limits. The integral 

"2^ do 2 t 


r- 

Jo 1 


6 cos B \/i — J 


(3-9-11) 


from No. 300 in Peirce’s Table of Integrals. Therefore the sec- 
ond quantum condition becomes 


1 


vT 


- 1 = 


6" 


n^h 

27rkm 


n2 

ni 


(3-9-12) 


86 


CURVILINEAR MOTION IN A PLANE 


utilizing the first condition [eq. (3-9-4)], whence 


ni" 


(ni + 


(3-9-13) 


But this me a. nR that the possible orbits of the electron are re- 
stricted to those for which the eccentricity e takes the values 
allowed by (3-9-13), as % and ns assume all possible positive in- 

G 

n{^n==l 



(2D 

n^n=2 



tegral values.^ To each value of e correspond also definite major 
and minor axes. Thus combining (3*9-4) and (3*9-6) we have 


{ni + UzYh^ 

j 

4:T^me^ 


(3-944) 


noting that c = 6^ in this special problem. The dimensions of the 
allowed orbits are thus fully fixed by the quantmn conditions. A 
few sketches for certain selected small values of ni and n 2 will 
serve to illustrate the essential results we have obtained. (Fig. 
3-9.) 

The times of revolution in the allowed orbits are given at once 
from Kepler^s third law, eq. (3-8-10). Thus substituting into 

1 It is customary to exclude the value = 0 since this corresponds to 
e ~ 1 and a straight line orbit through the nucleus, which is physically meaning- 

less.^'''' ■ ' ■ ■ 
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(3’8-10) from (3-9-14) we have 

4:7r'^me^ 


(3-9-15) 


the periodic times thus increasing with the cubes of the natural 
numbers. 

It may also be remarked that under certain conditions an elec- 
tron coming from outside the atom will move in a hyperbolic 
path about the nucleus. These conditions are, indeed, precisely 
those laid down in Sec. 3*7. 

Further discussion of the application of the Bohr theory will be 
found in Sec. 44. 

3*10. Motion in a Repulsive Inverse Square Force Field. Alpha 
Particle Deflection. In our discussion of the motion of a particle 
in an inverse square field we have dealt wholly with the case where 
the force is attractive. There is, however, an important signifi- 
cance to be attached to the case in w^hich the force is repulsive. 
Consider a positively charged nucleus of an atom (Fig. 3*10) 



with charge Ne (N being an integer and e the fundamental unit 
of charge, 4.80 X 10”^® e.s. units). Next suppose that an alpha 
particle, a doubly charged helium atom, i.e., the nucleus of a helium 
atom with charge 2c, is projected into the neighborhood of the 
nucleus Ne in such a way that at a very great distance where the 
repulsive action is very slight the alpha particle has a velocity Vo 
in the direction QQ\ For convenience we shall describe the mo- 
tion of the alpha particle in terms of polar coordinates r, 0, choos- 
ing the polar axis parallel to QQ' and placing Ne at the pole. The 
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perpendicular distance between QQ' and the axis is denoted by q. 
The force of repulsion between the alpha particle and the nucleus 
is of magnitude 2Ne^/r^, and therefore the analysis of Sec. 3*7 will 
at once apply, with the quantity c of that section now assuming 
the value —2Ne‘^, i.e., being negative instead of positive. The 
orbit of the alpha particle will therefore be a conic with equation 
[see eq. (3*7-7)] 

- - (3-10-1) 


r = 


1 — € cos — a) 


From eq. (3*7-16) we see that since 2 ;o > 0 for ro = oo, 6 > 1 and 
the orbit is a hyperbola. As Fig. 3*10 shows, r approaches oo for 
two values of 0 , namely tt and 6q. Hence we have from (3*10-1) 
the conditions 


and 


cos (it — a) = - == 
6 


cos (^0 — a) = 


cos a, 


1 


(3*10-2) 


(3*10-3) 


Combining (3-10-2) and (3*10-3) yields (since sin a = V — 1/e) 
I + cost 


sm 6q 


= -- 1 , 


or in terms of 0o/2, 


cot;:- = Ve^ — i. 
2 


(3*10-4) 


(3*10-5) 


Now if we examine Fig. 3*10 we see that as 0 we have to an 
increasingly good approximation 


r sin ^ = q. 

Hence in the neighborhood of 0 = tt 

6 


r =: ^q cos i 


sin2 0 


. Ir^ 

■ - 


( 3 - 10 - 6 ) 


( 3 - 10 - 7 ) 


Applying (3*7-10) we are led at once to the simple but important 
result 

¥ = WoV* (3*10-8) 
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Now return to (3-7-13) which becomes for y = % at r = w 


1 = 




Employing (3-7-14) to substitute for ep, we get 

.2 


1 = 


m%h)o^ m%^o' 


4NV 


Using (3-10-8) we obtain finally 

- 1 = 


mvo^q 


whence (3-10-5) becomes 


cot 


Oq 


mvQ^q 

'We^' 


(340-9) 


(3- 10-10) 


(340-11) 


(340-12) 


This will give us the angular deviation of the alpha particle from 
its original path. Let us ascertain its order of magnitude in a 
special case. For an alpha particle we have approximately 
7/1 = 6.6 X 10'"^'^ grams/ and vq may be taken as approximately 
2 X 10^ cm/sec, which is very close to the actual value for the 
velocity of a-particles from Radium C. The velocities of these 
particles depend on the source.^ The electronic charge e has al- 
ready been given as 4.80 X 10“"^^^ electrostatic units. Substitution 
then yields 


cot 5 = 5.83 X IQI® 4 • 
2 N 


(340-13) 


Let us suppose that N = 79, i.e., that the nucleus is that of gold. 
In order to produce a deflection of 150°, such as has been experimen- 
tally observed in the case of gold, the «-particle must approach 
the nucleus mthin such a distance that g = 3.66 X 10“*^® cm 
approximately. It is evident that experiments on the deflection 
of alpha particles are of great value in enabling us to estimate 

^ These data are taken from Birge, ^‘Values of the General Physical Con- 
stants/’ Reviews of Modern Physics, July 1929. For the methods of determining 
them and for other information on atomic theory the student is recommended 
to read the books referred to in Sec. 3*9. 

2 See Lord Rutherford, Chadwick and Ellis, Radiations from Radioactive 
Substances ” (Cambridge University Press, 1930), p. 47. 
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limits for the dimensions of the nucleus. As a matter of fact it 
should be noted that the whole nuclear theory of atomic structure 
rests on experiments of this nature (with the accompanying theory) 
carried out by Rutherford about 1911.^ 

PROBLEMS 

1. A projectile is shot off with an initial velocity of 2500 ft /sec at an angle 
of 30® to the horizontal. Assuming no air resistance calculate the total time 
spent in the air, the range, and the total length of the path in the air. 

2. A projectile travels in a medium which resists its motion with a force 
of the form A:v, where k is a coefficient of proportionality and v is the vector 
velocity in the orbit, with components x and y respectively. Calculate the 
range and time spent in air as a function of k and the projection velocity and 
angle. 

3. A projectile is projected at angle a with velocity ?;o. Find the time at 
which the angle which the direction of motion makes with the direction of 
projection is t/ 2 — a. 

4. Two simple harmonic motions take place along the x and y axes respec- 
tively with equal amplitudes but with frequencies in the ratio 4:3. Find the 
curve resulting from the composition of the two motions. 

5. Calculate approximately the mass of the earth and the mass of the sun 
from Newton^s law of gravitation. Data: radius of earth, 4000 miles; g == 980 

dyne cm^ 

cm/sec^; (?, the constant of gravitation, = 6.67 X 10~® ; — ; R = mean 

gm2 

distance from earth to sun = 93,000,000 miles. 

6. Calculate the orbit of a particle moving in a plane under the influence 
of a central force var 3 dng directly as the first power of the distance from the 
force center. 

7. Find the way in which the central force must vary with the distance 
from the force center in order that the particle may describe the spiral r = 1/cd, 
where c is constant and r and $ are the usual polar coordinates. 

8. Find the way in which the central force must vary with the distance 
from the force center in order that a particle may describe the lemniscate 

cos 2dj 

the force center being assumed to be at the pole. Use the law of areas to find 
the expression for the resultant velocity of the particle as a function of r . 

9. The expression 2r$ in central field motion is usually called the Coriolis 
acceleration. Show that it is equal to — rff. Hence find the expression for 
d in an elliptical inverse square orbit as a function of 9. 

^ See Rutherford, Chadwick and Ellis, loc, eft, Chap. VIII. 
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10. The fourth satellite of Jupiter has a period of approximately 16.76 days 
and its semi-major axis is approximately 1,88 X 10® meters. Find an approxi- 
mate value for the mass of the planet. 

11. The eccentricity of the orbit of the planet Mercury is approximately 
0.206. Its period of revolution is 0.24 year. If its semi-major axis is approxi- 
mately 58 X 10® kilometers, at what rate does its radius vector sweep out area? 

12. An electron moves in the xy plane under the influence of a uniform elec- 
tric field directed along the y axis and a uniform magnetic field directed along 
the z axis (perpendicular to the xy plane). From the theory of electricity and 
magnetism the component equations of motion are: 

mx = —eyEIc 
my = — -h exH/Cj 

where e is the charge on the electron, and E and H are the electric and magnetic 
field intensities respectively, and c is the conversion factor 3 X 10^®. Integrate 
to show that the orbit of the electron is a cycloid. Show that one gets different 
forms of cycloids depending on the choice of initial conditions. 

13. Plot to scale the various types of orbits allowed to the electron in the 
hydrogen atom (discussed in the text) by the quantum conditions for the cases 
where the sum of the two quantum numbers ni + ^2 is equal to 1, 2, 3, 4 
successively. Calculate in each case the perihelion and aphelion distances 
(i.e., minimum and maximum distances from the nucleus). 

14. Prove that when a particle moves in any central field of force the veloc- 
ity at any point is inversely proportional to the perpendicular from the force 
center to the tangent to the path at that point. 

15. Under what central force will a particle describe a circle with the force 
center on the circumference of the circle? 


CHAPTER IV 

ENERGY IN PARTICLE DYNAMICS 


44. Potential Energy and the Energy Concept. Conservative 
Forces. In Chapter I we introduced the concepts of work and 
kinetic energy (Sec. 140). In the discussion of Chapters II and 
III we made relatively little use of these concepts, restricting our- 
selves almost completely to force and the equation of motion. It 
is important to recognize that this is sufficient for a large part of 
mechanics. However, it is now time that we began to avail 
ourselves of the powerful concept of energy. We approach this 
concept in the following way. In Sec. 140 we have seen that 
when a particle of mass m is in motion with velocity having mag- 
nitude V (with reference to some inertial system), it is convenient 
to associate with its motion the quantity the change in which 
over a given interval represents the work done by the resultant 
force on the particle during this interval. We have called this 
quantity the kinetic energy of the particle. 

Let us now examine the work-kinetic energy theorem (eq. 
140-20) more closely. We return to the general equation 



F • dr = ^mvi^ — 


(44-1) 


but for simplicity confine our discussion at first to rectilinear motion 
along the x axis. The equation in question then becomes 



Fx dx = ^mxi^ — Jmio®. 


(44-2) 


Let us now suppose that F* is an integrable function of x, i.e., there 
exists a function V (x) such that 

Fxdx = — dF. (44-3) 

On integration, we have, if we denote and by Ki and 
Ko, respectively, 

Fi -- Fo + Zi - a:o = 0 
or 

Ki + Fi = Kq -b Fo = const. = U, (44—4) 
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In other words the quantity U, which is the sum of K and F, 
remains constant during the motion. We shall call F, which is a 
function of Xy the potential energy of the particle. We have then 
just shown that for the above simple case if such a function exists 
the sum of the kinetic and potential energies remains constant. 
We shall denote this sum. {U) as the total mechanical energy of the 
particle. This is at once subject to generalization to the case of 
motion in three dimensions. Thus let us write the force vector F 
in terms of its components along the x, y and z axes respectively, 
viz. 

where Fx^ Fy and F^ are, in general, all functions of the three 
coordinates a:, y^ z. The displacement vector dr may also be 
written likewise 

dr == idx + jdy + kdz. 

We then have from the definition (1-10--5) 

F • dr = Fx dx Fy dy Fg dZj 

so that eq (4*1-1) becomes, if the integration is conducted from 
the point Pq to the point Pi, 

(Fx dx Fydy + Fgdz) = (4*1-5) 


f 

Jpq 


Now if the expression dx ■{■Fydy + dz is a perfect differen- 
tial, i.e., if there exists a function V (x, y, z) such that 


rr j t n 7 I J 7 7 

Fx dx -\-F y dy+ Fx dz= — — dx — — - dy — — - dz = —dV, (4-1-6) 

dx dy dz > \ j 

we again have 


K + V =U = const. 


(4-1-7) 


We recall from calculus that dV is called the total differential 
of the function V (x, y, z). It is the total change in V correspond- 
ing to the alterations dx, dy, dz in x, y, z respectively. Fx then 
appears as the negative rate of change of V with respect to x, 
viz., Fx = —dV/dx; similarly for Fy and Fx. We are now under 
the necessity of introducing partial derivative signs since 7 is a 
function of more than one variable. 
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It must be emphasized that the existence of the potential energy 
V to satisfy (4-1-6) demands a rather stringent condition. It will 
be recalled from calculus or can be seen without trouble from 


E. = - 


dx 


Fy 


dy 




that we must have 


dF, 


5Ex 

feTI 

1 

1 

dFy 

dy 

dx 

dz 

dx 

dz 


dz 


dF^ 

dy 


( 4 . 1 - 8 ) 


It will not need much experimentation to convince the reader that 
very few forces chosen at random will have components satisfying 
(44-8). Thus 

Fx = Fy = kzj Fz = kXj 


where is a constant, certainly will not yield a function V. On 
the other hand 

Fx = kxj Fy = ky^ Fg = kz 


does satisfy (44-8) and indeed leads at once to 
V == ^k{x^ 


Forces whose components satisfy (44-8) and for which the 
potential energy exists are called conservative forces, since for them 
it is possible to define a total mechanical energy U which remains 
constant during the motion or may be said to be conserved. Eq. 
(44-7) then becomes the celebrated principle of the conservation 
of mechanical energy. The particle in this case is said to constitute 
a conservative system. Since for a conservative system 

pF-dr = -(Fi - 7o), (44-9) 

where Fo is the value of the potential energy at the beginning of 
the path, and Fi the value at the end of the path, it follows that 
the gain in potential energy is the negative of the work done by 
the force during the motion. Or we can say that the gain in 
potential energy in any motion of a particle under a conservative 
force must be balanced by an equal loss in kinetic energy. 

A simple illustration will help to render our discussion clearer. 
Revert to the rectilinear motion of a particle attached to a spring 
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(Sec. 2*2). Here the elastic restoring force is 

Fx = 

where k is the elastic constant. 

Hence 


/ 


Fxdx = ^ ifeV). 


(44-10) 


(44-11) 


Therefore we may write for the potential energy of the particle 
attached to the spring when its displacement is x, 

V = ikx^ + C, (44-12) 

where C is an arbitrary constant. We see that V is not absolutely 
determined in that we may always add to it a quantity independent 
of X. It is desirable to consider F = 0 when x — 0, and therefore 
in the present case we shall set 0 = 0. The field of force in the 
present case is conservative and the total energy of the system is 

U = imv^+^kxK (4-1-13) 

It is interesting to observe that this is precisely the form of 
equation that results from the first integration of the equation of 
motion of the system 

mx = —kx, (4-1-14) 

as we recall at once from Sec. 2-2. We can generalize this state- 
ment and say that the first integral of the equations of motion of 
a conservative system is the equation of energy. For let us write 
the equations of motion in component form 

mx = Fx, my = Fy, 

mz = F.. (4-1-15) 

Multiplying these respectively by x dty y dt, z dt, and adding^ we 

obtain 

d[|m(f2 +y'^ + z^)] = Fxdx + Fy dy + F^ dz, (4-1-16) 

and if the right-hand side is — c^F, we have at once on integration 

+ F = ?7 = const. (4-1-17) 

It is thus evident that whenever we are dealing with a conserva- 
tive system the energy equation will be of considerable impor- 
tance. Incidentally, examination of (4* 1-17) reveals that at the 
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place where F is a minimum, K (the kinetic energy) is a maximum 
and vice versa, 

4-2. Energy Relations in a Uniform Field, 
equation for rectilinear motion is 

Fx = MX = const. = fc, 

and the energy equation is therefore 

— kx == Uf (4*2-2) 

the potential energy being V = —kx. This is then the form 
assumed for the case of a particle falling freely near the surface 
of the earth. The constant k is in this case where m is 

the mass of the particle and g the acceleration of gravity. Suppose 
a particle dropped from a height h above the ground. Its potential 
energy at the instant of dropping has the magnitude mgh relative 
to the earth’s surface and at the instant it reaches the earth be- 
comes zero, having all changed ” into kinetic energy. Hence 
the total energy of the particle will be equal to its potential energy 
at the start, viz., mgh. We thus have 

iT + F = mgh. (4*2-3) 

From this the velocity with which it strikes the ground is given 
by 

V = V2^, (4-2-4) 

as in the treatment of Sec, 2-2. The question may arise — ■ what 
happens to the kinetic energy which the particle has at the mo- 
ment of striking? The particle may be said to transfer this to the 
earth as a result of collision. In such a collision heat is developed 
and sound waves are produced. If we are willing to suppose that 
these physical manifestations involve energy, we can then say 
that some at least of the kinetic energy of the particle is trans- 
formed ” into energy of another form. We here glimpse the 
doctrine of the universal conservation of energy, which supposes 
that mechanical energy as we have defined it cannot be destroyed, 
but can only be changed into some other kind. 

Incidentally we now see another significance of the statement 
made in Sec. 2*2 concerning the motion of a particle along an 


Here the force 
(4*2-1) 
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iEclined plane. Consulting Fig. 4*1 we recall that the velocity 
along the plane of length I at the bottom is equal to the velocity 
which would have been gained by direct vertical fall from A 
through the height h. But the ^ 

meaning of this in terms of the 
energy equation is now clear. The 
potential energy is a function of 
the vertical height x above the 
level BD of the bottom of the 
plane. Hence, as long as the mo- 
tion stays conservative, it makes 
no difference how the fall takes 
place to the bottom: the change 

in potential energy and the equal change in kinetic energy will be 
the same. As a matter of fact, this then will still be true if the 
motion were to take place along the curve ACB. This of course 
supposes that there is nothing peculiar about this motion such as 
friction, for example, to render it non-conservative. 



4*3. Energy Relations in a Central Force Field. The equations 
of motion for a particle in a central field of force have already 
been given (eqs. 3’6-3) as 


mx = F{r) 

T 


my = F{r) ■ 


( 4 . 3 - 1 ) 


Let us now vary the procedure of Sec. 3-6 by multiplying both 
sides of the first equation by x dt and both sides of the second by 
y it We thus have 

F(r) 


d (|mx2) 




Fir) 

d{\my^) 2 ^( 2 /^). 

r 

Adding, and recalling that 

x^ + y^ = r2, 


and 


^2 4- 2/2 = 


(4-3-2) 

(4*3-3) 

( 4 * 3 - 4 ) 
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where v is the magnitude of the velocity of the particle, we obtain 

Fir) 


di^mv^) = dir^) == Fir) dr. 
2r 


The indefinite integral yields 




f F{r) 


dr = C. 


We can now set F(?') dr = —dV (r). Then 
+ Vir) == C = U, 


(4-3-5) 


( 4 * 3 -^) 


(4-3-7) 


where 7(r) is the potential energy of the particle in the central 
force field; the above expresses the fact that the field is conserva- 
tive, i.e., the total eiiergy U remains constant. Incidentally it also 
expresses the important fact that in a central force field the mag- 
nitude of the velocity of the particle at any point depends only on 
its distance from the force center and is thus independent of the 
path or whether the particle is approaching or receding from the 
center of force. 

Eq. (4-3-6) is the energy integral. Of course if the function 
Fir) happened to be a function of the velocity or the time ex- 
plicitly, eq. (4-3-7) would not exist and the system would not be 
conservative. 

To go back to 

dV 

^ - —f (4-3-8) 

let us note that the component changes in F with respect to x and 
y are given by 


dx 

dy 


dV dr __ X dV 
dr dx r dr 

dV dr ^ y dV 
dr dy r dr 


(4-3-9) 


Substitution into (4-3-1) then yields 


dV 

mx i 

dx 


my = 


dy 


(4-3-10) 
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But the right-hand members in (4*3-10) are the component forces 
Fx md Fy [eq. (S-O-l)]. Hence we have as in Sec. 4*1 

(4*3-11) 


Fx = 


dx 


dy 


and the potential energy F, considered as a function of x and y, 
is a function such that its negative partial derivatives with respect 
to X and y respectively are the component forces along the x and 
y axes. From this point of view F has often been referred to as 
the force function} We shall still continue to use the term po- 
tential energy when we take F to measure a property of the 
particle. Often, however, it is extremely valuable to think of F 
as describing the nature of the field in which the particle is moving. 
For this purpose we shall define F/m, i.e., the potential energy 
per unit mass for a particle at any particular point as the potential 
of the field at that point^ and denote it by Fp. This viewpoint 
may be made clearer as follows. From the definition given in 
Sec. 1*10, it follows that 


F(r) dr = dW 


(4*3-12) 


is the work done when the particle of mass m is displaced a distance 
dr in the direction of the force. Then 


/ 

«/ro 


nE(r) 


dr 


m 


Vo 

m 


Vi 

m 


Fpo - Fpi 


is called the difference in potential at the points distant ri and To 
from the force center. It is thus the work done in the motion 
of a particle of unit mass in the force field from the one place to 
the other, and it is interesting to see that this work is independent 
of the path followed by the particle, for it depends on the values 
of Fp at the two points only. 

^ More commonly the negative of Y has been taken as the force function. 
This accounts for the difference in sign often encountered in various texts in 
the corresponding potential formulas for gravitational attraction and electro- 
static attraction respectively. 

2 This is the definition for the case of gravitational attraction. We can also 
define the electrostatic potential as the potential energy per unit charge and 
the magnetostatic potential as the potential energy per unit magnetic pole in 
the case of electric and magnetic fields respectively. In general then the 
potential at any point in a conservative field is the potential energy per unit 
^' quantity of a particle at that point. 
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4 . 4 . Inverse Sciuare Field. Electron Energies in the Bohr 
Theory. In the case where the central field follows the inverse 
square law, F (r) = — c/r^. Hence 

Jpir) dr = - const. (44-1) 

The total energy in such a field is therefore 

— U, (44—2) 

r 

where the potential energy appears as 

7(r) = - -• (44-3) 

r 

We have already noted that the potential energy is not an absolute 
quantity for a given particle. In the integration (44-1) the 
constant is arbitrary and may have any value we choose to give it. 
It therefore follows that, in measuring potential energy, all we 
can really do is to give the difference in potential energy for a 
certain particle at two different places. If, however, in the specml 
case of the inverse square motion, we agree to let the potential 
energy be zero at a very great distance from the force center, 
j g j- = 00 j the value of the constant is zero and the potential 
energy is simply V = -c/r. The total energy U is thus equal to 
the kinetic energy at r = <» . V divided by the mass of the par- 
ticle also appears, as we have seen, as the potential of the field at any 
point distant r from the force center, i.e., the amount of work which 
is done on a particle of unit mass as it moves from the point in 
question to infinity (physically speaking a very great distance), 
or the work, equal to the former in amount, which is done by the 
particle in moving from an infinitely distant point to the point 

in question. . ^ ^ u 

We have already seen in Sec. 3‘7 that a particle m a central field 
of force varying inversely as the square of the distance to the 
force center moves in a conic section. In the particular case in 
which the motion is bounded the conic is an ellipse with the force 
center at one focus. We discussed in Secs. 3-8 and 3-9 important 
applications of this to planetary motion and the motion of an 
electron in the Bohr atomic model respectively. It is now of 
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iOl 


interest to introduce energy considerations in this type of motion. 

Let us get an expression for the total energy in elliptical motion 
in terms of a parameter connected with the elliptical orbit. From 
eq. (44-2) we see that 

c 


V 


kmVr, 


rmax 


(44-4) 


where is velocity at aphelion. We can get this from 
(3-7-12) in the form 

JA 

= (4-4-5) 

• mBx 

where k is the area constant. Now from (3*8-9) there follows 

ac(l — 


¥ = 


m 


At the same time (3*8-20) yields 

rjDax ” €l{X “f" €). 
Hence we have ultimately 

c(l - e) c 


u = 


2a(l Hh fi) ®(1 “h €) 


c 

2a 


(44-6) 


(4*4-7) 


(4*4-8) 


Since for an attractive inverse square field c is positive, this brings 
out again the important fact that the total energy is negative for 
an elliptical orbit. The formula (4*4-8) is attractively simple. 
We can apply it at once to obtain the allowed energy values for the 
electron orbits in the Bohr model of hydrogen. 

In (3*9-14) we found the allowed or quantized values of the 
semi-major axis of the electron orbit in hydrogen in the form 

a= {ni + n2)W/4:7r^me^. 

Substitution into (4*4-8) immediately yields the allowed energy 
values (putting c — in this case) 


Un = 


2w^me^ 


(4*4-9) ■ 


where we have set n = ni + the so-called principal quantum 
number. The smallest value of U corresponds to n = 1 and is 
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called the energy of the ground state. 

27r^jrae* 

?7i = 


Thus 

— t 

2ao 


(4-4-10) 


where Oo is the smallest possible value of a. Substitution of the 
relevant values of m, e, and h yields approximately 

Oo = 0.53 X 10-« cm. 

This provides an idea of the size of the hydrogen atom in the 
ground state. Substitution yields 

Ui = 21.5 X 10-^2 erg. 

It is customary to use as the unit of energy in atomic problems 
the so-caUed electron volt, which is the energy gained by an 
electron in falling through a potential difference of 1 volt. The 
charge on the electron is 4.8 X lO-^® electrostatic units and the 
volt is 1/300 e.s.u. of potential. Hence the energy in question is 
1.6 X 10"** erg. Therefore 

Ui = 13.5 electron volts. 

This is termed the ionization potential of hydrogen, since it is the 
energy which must be given to the hydrogen atom in its pound 
state in order to remove the electron completely, i.e., ionize the 

atom. r 1 

Once the allowed energy values f7„ (eq. 4-4-9) have been found 

for the hydrogen atom, the Bohr theory frequency postulate 
enables us to calculate the frequencies of the lines in the spectrum 
of radiation from excited and luminous hydrogen gas, as in a dis- 
charge tube. According to this postulate when a hydrogen atom 
makes a transition from the stationary state with energy Uni to 
the state with energy C/„ 2 , if Uni > Un 2 , radiation is emitted with 
frequency v, where 

(4-4-11) 

h 

If Uni < Un2, the atom is said to move into an excited state. It 
can then absorb radiation of the same frequency given in^ (4-4-11). 
One of the conspicuous successes of the Bohr theory was its ability 
to predict the frequencies of the lines in the so-called Balmer 
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senes in 
3 , 4 , 5 -- 


the visible 
. Thus 


spectrum. For this, = 2, while Ui = 




Ui 




(4*4-12) 


gives the observed frequencies in question with very high accui'acy 
when ni = 3, 4, 5 • • • . For further details on the Bohr theory 
the books referred to in Sec. 3*9 may be consulted. 

4*5. Potential Calculations. The calculation of the potential for 
a field of force is often an important problem. Once it is accom- 
plished we can write the energy equation for the motion of a 







particle in that field. Hence much attention has been paid to this 
problem, particularly in the case where the force field is produced 
by collections of mass particles. We have already noted that, 
according to Newton^s law of universal gravitation, every mass 
particle attracts every other one with a force which varies directly 
as the product of the masses and inversely as the square of the 
distance between them. For a single mass particle the force field 
is the simple one discussed in this section; for a collection of 
particles the field may be expected to be in general more compli- 
cated. We shall make here a few such calculations for special 
cases. 

Let us take first that of a thin homogeneous spherical shell of 
radius R, We have already computed the attractive force exerted 
by such a shell on an external mass particle in Sec. 2*3. At present 
we are more interested in the potential than the force. In Fig. 4*2 
the shell is supposed to have its center at 0, The external point 
is at P distant z from 0. As in the previous calculation (Sec. 2*3), 


./ 
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we consider as the element of mass of the shell the surface element 
of area 

2irB smO • B dd 

obtained by dramng about P the two spheres with radii r and 
r + dr respectively. If m is the total mass of the shell, the mass 
of the element will be 

(4-5-1) 


m 


m 


■2irB^smdde = -sin6id0, 
4irf2' 2 


and the potmtial of the field produced by this element at P, which 
is by definition (Sec. 4-3) the potential energy of a unit mass 
particle placed at P, becomes, 

msin^, (4-5-2) 

2 T 

where G is the constant of gravitation (see Sec. 2-3). In writing 
this we are assuming a very important fact about the potential, 
namely that if we have a number of mass particles the potential 
produced by them collectively at any point is equal to the sum of 

the individual potentials. „ „ o 

We can prove this, quite generally, as follows. Suppose we 
have two mass particles of mass mi and m 2 , and desire to calculate 
the potential of the field due to the two (there is no point in adding 
to the complexity by considering more) at the point (x, y, z) 
distant n from mass mi and from mass m 2 . The force on a umt 
mass distant n from mi is Fi whose magnitude is GmM and 
similarly the force on unit mass distant from m 2 is F 2 with mag- 
nitude Now the work done in a small displacement dt 

by the resultant of the two forces is 

(Fi + F 2 ) • dr = Fi - dr -h F 2 - dr, 

since the distributive law holds for vectors. Therefore by defini- 
tion the potential Vp at the point (x, y,z)ha 


Yp = r* (Fi -I- Fa) • dr 

«/ iz,y,z) 


Fi - dr 4- / Fa - dr 


./ 

= (Yp)i + (Yp)2 

Thus the additive property follows. 
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We may now return to eq. (4-5-2). To obtain the expression 
for the potential at the point P we have merely to carry out the 
integration 


Om f^dnedd 

~ TJo “ 7 “ 


(4-5-3) 


It will probably be most convenient to use r as the integration 
variable. Now 


whence 
and therefore 


7*2 == ^2 _ 2Jlz COS d, 

T dr = Rz sin 6 dd, 

_ Gm p^+^dr —Gm 

2 Jz-E Rz z 


(4-5-4) 

(4-5-5) 


The conclusion to which we are led by this result is: the potential 
of the field due to a homogeneous spherical shell at a point outside 
the shell is that which would be obtained if all the mass of the shell 
were concentrated at the center. In 
Sec. 2-3 we had a similar result for 
the field intensity. Now as in that 
section- we can consider a solid 
sphere as formed of concentric shells. 

Hence the result just obtained holds 
for the case of a solid sphere also. 

It is important to find the poten- 
tial due to a spherical shell at a 
point inside the shell. Consulting 
Fig. 4-3 and pursuing the same gen- 
eral plan as before, we note that the 
contribution to the potential at P 

(distant z from the center of the shell) due to the area element 
2tR^ sin 6 do is 

Gm dr 
2 zR 

recalling here eq. (4-5-4). We then have at once 

Gm _ Gm 

2zrJe-^z r ^ 



Vp - 


(4-5-6) 
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This result is interesting and significant in that Fp is shown to 
be independent of the position of P within the shell and dependent 
only on the mass and radius of the shell. It is therefore constant 
everywhere inside and equal to the value at the surface. Now 
since the force in the direction 0 is -dV/dz, it then develops that 
the force on any mass particle placed inside the shell is zero; or we 
may say that the intensity of the gravitational field (i.e., the force 

on a unit mass) inside a homogeneous 
shell vanishes. These results must be 
modified for the case of a solid sphere 
as far as internal points are concerned. 

Suppose that we have a homogeneous 
solid sphere of radius a and mass M, 
and wish to calculate F at a point in- 
side. Consulting Fig. 44, let P be the 
point in question (distant r from 0, the 
center), and suppose that unit mass 
is placed there. Now draw the sphere 
through P with 0 as center. This di- 
vides the solid sphere into two parts. The part outside the sphere 
of radius r exerts no force on the mass particle at P, as we have 
just seen. The attractive force exerted on the particle by the 
inner sphere is G times the mass of the inner sphere divided by 
the square of the distance from 0 to P, namely r (see Sec. 2*3). 
Hence it is 



GMi ^4 3 P 


(4.5-7) 


where p is the density of the material composing the sphere. 
But p = and hence the force on the unit mass at P is 

in magnitude 

p ^ . (4*5-8) 


Its direction is, of course, radial and the minus sign indicates 
attraction toward the center. To get the potential at P we must 
calculate the work required to move the unit mass from P to 
infinity. This may be done by direct definite integration as in 
(4*5-5) and (4-5-6). However, since the integration is neces- 
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sarily in two parts, a somewhat simpler scheme is provided by 
going back to (4‘3““8) and writing 

Vp=-jFdr + C, ( 4 . 5 - 9 ) 


where C is a constant of integration to be evaluated from the 
knowm value of Fp at the surface of the sphere, namely —GAf/a. 
We have (from 4*5-8) 


Fp = 


GMr^ 


2a3 


+ C. 


(4-5-10) 


But the application of the boundary condition at once yields 
C s= SGM /2a and gives 


GMr^ 3GM 
2dA 2a 


(4*5-11) 


The calculation of the potential at points in gravitational fields 
due to other aggregates of mass particles will be indicated in the 
problems at the end of the chapter. 


4*6. Further Considerations on the Potential. Gauss’ Law 
and Laplace’s Equation. The characterization of a conservative 
inverse square force field by means of the potential at any point, 



or what is the same thing (as we have seen), the potential energy for 
a unit mass at that point, is of such importance in mechanics that 
it will be well to consider it a little more fully. 

The discussion of this section will relate to space of three dimen- 
sions and be quite general Consulting Fig. 4-5 suppose we have 
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a closed surface ;S which may or may not enclose certain mass 
particles. Let us consider one of these mass particles (of mass mi) 

located at the point P. Pick out 
an element of area dS distant r from 
P and draw the infinitesimal cone 
with dS as base and P as vertex. 
Examining the figure (Fig. 4-6) pre- 
senting an enlargement of Fig. 4-5, 
let the outward drawn normal to 
the surface element dS at Q make 
an angle 6 with PQ. Draw about P the sphere of radius 
PQ — r and let the area cut off by the cone on this sphere be da. 
We then have at once 

da == dS cos 6. (4-6-1) 

Now the force which the mass particle mi exerts on a unit mass 
particle at Q has the magnitude 

Gmi 

, (4-6-2) 


and is directed toward P. 

The component of this along the outward drawn normal is 

Gmi 
^2 


‘COS( 


(4-6-3) 


Form the product of this by the area dS^ whence by virtue of 
eq. (4-6-1) we have 


n 70 . 7 

Fn dS = dz: — ^ d(Ty 


(4-6-4) 


where we have denoted the normal force component by and 
where the — or + sign is to be taken according as Fn is in the same 
direction as the normal or the contrary. Now if we construct 
about P as center the sphere of unit radius, and dw is the area of 
the sphere cut out of the cone just mentioned, we shall have 

, da 
doo = 


from the geometric properties of the cone. Hence (4-6-4) be- 
comes 

Fk dS = zhGmi dw. 


(4-6-5) 
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Of course, dw is an element of solid angle about the point P. Now 
if every straight hne from P cuts the surface in question in but 
one point, we can at once integrate dS over the whole surface 
and have 


JJ'ffrdS = —Giui J" do} = —iirGmi, (4-6-6) 


since the total solid angle about any point is 45r. This is an ex- 
tremely important result, but in order to assure for it general 
validity and in particular Justify the negative sign we must ex- 
amine the case illustrated in Fig. 4-5, where some straight lines 
from P cut the surface in more than one point. It is to be noted, 
however, that the number of cuttings in this case (no matter how 
complicated the surface) must always be odd if P is within the 
surface. For example, let us take the case of three intersections. 
Here, if we pay due regard to the + and — signs in eq. (4-6-4), 
we have 

Pa'i dSi = —Gmi do}, 

Pa' 2 d/S2 = -{-Ghrii do), 

Pivs dSg = — Gnii do). 


Hence the total contribution to the integral from these three 
will be simply -Gmi do). Hence the theorem as stated mathe- 
matically in eq. (4-6-6) is generally valid. If now we proceed to 
apply it to the other mass particles enclosed in the surface, we have 



dS = — 47rG(mi -|- -f- - - -) 

= -irrGM, 


(4-6-7) 


where M is the total mass of all the particles inside the surface. 
We may now state in general form the theorem we have just 
proved. The surface integral of the normal component of the 
gravitational force on a particle of unit mass (i.e., the normal 
component of the intensity of the gravitational field) taken over 
any closed surface is equal to the negative of 47 rG' times the total 
mass enclosed by the surface. This is generally known as Gauss’ 
law of normal force. The reader may prove that it holds also 
for surfaces which contain no mass particles, i.e., if there are 
particles outside a closed surface, the total surface integral of the 
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gravitational force due to these particles is zero. This surface 
integral on the left-hand side of eq. (4*6-7) is sometimes called 
the gravitational flux. 

Gauss' law is often of use in determining the gravitational 
intensity and potential of a field produced by a complicated 
aggregate of mass particles. Here we 
shall note merely as an illustration 
the case of the homogeneous sphere 
which has already been discussed by 
other methods in Secs. 2*3 and 4*5. 
Consider the sphere of radius a and 
mass M (Fig. 4*7). Draw about the 
center 0 a sphere of radius r. From 
symmetry it follows that the gravita- 
tional field of force at all points of 
this sphere will be the same, and 
will be directed normally to the spherical surface. Calling the 
intensity F and its normal component Fn^ it follows from Gauss' 
law that 



Fig. 4-7 


fJPifdS = F ffdS = imW 


Hence we have 


— ivOM. 
-GM 


(4-6-S) 

(4-6-9) 


This agrees with the result of eq. (2-3-12), and from it follows, of 
course, that the potential at an external point distant r from the 
center of a solid sphere is 

-GM 

y , (4-6-10) 


in agreement with eq. (4-5-5). 

It is interesting to note that the essential content of Gauss’ law 
can also be expressed in the form of a differential equation — and 
indeed one of the most important in theoretical physics. Let us 
suppose (Fig. 4-8) that we have an infinitesimal rectangular 
parallelepiped, i.e., a box of dimensions dx, dy, dz, placed for con- 
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venience at the origin of coordinates. Let the average gravita- 
tional field intensity over the surface A (in the yz plane) in the x 



direction be F*. The value of this quantity over B will then be 
(neglecting differentials of order higher than the first) 


F.+ 



The outward gravitational flux through the surfaces A and B then 
is 





dy dz — Fx dy dz 


= ~dxdydz. (4-6-11) 

In similar fashion we find that the flux through the pair of sur- 

dF 

faces normal to the y direction is dx dy dz, while that through 

dF 

the corresponding surfaces normal to the 2 : direction is — ^ dx dy dz 

dz 

Hence the total normal flux out of the box is 


(dj\ 

\dx 


dy dz , 


I dx dy dz. 


Now by Gauss^. law this must be. equal to -4 tCj times the mass, of 
the material in the box. . The latter can be expressed as the prod- 
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uct of the density p (whether the distribution is continuous or 
discrete) and the volume dx dy dz. We have, therefore: 


^ aP. 

dx dy dz 


-iirGp. 


(4-6-12) 


The partial differential equation of the first order (4-6-12) may 
be looked upon as Gauss’ law in differential form. The quantity 
on the left is called the divergence of the gravitational field inten- 
sity F. Consulting Sec. 4-3 and in particular eq. (4-3-11), we have 
the general relations between F and V, 


F. 


£F 

dx 


F. 


dy 


F, = 


dz 


It therefore follows that eq. (4-6-12) can be written equally well 
as a second order equation, viz.. 


dW dW dW 


(4-6-13) 


This is called Poisson’s equation and is of great significance through- 
out physics, finding application in hydrodynamics and electricity 
and magnetism as well as in mechanics proper. When it is inte- 
grated it gives the potential V due to any distribution of mass of 
density p in the neighborhood of that distribution. In free space, 
i.e., space unoccupied by material particles, we have p = 0, and the 
equation becomes 

d^V , dW dW 


dx^ 


which is known as Laplace^s equation^ and is also of great impor- 
tance in theoretical physics. We shall not concern ourselves with 
the question of the solution of equations (4*6-13) and (4*6-14) 
at this place, except to ask the reader to verify the statement that 
the potential V due to a single mass particle satisfies Laplace's 
equation. We recall that in this case 

' - ~Gm 

V = > 


^ V - x.y -f- ( 3 , - (^ - ^ 1 ) 2 , the point ixi, yr, 

2 i) being the position of the particle, while (x, y, z) is the place 
where 7 is to be computed. 


PROBLEMS 


US' 


It will be wortli while to emphasise the import-ance of Laplace’s 
equation, by the following statement. If we can determine a 
solution of it for which the potential has a definitely assigned value 
at- every point of the boundary of a given region, the potential is 
imiquely determined everywhere in Kspace. For tlie proof of this 
the student sliould consult a more advanced treatise.^ Incidentally, 
this is a very good illustration of the power of boiiiidaiy eonditions 
in physics. The solution of Laplace’s equation to satisfy given 
boundary conditions is in genera! a mathematical prol.)leni of 
considerable difficulty, M that we wish to emphasize here is its 
perfectly defi:nite physical significance. 

Tlie reader will probably have obseived that the present sec- 
tion seems to contain more geometry than physics. Wliat physics 
is involved comes in by virtue of the irwerse square law of gravi- 
tational attraction. So important is this law, however, that, as 
has been pointed out, the results of this section are of enormous 
signifi,cance throughout the whole of physics. For it will be re- 
called that this is the law which describes the attraction and re- 
pulsion of electric charges and also the mutual actions of mag- 
netic poles. Hence the mathematical analysis of this section can 
at once be applied with a few changes in notation to the mathe- 
maticai theory of electricity and magnetism. 

PROBLEMS 

1. A particle of mass M is supported by a vertical. spri,rig of length I and 
linear density p attaclied to a rigid ceiling. Find the kinetic energy of the 
w.hole system consisting of the particle and spring when the particle is pulled 
down a sliort distance and released. Assume that the vertical displace.ment 
of any point of the spring is proportional to t.lie distance below the point of 
siisperisio.n. If the stiffness of the spring is k, derive the e:xpression for the 
.frequency of vibration taking into account the .mass of the spring. 

2. A particle of mass rn .moves under gravity on the parabola y- - 2px from 
the point (o, V"*2po) to the origin. Use the space integral of the resultant 
force along the path to calculate the resultant kinetic energy .attained at the 
origin and cornpa.re wth that predicted by the conservation of mechanical 

energy. 

3. A simple harmo.nic oscillator of mass 100 grams and sti.ffness 10® 
dynes/cm has a total energ}^ of 2 joules. What is the maximum displacement 
of the oscillator and what is its .maximum, velocity? If we imagine a plane in 

A See, for example, L. Page, Inlrodmlion to TheoreMcul Physics (D. Van 
Hostrand, N..y., 2d ed., 1935) p. 266 ff. ■ 
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uliicii the coordinates of any point are the position a: and velocity x respec- 
tively of a particie, what kind of curve will represent the motion of the oscil- 
lator? What physical significance can -be associated with the area enclosed 
by the cmwe? 

4. A particle of mass m is subject to both a restoring force —kx (k > 0) 
and a constant force F directed in the x direction. Find the expression for the 
f Ota! energy of the particle. If the latter has the value U, where will the kinetic 
energy of the particle vanish? \Yhere will the potential energy vanish? 
Determine the displacement x of the particle as a function of the time. 

5. Find the expressions for the Idnetic energy of a particle moving in an 
inverse square central force field at perihelion and aphelion. Find the corre- 
sponding numerical values for the earth in its motion around the sun and for 
an electron moving about a nucleus with equal positive charge (hydrogen 
atom). (NB. Consult tables for necessary constants.) 

6. The singly ionized helium atom consists of a single electron moving 
about a positively charged nucleus with mass four times that of the hydrogen 
nucleus and charge = 2e. Find the energy necessary to produce a doubly 
ionized helium atom. Between w^hat energy states of ionized helium will a 
transition yield the same frequency as that of the longest wave length line in 
the Balraer series of hydrogen? 

7. Compute the wmrk required to raise a mass m from the surface of the 
earth to a point P, 1000 miles above the surface; also the work required to 
raise m from the center of the earth to the surface. What is the potential at P 
and at the center of the earth? 

8. A sphere of radius a, mass M and density varying directly as the dis- 
tance from the center is built up of matter brought from an infinite distance. 
Find the work W done throughout the process by the attraction of the matter 
wiiich has already arrived on that which is brought up later, in terms of M, a, 
and the constant of gravitation G, 

9. A particle moves in a central force field characterized by the potential 

energy F(r) = — where Fo and a are positive constants, (a) Plot 

the function F(r). (b) Find the magnitude of the force as a function of r. 

(c) If the particle starts from rest at the point of inflection of F(r), will it 
reach the origin and, if so, how much velocity will it acquire? (d) How much 
velocity must be given the particle at the origin to remove it to infinity with 
zero velocity? (e) If the particle starts from rest at a distance « l/'\/2a 
from the minimum of the potential energy curve what sort of motion does it 
perform? Discuss the characteristics of the motion. 

10. Find the potential due to an infinitely long cylinder, of mass M per unit 
length and radius a, at an external point whose distance from the axis of the 
cylinder is r. 

11. A homogeneous hemispherical solid has density po and radius a. Find 
the expression for the gravitational potential at the center of the corresponding 
sphere. Calculate the components of the intensity of the gravitational field 
at the same point. 
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12. Derive the equation for the family of equipotentiai surfaces in the 
lieigiiborhood of two point charges -jre and — c separated by distance a. 

13. Prove that the following are solutions of Laplace’s equation and hence 
suitable for potential functions: 

F = arc tan - > 


V ^ log 


r -f- ^ 


T, 1 , 2 / 

K =* - arc tan ~ > 
r X 


V 


(These are ail called spherical harmonics. Note that 

14. Show'’ that if = P^(r) wdiere -j- 2^2 _|_ 2 ^^ Poisson’s equation 

takes the form 

1 d / dF^ 

{ — 

r- dr \ dr , 




^TtGp, 


Show that this is also equivalent to 
1 


r dr'^ 


(rV) = 47rGp. 


15. Integrate Poisson’s equation to find F(r) for the case of a homogeneous 
spherical distribution of mass, i.e., p = constant in Problem 14. How may the 
constants of integration be evaluated? 

16. Integrate Poisson’s equation to find F(f ) for the case of a spherical dis- 
tribution of mass in which p = poC""'’, where a is a positive constant. What 
is the total mass of the distribution? 


CHAPTER V 

STATICS OF A PARTICLE 


S-L Equilibrium of a Particle. Simple Cases. In the previous 
chapters we have discussed the motion of a particle in an inertial 
system y and have seen that the accelerated motion of such a 
particle is closely associated with the idea oi force. Now it often 
happens that a particle is at rest or moves in such a way that 
it suffers no acceleration, i.e., possesses constant velocity. The 
stud}^ of a particle in such a case, particularly that of rest, is usually 
called statics. It might at first be thought that the study of 
statics is a barren one, since the particle in this case is so restricted 
in its behavior. However, as soon as we are willing to admit that 
a particle may be subject to two or 7nore accelerations simultane- 
ously we see that the possibility exists for it to be at rest under 
those conditions, and this fact may be of great value in relating the 
various accelerations to which it is subject. In Chapter I we have 
already defined the force acting on a particle. Let us now con- 
sider a mass particle on which n forces Fi, F2, F3, . . . , 
Fn act. These may be replaced, in so far as their 
action on the particle is concerned, by one force R, 
the vector sum of all the forces. We then have for 
the equation of motion of the particle 

ma = R = Fi + F2 + • * * + F^. (5*1—1) 

Now if the particle is at rest or, at most, moving 
with constant velocity, a == 0, and we therefore have 

R = i: F, = 0. (5*1-2) 

Fi,F 2, F„ are then said to form a system in 
equilibrium. We shall call forces of this character 
static forces. Let us illustrate this important idea 
with a few simple examples. 

Consider first a particle of mass m suspended by a weightless 
cord as in Fig. 5-1. The particle is subjected to a gravitational 
force acting vertically downward and equal in magnitude to mg. 
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But the particle is at rest. . Therefore it must be acted on by 
another force directed upward, such that 

F, + mg = 0. (5*1-3) 

F| is the so-called tension in the cord; a weightless spring balance 
or dynamometer inserted anywhere in this cord would record this 
force. We are not really introducing an entirely new concept of 
force, as might perhaps be supposed. We may still consider F^ 
to be measured by the acceleration it could produce in a given 
mass, but actually the equilibrium condition (5-1-2), of which 
(5-1-3) is a special case, enables ^ ^ 

us more easily to compare forces 
of this type. 

Consider another illustration. 

Let a particle of mass m at P 
(Fig. 5*2) have two weightless 
strings attached to it, the other 
ends of the strings being fas- 
tened respectively to points A 
and B on the same horizontal 
level of a rigid ceiling. The strings being inextensible, the mass 
m is at rest and therefore in equilibrium. If we assume a force 
Fi in string PA and a force F 2 in string PB, m will be in equilib- 
rium provided that 

Fi + F 2 + F,7 = 0, (5-1-4) 

where Fg is the force of gravity, mg. The magnitudes of Fi and 
F 2 can be calculated by writing the equilibrium equation in scalar 
form. This is an important feature of the solution of problems 
in statics and hence we may note it particularly in connection with 
this simple illustration. We reason thus: the resultant R of the 
three forces must vanish. Hence its rectangular component along 
any line through P must likewise vanish. Let us therefore note 
the equation expressing the fact that the component along the 
line of action of Fg is zero. Now the component of the result- 
ant of several forces along any line is the sum of the components 
of the individual forces along this line, for a force is a vector, 
and this statement is true of vectors in general. We therefore 
have 



Fi sin $i + F 2 sin 62 == mg. 


(5-1-5) 
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This equation alone is insufficient to determine Fi and F2 in terms 
of 0,, 62 and mg. But we can express the same condition for the 
component of the resultant along the line perpendicular to the 
vertical. This yields 


Fi cos di — Fi cos 02 = 0. 


( 5 - 1 - 6 ) 


The two equations ( 5 - 1 - 5 ) and ( 5 - 1 - 6 ) are sufficient to determine 
Fi and F2 as follows, 

cos 02 


Fi = mg • 
F2 = mg- 


sin {0x - 4 - 02) 
cos 01 

sin (^1 + 62) 


( 5 - 1 - 7 ) 


Of course, other equations may be obtained by writing the above 
condition for any other line through P, but they will not be inde- 
pendent of ( 5 - 1 - 5 ) and ( 5 - 1 - 6 ). 

The equilibriuih of a particle under the action of three forces 
lying in the same plane provides an interesting theorem. Suppose 




(Fig. 5 - 3 , I) the three forces Fi, F2 and F3 acting on a mass par- 
ticle at P are in equilibrium. Introduce the angles di, 02 and ds. 
Now let us write the conditions that the components of the result- 
ant shall be zero in directions normal to F3, F2, Fi respectively. 
Examining the figure we see that these conditions are 

Fi sin 02 = Fi sin 0i, 

Fi sm 0$ = Fa sin 01, 

Fa sin 03 = F3 sin 02. 
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These^ however, may be combined at once into the two equations 


El ^ Fg __ Fa 
sin Qi sin sin dz 


(54-8) 


which thus serve as a useful algebraic criterion for the equilibrium 
of the particle under the action of the forces. A more suggestive 
geometrical condition is at once noted when we recall that the 
resultant of several vectors is formed (Sec. U3, Fig. U3) by laying 
off at the end of the first vector a line equal in magnitude to and 
in the same direction as the second vector, and repeating in turn 
with all the vectors. The resultant is the line Joining the initial 
point of the first vector to the end of the line last drawn. For 
vectors whose sum is zero the line last drawn will, of course, end 
at the initial point of the first vector and a closed polygon will be 
formed. In the case of three vectors this polygon will be a tri- 
angle (Fig. 5*3, II). Hence we have the theorem that when three 
forces acting on a particle are in equilibrium the force vectors must 
lie in a plane, and the triangle formed by drawing in the plane any 
three lines (not intersecting in a single point) parallel respectively 
to the force vectors ivill have the lengths of its sides proportional 
respectively to the magnitudes of the forces acting. This is 
known as the triangle of forces and is often useful in the solution 
of problems in statics such as the one indicated in Fig. 5*2 above. 
The student should solve this problem by this method, if necessary 
assuming definite numerical 
values for mgy and ^2 to fix 
his ideas. 

5«2. General Equations of 
Equilibrium of a Particle. 

The general analytical equa- 
tions for the equilibrium of a 
particle under the action of n 
coplanar forces can perhaps 
be most simply expressed in 
terms of the components along 
two mutually perpendicular axes. Consulting Fig. 5*4, let the 
forces Fi, F 2 , . . . , F,^ act on a particle at the point 0. Establish 
in the most convenient way the rectangular axes Ox and Oy and 
let the forces make angles Bi, B^, ^ Bn respectively with the 
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positive direction of the x axis. In each case by d we shall 
mean the smaller angle between the positive x direction and 
the direction of the force. If we denote the resultant of the 
forces by R and let Rx and R^ denote the components of R along 
the two axes respectively, we have 


Rx= Fi cos di+ Fi cos 02 + ' 


R„— F 1 sin 01+^2 sin 02+ ■ 


• + Fn COS 0n = Z) Fi cos 0f 

i = l 

i =7Z 

• + Pn sin On = 2 Pi sin Bi. 

i=i 


(5-2~l) 


If we denote the x component of Fi by Xi and the y component 
by Fi we may also write 


Rx 




( 6 * 2 - 2 ) 


The resultant is then given in magnitude by 


R^VCLXiY+ (ZYiY, (5*2-3) 

and the direction it makes with the x axis is given by 0, where 

(5*2-4) 


, ^ Ry ZF, 

tan<^ = — = 


Now if the forces are in equilibrium, R = 0 and therefore 

2:Zi = 0 = i:F,-. (5-2-5) 

Many illustrations of these conditions will be found in the prob- 
lems at the end of this chapter. 

Incidentally we may remark that results precisely similar to 
the above hold for a collection of non-coplanar forces. Here 
each force Ft may be considered to make angles at, jk with three 
mutually perpendicular coordinate axes. We then have anal- 
ogously to (5-2-1) 

Rx = 'LFu cos ak = ZXa,, ' 

Fy = T.Fk cos /3s: = Z Yk, • (6-2-6) 

Fz = ZF*, cos jk - T,Zk, . 
whence the resultant 


F = Vi?/ + R/ + 

= ^(.LXk)^ + (ZFi)^ + (Z2.)l 


(5-2-7) 
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The condition for equilibrium is then R = 0 , whence we must have 
Zx, = = = 0, (5‘2»8) 

analogously to (5-2-~5). 

As a matter of fact we shall find that for most simple purposes 
in static problems coplanar forces are sufficient and hence we shall 
not press these three dimensional considerations. 

5‘3. A System of Particles. In the foregoing sections we have 
been concerned with forces acting on one particle only. We can 
extend our considerations to the equilibrium of several particles 



by the use of the following idea, sometimes referred to as the 
principle of separate equilibrium. Suppose we have a set of 
particles which are connected in some way by rods or strings or 
otherwise act on each other. Let us imagine that these particles 
are likewise acted on by external forces. We can then still ex- 
amine the equilibrium of any one particle apart from all the others 
by considering all the forces which act on it, i.e., those due to the 
connections as well as the external forces. 

We now discuss an illustration of the above. Let a string of 
negligible weight be suspended from two fixed points A and B, 
Knotted to the string at the points Pi, P 2 , . . . , P^ are particles 
of equal mass m (Fig. 5*5). We are to find the angles of inclination 
^ 1 , ^ 2 , . . . , Bn which the portions of the string between successive 
mass particles make with the horizontal. Let us first consider 
the equilibrium of the mass particle at P 2 . There are acting on 
it three forces, namely the weight mg and the two tensions T 21 and 
T 23 in the adjacent portions of the string. 
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The component equilibrium equations for the vertical and 
horizontal directions respectively are 


Til sin B-i — mg — T^z sin Bz = 0, 
Tn cos Bz — T23 cos Bz = 0. 


( 5 - 3 - 1 ) 


Next consider P3 and write the condition for horizontal equilib- 
rium, namely 

Tzi cos Bi - Tn cos Bz = 0. (5-3-2) 

It therefore follows in general (noting that = Tn, etc.) that 
Tiz cos Bz = Tiz cos ft = Tzi cos ft • • • = T, ( 5 - 3 - 3 ) 


where T is some constant. Hence 
T 


Tiz = 


’ Tzz = 


T 


cos I 


cos Bz 
T 

Til = — — 

cos ft 

Substitution into the first of the equations (5-3-1) yields 

mg 


tan <92 = tan dz + 
and the similar equations 

tan Bz = tan ^4 + 


T 

mg 
T ' 

tan Bj ~ tan Bjj^\ -j — • 


(5.3-4) 


Let us now suppose that one of the pieces of string has a definite 
inclination, let us say, zero, for the sake of simplicity. That is 
let tan ft+i = 0 . Then 
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tan 6j^2 


Smg 


tan Qi = • (5-3-"5) 

It thus develops in this case that the tangents of the angles of 
inclination are the terms of an arithmetical progression. The 
string we have been discussing is often called a funicular polygon. 



It is of particular interest when the horizontal projections of the 
successive portions of the string are equal in length and one part is 
horizontal. Take the midpoint 0 (Fig. 5-6) of the horizontal 
portion QiPi as the origin of rectangular coordinates. The posi- 
tions of the various mass particles to the right of 0 will be denoted 
as before by Pi, P2, . . . , Py. Let the projections of these points on 
the X axis be P2, Rz, ^ Rj respectively (note that Ri and Pi co-. 
incide). Let P2P2 = u, and let QiPi = P1P2 = P2P3 = RzRi — 
From our previous illustration we see that 


tan $1 = 


a 


tan i 92 “ 2 tan 0i = 


2 a 

P1R2 


PzRf 

PJRf' 


(6-3-6) 
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So we have, since PiRz = PiRi etc., 

P3R3' — 2 ( 1 , 

PiRi — 3a. 


(5-3-7) 

(5-3-8) 


It follows that in the system of axes chosen the coordinates of 
Pi, Pi, Ph ■■■ are respectively (J5, 0 ), (|6, a), (|5, a + 2a) etc., 

so that the coordinates of P„ will be ^(2w — 1) ^ ^ . 

If we eliminate n between the expressions 


X = (271 




n(n — 1) 

y = ^ a 


(5-3-9) 


the result will be the equation of the curve which passes through 
every vertex P„. After a little reduction we find 


255' + ^! 

a 4 


(5-3-10) 


which is the equation of a -parabola with Oy as its axis. The actual 
configuration of the string will approach more and more nearly 
the parabolic shape as the number of particles increases. The 
vertex of the parabola lies at a distance a/8 below the point 0 
on Oy extended downwards. 

_ The suspension bridge is an interesting illustration of equilib- 
rium of this kind. In this case the string is replaced by a cable 
at intervals along which strands are placed cutting off equal in- 
tervals on the flooring of the bridge. The cable and sustaining 
strands may be supposed to have masses negligible compared with 
that of the flooring. If we assume that the masses suspended 
from each strand are equal to equal portions of the flooring 
the conditions approximate those of the simple case just discussed! 
The curve of the cable will be approximately a parabola with vertex 
at the center of the bridge P. Let the span of the bridge be 21 
and the height above P be h (see Fig. 5-7). The equation of this 
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parabola with P as origin will be 


y 


4m 


(5-3-11) 


where m is a constant. Now the slope at any point is given by 

22 / 


dy X 
dx 2m 


(5-3M2) 


Hence the slope of the curve at B will be tan(9o = 2h/l, as we 
.find by substituting the cobrdinates of B into the formula (5*3-12). 



What is the tension of the cable on the support at B (which of 
course will be equal to that at A by symmetry)? If we recall 
eq. (5-3-3) and those immediately following we see that the ten- 
sion at the end is equal in magnitude to 

' > (5-3-13) 


T 


cos ( 


T- 


I 


where the constant T is given by noting from (5-3-5) that tan do = 

jfny JV 

^ ’ if bF is the total load suspended, i.e., the weight of the 

Wl 

flooring of the bridge. Therefore T = — and the terminal 

4kh 

tension becomes 


W 

ih 


Vih^ + P. 


Its vertical component at both B and A is of course W/2. The 
horizontal tension, which is everywhere the same, is, of course, T. 

5-4. EquUibrium of a Flexible String. This seems a rather 
appropriate place to introduce the discussion of a flexible string 
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in equilibrium. Such a string may be considered, of course, as a 
very large number of small particles tied together by small weight- 
les.s strings or cords, as in the example of the previous section. 
In the present case, however, we consider the mass to be dis- 
tributed continuously along the string and further assume that 
the latter is perfectly flexible, i.e., can be bent in any direction 
without the expenditure of work. 

Let us suppose such a string is suspended by two points A and 
B (Fig. 5-8) and acted on by gravity only. This is the simplest 

case and will sufBce for our illustra- 
tion here as it is often encountered 
in nature. We desire to find the 
shape assumed by the string. In the 
first place we note that just as in the 
example of Sec. 5-3, the horizontal ten- 
sion is the same everywhere. We shall 
represent distance along the string 
from an arbitrarily chosen origin by 
s. Consider an infinitesimal portion 
of the string of length ds at point P. 
Let p be the mass of the string per 
unit length. Then if the tension is denoted by T, since the por- 
tion QP is in equilibrium the horizontal and vertical components 
are respectively 



,dx 


Cl, 


( 54 - 1 ) 


T 


dy 


pgs -t- C2, 


( 54 - 2 ) 


where Ci and ca are constants. Now if we choose our origin (i.e 
s = 0) at the place where the curve is horizontal, we have Ca = o’ 
and dividing (5-4-1) by (5-4-2), there results 


dx 


Cidy 

pgs 


= \^ds^ — dy^, 


( 54 - 3 ) 


since dx^ + dy^ •— ds^. From this we have at once 

pgs ds 


dy = 


v'criT 


pYs^ 


(5-4-4) 


EQUILIBRIUM ON A SMOOTH SURFACE 
and the integration yields 

y = Js^ 4- ^ + C 3 . 
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(5-4-5) 


Proceeding as above, we find x in terms of s. Thus from (5-4-3) 

and (54~4) 


dx = 

P9 


ds 


n/*’ + (i)’ 


The result of the integration is 
pgx 


Cl 


log 


s + . + 


(-)■ 

\pg/ 


+ ^4* 


The boundary condition x — 0, s = 0, gives 

Cl 


Ci 


-log- 


and therefore 


P9 




£l 

P9 


QpOXfCl 


Expanding and rearranging we have 

Cl 


§ = . [gPa^r/ci Q—pgxIcq 

2pg 


Cl . , pgx 
— sinh — - 


P9 


Cl 


Cl , pgx 
y = — cosh 

pg Cl 


(5-4-6) 


(5-4-7) 


(5-4-8) 


Now from eq. (5-4-5), if we let Cs = 0 by choosing 
s = 0, we get at once 


(5-4-9) 
= Ci/pg at 

(5-4-10) 


This is the equation of the famous catenary curve, as we have 
already noticed earlier (Sec. 2-2). The reader should plot the 
curve and note how it fulfills the various requirements of this 
section. 


S-S. Equilibrium of a Particle on a Smooth Surface. In Chapter 
II we have already referred to the importance of the case where a 
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particle moves subject to certain constraints (a subject more 
investigated in Chapter VIII). We indicated there the 
illustration of a particle moving on an inclined plane. It becomes 

of importance to notice the effect 
of the presence of the particle 
on such a surface on its equilib- 
rium. Consider in Fig. 5*9 a 
particle of mass m on an inclined 
plane making an angle B with 
the horizontal. The particle is 
acted on by a vertical force 
(gravity) of magnitude mg. This 
has a component perpendicular 
to the plane of magnitude vtg cos 6. Hence we may say that the 
normal thrust against the plane is mg cos Bj and by the third law of 
motion the plane must exert a reaction on the particle equal to 
mg cos B in magnitude and opposite in direction. We call this 
force R. We may then say that the particle is acted on by two 
forces, one that of gravity and the other the reaction of the plane. 
Strictly speaking, of course, this second force is merely an expres- 
sion of the fact that the particle must remain on the plane. Thus 
if the particle were otherwise free in space but subject to the two 
forces mg vertically and R = mg cos B making an angle B with the 
vertical, the resultant force would be precisely what it is with the 
particle constrained to move on the plane under gravity. This 
resultant, as is clear from the figure, acts in the direction down the 
plane and is equal in magnitude to mg sin B. 

We are thus led to consider that whenever a particle is con- 
strained to rest on a surface or a curve, in addition to the other 
forces acting on it there will always be a reaction of the surface or 
curve. An important question arises as to the direction of the 
reaction. In the above illustration we have taken it as normal to 
the surface. This will always be the case when the surface is 
perfectly smooth, for by definition a smooth surface is one that 
can exert no force in a direction parallel to itself. 

We now wish to investigate the equilibrium of a particle on 
such a surface. From our general conditions (Sec. 5*2) we can 
see at once that equilibrium will result if the reaction of the sur- 
face is equal in magnitude but opposite in direction to the result- 
ant of all the other forces acting on the particle. We shall con- 
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sider here only the case where the forces lie in a plane. As an 
illustration consider Fig. 5*10, where the particle is in equilibrium 


on an inclined plane of angle 6 
under gravity and a force F act- 
ing at an angle ^ with the plane. 
We appty the usual conditions, 
taking for convenience our com- 
ponents along and normal to the 
plane. The condition along the 
plane is 

F cos <l> — mg sin 0 = 0, (5*5-1) 

while normal to the plane we 
have 



j? + F sin — mg cos 0 — 0. (5*5-2) 


From (5*5-1) there results 


F = 


mg 


sin 0 
cos (j) 


(5*5-3) 


while from (5*5-2) there then follows 

^ r sin 0 • sin mg ^ . v 

R — mg cos 0 — = — — cos (0 + 0), (5*5-4) 

L cos 0 J cos 0 

for the required reaction force. This procedure is perfectly gen- 
eral. More complicated examples will be found among those at 
the end of the chapter. 


5*6. Equilibrium of a Particle on a Rough Surface. Static 
Friction. The perfectly smooth surface discussed in the preceding 
section is a highly idealized conception. All surfaces encountered 
in nature are actually rough to a greater or less degree and be- 
cause of their inequalities are able to exert on particles resting on 
them forces which act parallel to the surface, thus resisting sliding 
motion. The force which is operative in this case is coSLed friction. 
It is distinguished from the adhesion which bodies have for each 
other by the fact that while the latter is independent of the force 
thrusting the two surfaces together, the former is dependent on 
the normal thrust. This statement is one of the so-called experi- 
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mental laws of friction. The ratio of the force of friction to the 
normal thrust for surfaces about to slip over each other is 
a quantity which remains constant for considerable variations in 
the thrust. We are then led to define 

F magnitude of maximum frictional force 
^ N magnitude of normal thrust 


(6*6-l) 


as the coefficient of friction. It should be emphasized that the 
constancy of this quantity is only approximate, for ju varies greatly 
as N increases to a point where the surface is deformed under its 
action. The second law of friction states that for a given normal 
thrust the force of friction is approximately independent of the 
area of the surface of contact. Obviously this also has its limi- 
tations. One can hardly expect to apply it if the surface is a pin 
point, for example. The coefficient of friction depends, of course, 
on the nature of both surfaces in contact and varies greatly with 
variations in these. The following table gives some illustrations 
of the approximate values of ^ for various cases. 

Coefficient op Fmction 

(From Smithsonian Tables) 

Ail values are approximate only 


Materials 


Coefficient of 
friction 


Wood on wood, dry 

W^ood on wood, soapy 

Metals on oak, dry 

Metals on oak, w' et 

Metals on oak, soapy 

Metals on elm, dry 

Hemp on oak, dry 

Hemp on oak, w’et 

Leather on oak 

Leather on metals, dry 

Leather on metals, wet 

Leather on metals, greasy 

Leather on metals, oily. 

Metals on metals, dry . 

Metals on metals, wet 

Smooth surfaces occasionally gi-eased . 

Smooth surfaces, best results 

Steel on agate, dry 

Steel on agate, oiled 

Iron on stone 

Wood on stone 

Earth on earth ’ ] 

Earth on earth, damp clay 

Earth on earth, wet clay 


.25-. 50 
.20 

.50-. 60 
.24r-.26 
.20 

.20-. 25 

.53 

.33 

.27-. 38 

.56 

.36 

.23 

.15 

.15-. 20 
.3 

.07-. 08 
.03-. 036 
.20 
,107 
.30-. 70 
about .40 
.25-1.00 
1.00 
: . 31 , 
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As one might also expect^ the coefficient depends on the char- 
acter of the motion of one surface on the other. If the beginning 
motion is rolling, for example, rather than sliding we should not 
anticipate the same state of affairs in both cases. Moreover after 
motion has once been established, the coefficient of friction may be 
expected to be different. It is actually found that friction in 
sliding motion is less than static friction. It is the latter with 
w^hich we are concerned in the present section. 

Moreover we ought to emphasize the fact that the magnitude 
of the force of friction is variable. Thus if a heavy particle rests 
on a rough horizontal table and the only force acting on it is its 
weight, the force of friction is zero. If a horizontal force is 
applied to the particle, the force of friction will be equal to this 
force as long as no slipping takes place. It is only when slipping 
is about to take place that F = yiN, Hence we may say in general 
that F can vary all the way from zero to yN. 

This is well brought out by the equilibrium of a particle on a 
rough inclined plane (cf. Fig. STl). In addition to the weight 
mg the particle at P is acted on 
by the reaction force Ri with 
magnitude mg cos 6 and the fric- 
tional force F, which acts along 
the plane in such a direction as to 
oppose the motion which would 
result from gravity alone. We 
may think of the forces Ri and F 
as combining to form a resultant Fig. 5-11 

reaction R, which if equUibrium 

is to be maintained must be equal in magnitude to mg and be 
oppositely directed to the weight. For equilibrium F mg sin 6 
always, but it will not reach its maximum possible value yRi = 
yrng cos 6 until slipping is Just about to take place. This will 
evidently happen when the angle 6 reaches the value % where 

mg sin x = mg cos %, 

or 

tan X = /X. (5*6-2) 

The angle % is sometimes called the angle of repose. Its measure- 
ment provides a method for the determination of the coefficient 
of friction. 
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We may again emphasize the fact that frictional force is different 
in nature from the other forces so far discussed. Its essential 
nature is resistance) in fact we may call it pasvsive resistance. It 
always acts in such a direction as to resist motion. Moreover, 
we may stress the fact that it is not a conservative force in the sense 
of Chapter III. There is no potential associated with it. We shall 
encounter similar forces in hydrodynamics and elsewhere. 

5*7. The Principle of Virtual Work. An interesting interpreta- 
tion of the equilibrium of a particle may be obtained by a consider- 
ation of the idea of work developed in the previous chapter. Thus 
consider a particle at the point P (Fig. 5T2), and imagine that it is 

acted on by certain forces. Let one 
of these be the force F. We shall 
suppose that we do not know actually 
how the particle moves under the ac- 
tion of the forces; but imagine that 
an arbitrary possible small displace- 
ment of the particle be denoted by dr. This displacement, it 
must be emphasized, need not be one that actually ever takes 
place. It is sufficient that we can imagine its taking place 
without violating any constraints to which the particle may 
be subjected. For this reason it is denoted by the term virtual 
displacement. 

The work that is done during this virtual displacement in the 
case considered is clearly 





F 

Fig. 5*12 


F * dr = F dr cos 6. 


(5.7-1) 


This wmrk is called the virtual work. 

Let us consider a number of forces Fi, F 2 , . . . , impressed on a 
particle at P. We shall now say that if and only if the total virtual 
work performed by these n forces during any virtual displacement of 
the particle is zero, the particle is in equilibrium under the action of 
the forces. This is the celebrated principle of virtual work first 
enunciated by J ohn Bernoulli in 1717. In many texts it is derived 
from the conditions for static equilibrium already laid down. 
How^ever, we shall assume it as a general principle independent of 
other considerations and show that the other equilibrium condi- 
tions follow from it. Consulting Fig. S-IS, let the arbitrary dis- 
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placement be dr. Then the condition of equilibrium above given 
is e.xpressed as 

Fi ■ dr + F 2 • dr + • • • + F„ • dr = 0. (5-7—2) 

For the total virtual work is clearly the sum of the individual 
virtual works. But this is 

(Fi + Fa H h F„) • dr = 0, (5-7-3) 

since vectors obey the distributive law. But 


Fi H + F„ = R, 


(5-7-4) 


where R is the resultant of the n forces acting on the particle. 
Now since dr is a virtual displacement, it is perfectly arbitrary, 
and the only way for R ■ dr to ^ 

be zero for all dr is to have A 

R = 0. (5-7-5) 



-^2 


This, however, is the general 
condition for the equilibrium of 
static forces, which thus follows 
from the general principle of 
virtual work. We can also get 
the corresponding conditions in 
terms of the rectangular compo- 
nents. For to return to Fig. 5-13, let us establish the axes Ox 
and Oy at the point P. For convenience it will be assumed that 
the forces are coplanar, though this is of course not a necessary 
restriction. Then we get 


Fig. 5-13 


Fi — iFix -b jPij,, 
F2 = iFix -b jP iy, 


(5-7-6) 


F» = iPnx "b Wny, | 

while dr = i da; -b j dy, to use the customary vector notation (Sec. 
3-1, etc.). Eq. (5-7-2) now becomes 

(Pia: -b Pa* -b • - ■ + Pmi) da: 

+ (P iv -b P2„ + b Fny) dy = 0. (5-7-7) 




■1.34 


STATICS OF A PARTICLE 


But dx and dy are of course arbitrary. Hence 

Fu + F2. + -^+ Fn. ■= HFi, = 0, I 

and j (5-7-8) 

Fly + Fs. + * • • + Fny = ZFiy = 0, j 

which are the' conditions for equi.librium referred to in Sec. 5-2, 

and are, of course^ equivalent to 
(5-7-5). 

An interesting special case is 
that in which the virtual displace- 
ment is so chosen as to be at right 
angles to one of the forces in ques- 
tion. This often simplifies the 
application of the principle, since 
the resulting virtual work for this 
particular force is zero. Thus 
suppose (see Fig. 5-14) that we 
have a particle of mass m in 
equilibrium on a smooth inclined 
plane maldng an angle 6 with 
the horizontal, under the action of a force F making an angle 
with the plane. If we wish to discuss the equilibrium of the 
particle without reference to the re- 
action force R we need only consider 
as a virtual displacement the dis- 
placement dr along the plane. Then 
R • dr = 0 and the principle of vir- 
tual work says that 

mg sin Q dr — F cos <t> dr = 0, 
or . 

F cos <j> ~ mg Bind, (5-7-9) 

since dr ^ 0 . The above equation 
has already been previously obtained 545 

by the usual method [eq. (5*5-3)], 

A somewhat more significant illustration of the application of the 
principle is provided by the ease of a particle on a rough plane. 
Suppose (see Fig, 5-15) that the particle P of mass m when acted 
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OE by the horizontal force F is just on the point of slipping down 
the plane. In this case the reaction R of the plane makes with the 
normal the angle of repose %, Pursuing the method just men- 
tioned we consider as the virtual displacement; dt perpendicular 
to R. Then R • dr == 0; as before; and the application of the 
principle yields 

mg sin (d — %) dr — F cos (0 dr = 0, (5'7~10) 

or 

F = mg tan (0 — %)• (5-7*~ll) 

5»8. Virtual Work — Two or More Particles. Rather more 
interest attaches to the principle of virtual work when applied to a 
system of two or more connected particles. The question arises: 
How shall the principle be stated in this case? Suppose we label 
the particles 1, 2, 3, . . . w and imagine that forces Fi, Fa, Fg, . . . , Fn 
are impressed on them respectively (i.e. Fi on particle 1, etc.). 
Suppose that while acted on by these forces the particles undergo 
virtual displacements dti, dr 2 , . . . , dtn. The equation of the total 
virtual work to zero gives us 

Fi • dri + F 2 • drs + • • • + F« • dr^ = 0. (5-8-1) 

It is to be remembered that the displacements must satisfy the 
connections and constraints of the system and in general will not 
be completely arbitrary, i.e., there will exist relations among them. 
Our problem in any particular case will be to write (5*8-1) for the 
given impressed forces and then to ascertain by an examination of 
the geometry of the situation what the relations are between the 
virtual displacements. This will enable us to reduce them to a 
set of completely arbitrary displacements and hence find the 
equilibrium conditions the forces must satisfy. 

An illustration will make this clear. Let us consider the equilib- 
rium of two mass particles mi and m 2 at the two ends of an 
inextensible string which slides freely over a smooth peg. We 
shall suppose that in addition to the impressed forces of gravity 
mig and m2g there are also the extra impressed forces Fi and F 2 
as indicated in Fig. 5*16. Applying the virtual displacements 
dri and dr 2 , the general relation (5*8-1) becomes 


(Fi + ^ig) * dri + (F 2 + m2g) * dr2 == 0. 


( 6 - 8 - 2 ) 
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The displacements may be taken in any way compatible with the 
constraints. We find it most com^enient to take them vertically 
downward. Expanding the dot products then 
yields 

(El + mig) dri + (Ea + img) dn = 0. (5-8-3) 

But since the string is inextensible, dt\ and dr^ 
are not completely arbitrary. Rather 

di\ -f dr2 = 0. (5-8-4) 

The combination of (5-8-3) and (5-8-4) then 
yields 

El + ?rai^ = Ea + m^g, (5-8-5) 

which solves the problem. Note that, although 
the conventional equilibrium treatment of this 
problem is forced to introduce the tension in 
the string, the latter is not an impressed force and hence does 
not enter into the e.xpression of the principle of virtual work. 

Another illustration of similar nature is provided by two particles 
i 1 and 1 2 of masses mi and m 2 respectively tied to the ends of 
an moxtciisiblc string wrapped 
around a smooth peg S at the 
vertex of two perfectly smooth 
inclined planes of angles di and 
62 respectively (Fig. 5-17). The 
impressed forces are the weights 
mig and It is unnecessary 
to consider the tension in the 
string or the reaction of the 

planes since they are constraining and not impressed forces. 
Taking virtual displacements dXx and dx^ dovm the plane in each 
case, we write (5-8-1) in the form 

• dxi + m2g - dXi = 0. (5-8-6) 

The expansion of the dot product gives us 

rriig sin Qi dri + m-ig sin di dr^ = 0, (5-8-7) 

and the inextensibility of the string, 

dri -f- dr% = 0. 



Fig. 5-17 


(5-8-8) 
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Hence we are led iiltiin.ately to 

Mig sin Bi = m^g sin B%. (5*8-9) 

Reverting to (5*8~l)j let us express it in Cartesian form by 
writing for the pth particle 


dtp = i dxp + j d^p +k dZp^ 
Fp = i Fxp i Fyp k Fzp. 


(5-8M0) 


The principle of virtual w^ork may now be expressed in the form 
i: (Fxp dxp + Fyp dyp + Fxp dzp) = 0 (5-8-11) 

p=i 


Let us suppose that the forces are conservative (Sec. 4-1) so that 
there exists a potential energy function Vp{xpy yp, Zp) such that 


Pxp = , etc. (5-8-12) 

dXp 

Then 

£ Fp = F (5-8-13) 

p=i 

may be considered the total potential energy of the collection of 
particles. The principle of virtual work then appears in the form 


£ dVp = 0, (5-8-14) 

or for the virtual displacements considered the change in the total 
potential energy is zero. This signifies that for the equilibrium 
state the potential energy must be either a maximum or a minimum^ 
for it is only in such a case that the variation due to a small dis- 
placement can vanish.^ In the former case the equilibrium is said 
to be unstable, while in the latter case it is stable. Perhaps the 
simplest illustration is that of a single particle acted on by gi^avity 

^ Mathematically this is an over simplification. Strictly speaking, all we 
can say is that the potential energy has a stationary value. It might for 
example be a mini-max. Cf. W. V. Houston, Principles of Mathematical 
Physics (N.Y., McGraw-Hill, 2d ed., 1948) p. 89 ff. For most mechanical 
problems it is sufficient to confine our attention to maxima and minima. 


if 
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and resting on a smooth surface. Taking the z axis vertical, the 
potential energy to an additive constant is 

(5-8-15) 

where 2 is measured positively upward. N ow suppose the particle 
is in equilibrium on a surface concave upward. The total force 
must act normally to the surface and hence a must be a minimum 
and therefore V also. This corresponds then to stable equilibrium 
(A in Fig. 5-18). Any finite displacement of the particle on the 



surface will increase the potential energy. On the other hand if 
the particle is in equilibrium on a surface concave downward \b, 
Fig. 5-18), 2 must be a maximum and therefore V must be a 
maximum. The equilibrium is unstable. Any finite displace- 
ment of the particle leads to a decrease in potential energy. 

This significant connection between equilibrium and potential 
energy affords another illustration of the utility of the princinle 
of virtual work. ^ 

PROBLEMS 

V ^ ^ it® totai weight 

concentrated at ite central point, with how much tension must it be stretched 
honW JT ^ horizontal line in order to make it assume a 

homontal direction? Discuss the physical significance of the answer. 

2. The magnitude of the rraultant of two forces F, and F^ is 14 lb wt Tbo 
force F. has a magnitude of 12 lb wt., and the direction of F k «to 

resultant at an angle of 30». Emd F, and the angle betweL F^I 

is of a string and the other end 

Z ^ ^ Sillied to the particle perpendicular 

the te^ionlTi? ^ ^ 
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4. A mass of 10 kilograms is supported at rest on a smooth inclined plane 
by a horizontal force of 4 kilograms wt. Find the inclination of the plane. If 
the plane were rough with coefficient of friction between body and plane of 0.2 
and if the angle of inclination were that just determined, what horizontal force 
would be required to support the body at rest? 

5. In the figure mi = 1 kg and m 2 = 3 kg and P is a smooth peg. The 
masses are connected by an inextensible string. The mass mi rests on a hori- 
zontal plane, with coefficient of friction between block and plane — 0.2. The 
mass 7712 rests on a plane making the angle 45° with the horizontal. What must 
the coefficient of friction be between 7712 and its plane in order to maintain 
equilibrium? 


mi 



6. Twm equal magnets of pole strength fx and length I are placed parallel to 
each other at distance a. If like poles are adjacent, calculate the position or 
positions where a single pole would be in equilibrium under the action of the 
magnets (i.e., the so-called neutral point). Solve the same problem when the 
adjacent poles are unlike. (Hint: Recall Coulomb’s law of force between 
poles, F ~ jUjuVr^.) 

7. Given a magnet of length I and pole strength /i. Derive the equation 
of a line of force of the magnetic field surrounding the magnet, that is, a curve 
whose tangent at any point has the direction of the resultant force on a single 
pole placed at this point. 

8* Derive the equation of a line of force in the field of two particles charged 
with equal amounts of positive electricity and separated by the distance a. 

9. Two small metal spheres with a mass of 1 gram each are suspended from 
a single point by threads 20 cm long. The balls are equally charged with 20 
electrostatic units of electricity. (The electrostatic unit is one such that it 
attracts an equal and opposite charge at a distance of one cm with a force of 
one d 3 me.) Find the distance to which the charged spheres win separate for 
equilibrium. 

10. Two charged particles with charges +10 electrostatic units and —20 
electrostatic units respectively interact with each other. What is the total 
potential energy of the system? Apply the principle of virtual work and find 
the conditions under which the system may be in equilibrium with each particle 
at rest. 

11. If the small spheres in Problem 9 have masses 1 gram and 2 grams 
respectively, are charged with 10 and 20 electrostatic units respectively, and 
are suspended from a single point by threads 20 cm long, find the distance to 
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which the spheres will separate for equilibrium Also finH ihc t 

fc ,h»d, wia. ,b. 

12 . Given a double inclined perfectly smooth plane ABC with angles « ar,rl 

aboyfc so Ifat CB ^ ^ vert/cally 

C so that CD -h. An mextensible string with masses m, and at the 


.t poto 

_ D A stJing of length I passes over the pulley and 

as at Its extremities the two masses OTj and m. 
Assuming that the contact of the masses and the 
wrcle IS smooth calculate the position of the 

Si.'*"”- 


. / ‘ uuxu IS suspencied from two 

m2 pomts on the same horizontal line. If the cord 

the law of variation of the mass per unit length? 

pended from two fixed points in the same hori- 

fixed points so that each ter^nal tensioif^'ti*^^ distance between the two 
lowest point. “ t™es the tension at the 


support and the horizontal tension at L iow^ 
foot. Th?£?oe K^n 

is 200 lb wt., find the sag of the 4e in thfiSk. P' 
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CHAPTEK VI 

MOTION OF A SYSTEM OF PARTICLES 

6-1. Equations of Motion. Center of Mass. Conservation of 
Momentum. In our discussion so far we have been concerned for 
the most part with the motion of a single particle. Actual bodies, 
however, must be thought of as composed of a multitude of particles 
and, in order to study their behavior, it is now necessary to con- 
sider in some detail the equations governing the motion of a collec- 
tion of particles. We shall approach the problem in a rather 
general way and try to establish some general results which will be 
independent of the forces of interaction holding the particles 
together. 

Suppose we have a system of n particles of masses mi, m 2 , ... , m„, 
respectively, and acted on by the forces Fi, Fj, . . . , F„, respectively. 
Each force vdll be the sum of an external force and all the interac- 
tion forces between the particle in question and all the other 
particles. Thus for the jth particle 

Fy = Fye + I) Fy,, (6-1-1) 

i(?^y)=i 

where Fye is the external force on the jth particle, and Fy* is the 
force on the jth particle due to the &th particle. From eq. (1-7-4) 
the equation of motion of the jth particle in vector form is then 

n 

myfy = Fy, + D Fyjfc, (6-1-2) 

where fy is the position vector of the jth particle in the chosen 
reference system. The summation notation in (6-1-1) and (6-1-2) 
merely expresses the fact that, in the sum, as k goes from 1 to n 
the term corresponding to fc = j is omitted, as it is meaningless, 
since the jth particle does not interact with itself. Let us now 
sum each equation over all the particles. "We obtain formally 

^ n n n ' 

Z myfy = Z Fy. 4*2 Z Fy*. (6-1-3) 

The double summation notation on the right appears a trifle 

141 


142 MOTION OF A SYSTEM OF PARTICLES 


complicated but should cause no difficulty. It means that after 
summing Fjt oxmr k from 1 to n (leaving out k = j) we sum the 
resulting sum over j as the latter runs from 1 to n. Thus, writing 
it out in full, 


Z Z Fy, 

i»l =»1 


= Z (Fyi + Fy, + 

3=1 


+ Fy„) 


— Fi2 + Fi3 + 

+ F21 + F23 + ' 

+ 


•+Fi, 

+ F2„ 


+ F„i + Fn2 + • • • Fa,„_i. 


Now in the above expansion, for every term of the form Fy* there 
is a term of the form F^y. But Fyt is the force on the jth particle 
due to the feth particle, and Fy-y is the force on the /i:th particle due 
to the jth particle. From Newton’s third law (the law of action 
and reaction) we must have 

Fj* = -Fy. (6-1-4) 

It follows that the double sum in (6-1-3) vanishes identically, and 
the equation can be written in the following form 

Zmyry = SFy,, 

or alternatively 


(6-1-5) 


dt^ 


(Zmyry) = ZFy.. 


( 6 - 1 - 6 ) 


This conveys the strong suggestion that we introduce a point 
whose position vector f is given by 


Zmjtj 


-TO; 


(6-1-7) 


The motion of this point will then be given by the equation 

= DFye, (6-1-8) 

where to = Dto,- = the total mass of the collection. The point 
with position vector f moves as if all the mass of the coUection were 
concen rated there and aU tte external forces were acting to 
_ e call it the center of mass of the collection of particles. It is an 
important property of the system, since if we can follow its motion 
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we. have at least some idea where in space the system is, even 
though we may be unable to follow the motion of every individual 
particle. Clearly (64-8) says that in the special case in which 
the sum of the external forces vanishes, the center of mass moves 
in a straight line with constant velocity (rest being, of course, a 
special case). 

We can give another interpretation of eq. (64-6), since it may 
also be written in the form 

I = ZFy.. (6-1-9) 

Now is the resultant momentum of the collection of particles, 

whose time rate of change is therefore equal to the resultant 
external force acting on the system. Once more note the impor- 
tant special case in which = 0. Then the resultant momen- 
tum remains unchanged. This is the theorem of the miservation 
of momentum for a system of particles subject only to their own 
mutual interaction forces. A simple illustration is provided by 
the collision of two billiard balls. This is sufficiently interesting 
to warrant a section by itself. 

6'2, Conservation of Momentum in Collisions. We imagine 
two hard solid spheres of masses mi and m 2 , respectively, moving 
originally with constant velocities Ui and U 2 in the same straight 
line; suppose that at some instant they collide squarely, with 
the result that after collision the spheres again separate and their 
velocities become Vi and V 2 , respectively. Though the spheres are 
themselves really aggregates of particles (i.e., approximately rigid 
bodies), since they collide squarely we may safely treat them as 
single particles. Since the collision involves only interaction 
forces, the principle of conservation of momentum applies and we 
can write 

miUi + m2U2 = miVi + m^^t, (6-2-1) 

This equation does not enable us to predict the after-collision 
velocities from the original velocities. Consequently, the full 
solution of the problem demands .further assumptions. Let us 
first write Ui = Uih^ U2 = Vj = Vidj y% = ^28, where 8 is the 
unit vector along the straight line in which the motion takes place. 
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We c‘a.a then replace the vector equation (6*2~1) by the scalar 
equation 

niiUi + m2^^2 = mivi + 7n2V2, (6-2-2) 

Now Newton, who experimented with colliding spheres, found 
that their behavior satisfies the further equation 


(6-2-3) 


where e is a positive proper fraction, called the coefficient of resti- 
tuiian. Its value depends on the material composing the spheres. 
For highly elastic substances, i.e., those which, though deformed 
by the collision, regain their original size and shape immediately 
thereafter, e is very close to unity, while for plastic substances in 
which collision leads to a more or less permanent deformation, e 
may be close to zero. 

Let us use (6*2“2) and (6-2~“3) to calculate the after-collision 
velocity magnitudes vi and V 2 in terms of the original values % and 
fi 2 . The algebra leads to 


(6*2-5) 


21^ = (^'^1 m2e)u i + m2(l + e)u2 
mi -f m 2 

( 6 - 2 - 4 ) 

2;^ =r + e)ui + (m 2 — m ,ie)u2 

mi + m,2 

The special case e = 1 is of interest. For this 

_ (mi — m.2)ui + 2m2U2 

Vi ~ , 

nil + m2 

V 2 = """ ^ 

mi + 

If in addition mi = m 2 , these equations become 

= U2, V2 = til, ( 6 - 2 - 6 ) 

or the two spheres merely exchange their velocities on collision 

_ mi'Wi 4 - m ^th 

^1-— — ; — ^ == 

mi + m 2 


(6-2-7) 
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which, means that after collision the two spheres move off together. 
This is well illustrated in the impact of two putty balls. 

Another important special case of collisions is that in which the 
mass of one particle is very much greater than that of the other. 
Let us suppose that m 2 ^ nti and that th = 0. Then eqs. 
(6*2“-4) yield effectively 

= —euh ( 6 * 2 - 8 ) 

A practical application is the rebound of a ball of mass mi from a 
horizontal table of mass very much larger than mi. If the ball is 
dropped from height Ai, rve have 

Vi = — c V 2ghi, V 2 = 0. 

The height of the rebound of mi is 

A 2 = vi^/2g = /iic^. (6‘2-9) 

This provides a method of measuring the coefficient of restitution 
between two substances. 

Further investigation of collision phenomena demands the intro- 
duction of energy considerations wffiich we shall postpone to Sec. 
6-5. 


6*3. The Two-particle Problem with Gravitational Attraction. 
The general results set forth in Sec. 6*1 receive another interesting 
illustration in the special case of a system of two particles. This 
has immediate practical application to celestial bodies which 
though large are very far apart and hence may be considered as 
particles attracting each other in accordance with the Newtonian 
law of gravitation. We therefore discuss the case in which two 
particles attract each other with a force varying inversely as the 
square of their distance apart and in which no other forces act. 
This is a generalization of the inverse square central force field 
problem treated in Sec. 3*7. 

If the masses of the particles are mi and m 2 , respectively, and 
their position vectors in the chosen reference system are ri and r 2 , 
respectively, the equations of motion of the particles are (cf. 
Fig. 64) 


mifi 


Grriim 2X12 
ri2^ 


Gmim2X2i 
m2X2 = ;; — - 

7 * 21 ® 


(6-3-1) 
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Here is the constant of gravitation (Sec. 2*3) and 

Tn = r2 - ri 


(6-3-2) 


is the vector joining mi and m 2 , with direction as indicated in the 
figure. Note that T 21 = —tu. The direction of the force on mi 

is along the line joining it to 
m 2 and directed toward m 2 , and 
similarly for m 2 . We can now 
apply the general theorems of 
Sec. 6-1, but in this case it is 
simpler to proceed somewhat 
differently since by doing so we 
can actually solve the problem 
completely. We decide to treat 
the problem as one of motion of 
mi relative to m 2 . Thus sub- 
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tract the first equation in (6*3-1) from the second after 
by Ml and m 2 , respectively. The result is 

dividing 


ri 2 — r ( 1 ) ri 2 , 

ri2® \mi 1712/ 

(6-3-3) 

or 



where 

-&12 

MTis = , > 

ri2® 

(6-3-30 


mim2 ^ 

g = , > K - Gmim2- 

mi -f m 2 

(6-3^) 


We see that eq. (6*3-3') describes the motion of a single particle 
of mass g in an inverse square central force field having the same 
force constant K as that prevailing in the interaction of the two 
particles. Effectively, we have reduced the iw-particle problem 
to a one-particle problem, and all the equations developed in Sec. 
3*7 for inverse square central field motion about a fixed center will 
apply to the present case if we merely replace the mass wherever 
it occurs by the quantity g and replace the constant c (eq. 3*7-1) 
by K. It is customary to call ju the reduced mass for the system 
of two particles. Clearly if m 2 ^mi, as would be the case if 
m 2 represented the mass of the sum and mi that of a planet in the 
solar system, p ^ mi. , 
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It is often advantageous to refer the motion of the two particles 
mi and m 2 to neither mass but rather to the center of mass of the 



system. In Fig. 6*2 we denote the center of mass by C with 
position vector f. The position vector of mi relative to C as 
origin is 

Tic = ri - f, (6*3-5) 


and correspondingly that of m 2 is 


Hence we have 


T2e = 12 ~ f . 

fi = f + Tie = fu, 
fg = f 4” ‘^2c = ^2ey 


(6*3-6) 

(6*3-7) 


since f = 0, there being no force present save the gravitational 
interaction. Moreover by the use of (6*3-5) and (6-3-6) and the 
definition of center of mass, 


~m2ri2 

j 

Ml + m 2 


mi + m 2 


(6*3-8) 


Substitution into (6*3-3') gives the equations of motion in terms 
of Tic and T 2 e 




^T 2 c 


-m2®&ic 


(mi + m 2 ) Vic^ 

—mi^Kt2c 
{mi + m2)V2c^ 


(6*3-9) 
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These may obviously be presented in the alternative form 


rriiTu 


miXu 


(mi + 

-mi^Kxse 
(mi + m, 2 )^ 20 ^ 


(6-3-10) 


These differ from the original equations (6-3-1) only in the fact 
that the foi-ce constant is different for the two equations. We 
conclude that the path of each particle relative to the center of 
mass IS of the same general geometrical foim as that relative to 
the other particle. The center of mass itself, of course, either 
remains at rest or moves with constant speed in a straight line 
It m 2 >mi, we have seen that ^ = mi very nearly, while 
roc-^O and ru-^n.. This means that rvhen one mass is very 
much greater than the other, the motion of the heavier To.q.ps can 
be neglected compared with that of the other, and the problem 
reduces approximately to that of inverse square central field 
motion about a fixed center. The center of mass of the system in 
IS case IS \eiy close to the heavier mass. Thus in the case of 

the f system of the earth and the sun 

the center of mass lies within the sun’s surface and the approxi- 
mation vhich considers merely the revolution of the earth Lout 
stationary sun is for many practical purposes a veiy 

In Sec. 3-9 we discussed the Bohr atomic model of hydrogen 
and assumed that the electron moves about a stationary nLleu^ 
^mco the of the nucleus is about 1840 timesTat of The 

fornilih Vs Nevertheless, the 

formula 3 9-14) for the semi-major axis of the orbits permitted bv 

the quantum conditions can readily be corrected fn ioh ^ 

ot the actual motion ot the nuclei f 

M m^~^ m„’ 

in tvhich m, is the nmas of the eleoton, and aiat ot the nnclens. 
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The formula (3-9“14) then becomes 


Since 


(fii + utYh^ 



(6-3~~ll) 


the correction is a small one. Nevertheless the modification has 
been detected experimentally by precise spectroscopic measure- 
ments.^ 


6*4. Torque and Moment of Momentum. Let us now revert to 
the equation of motion of a system of n particles, i.e. (6-1-2), 
which we repeat here for convenience 

11 

nifj = Fje + Z F/a. 

We now multiply both sides of the equation by the position vector 
ry, but we shall not do it by the dot product defined earlier. Rather 
we define a new kind of vector called the cross product. 

If we have two vectors A and B, we shall define the vector or 
cross product as follows 

A X B = ^AB sin d, (64-1) 

where A and B are as usual the magnitudes of the vectors A and B 
respectively. The angle 6 is the smaller of the two angles between 
the positive directions of A and B, and 6 is a unit vector (i.e. [e] = 1) 
perpendicular to the plane of A and B and directed in such a way 
that as one looks along it a clockwise rotation will carry A into B. 
The cross product is therefore a vector whose magnitude is the 
area of the parallelogram of which A and B are two adjacent sides. 
We note that the vector product does not satisfy the commutative 
law. Rather 

AXB = - BXA. (64-2) 

However it can be shown that the distributive law holds, i.e., 

A X (B +C) = A XB + A X C. (64-3) 

\Gf. Ruark and Urey, “Atoms, Molecules and Quanta/' p. 126 . 
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If we apply the definition to the unit vectors i, j, k we get the 
interesting and often useful results 


Moreover 


iXi = jXj = kXk = 0, 
i X j = k, j X k = i, k X i = j. 

|(axb) = axb+ax:b, 


(6*4—4) 


(A X B) — A X B + A X B, (6*4-5) 

which can be demonstrated by expanding A and B in terms of their 
components along the x, y, z axes and using (6*4-4). 

We are now ready to apply the cross product to the present 
problem by forming 

Xi X Xj = e,ry|f,*I sin (r,-, fy). (6*4-6) 

Here (ty, fy) is the smaller of the angles between the positive 
directions of the vectors ry and fy (cf. Q in Fig. 6*3), and €y is the 
umt vector normal to the plane of ry and fy and in such a direction 
that, as one looks along it, a clockwise rotation will carry ry into 

fy. The quantity ry X fy wiU be de- 
y h^sd as the moment of the acceleration 
yAe vector about the axis through 0 per*- 
pendicular to the plane of ry and f* 
r. // ' ^ Similarly '' 

X L- X Fy, 


will be defined as the moment of the 
0 force Fy, about the axis through the 

Fig. 6*3 origin perpendicular to the plane of ry 

. . , and Fy,. The moment of a force abnnt 

an axis IS also termed the torque due to the force about the axis 
m question. _ We shall often refer to it more simply as the torque 
about the point through which the axis passes. It is, of course 
y ector and is usuaUy designated by the symbol L. The result 

of taking the moments of both sides of the equation of moTon 
tlien appears as Luubiuii 


myry X fy = Ly, + ^ Ly., 

=1 


where Ly, is the torgue due to fhe exterpEil force on the 


(6*4-7) 


ffiass mi 
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while Ljk is the torque due to the interaction force between nij 
and mjfc. Let us assume that this interaction force is directed along 
the straight line joining my and mu. It follows from Fig. 64 that 
the torque due to the force Fy* on my about the normal axis through 



0 is equal and opposite in direction to that due to the force F^y 
on mkj about the same axis. Hence if we sum eq. (64-7) over all 
the particles of the system the double sum 

n n 

L Z Li. 

i=l&(5^i)=l 

will vanish, and we shall have simply 

n n 

Z mjTj X y,- = Z Lye. (6-4-8) 

i=l i=i 

To interpret this more conveniently, we use eq. (64-5 ) and 
finally get 

^ [ry X (niyf-y)] = ty X (myfy), (64-9) 

whence (64-8) becomes 

d ^ ^ 

^ Z^ry X (myfy) - Ly^. (64-10) 

The quantity ly X (myfy) from its method of construction is natu- 
rally termed the moment of momentum of the jth particle about the 
origin. Eq. (64—10) then says that the time rate of change of 
the total moment of momentum of the collection of particles about 
the origin is equal to the total torque or force moment produced 
by the external forces about the same point. The reader will note 
its analogy with the force equation (6*1—9). Corresponding to 
the theorem of the conservation of momentum in Sec. 6*1 we now 
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have the theorem of the conservation of moment of momentum: 
if the total external torque on a system of particles about a point 
vanishes, the total moment of momentum of the system about this 
point is constant. It must be remembered, of course, that the 
vahdity of this result depends on the internal interaction forces 
being directed along the lines joining the particles respectively. 
Otherwise the torques due to the internal forces will not cancel 
out. An illustration of the theorem is found in the solar system in 
so far as the whole system is not acted on by external forces 
Another illustration is found in the electron motions in the plane- 
tary atona model already described in Chapter III. Here, of 
course, it is only approximate since internal magnetic forces pro- 
duce torques which do not entirely cancel out. Moreover, the 
electrons themselves are now assumed to have spins which must be 
taken into account. 

The reader should show for his own satisfaction that eq. (6-4-10) 
when written in terms of rectangular coordinates becomes 

d .A , " 


dtj 


j = 1 


i m,{z,Xi - XF,) = ± {z,F,„ - XiF,^), 

3 ^ i = 1 


dt 

d 


dtj=i 


(6-4-11) 


Z rriiixiy^ - y^xj) = £ (xjF.-ey - 




Can we bring the center of mass into this picture? In line with 
the discussion of the motion of two particles let us refer the motion 
of the whole collection of n particles to the center of mass. Thus 
we write the position vector of the jth particle in the form (analo- 
gous to the special case of eq. (6-3-5)) 


L- = f -f rj 


(6-4-12) 


where f is the position vector of the center of mass, and r,„ is the 


position vector of mj relative to the center of mass, 
mental equation (6-1-9) becomes 

I (*"> - 

' n 

since by definition £ ntjXjc == 0 


The funda- 


(6-4--13) 


Eq. is, of course, 
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equivalent to eq. (61-8). This is nothing new, then. However, 
let us introduce the substitution (6*4-12) into (6*4-10). This 
gives 

4 Z my(f + tjc) X (f + tjc) = Z (f + tjc) X Fie. 
dtj=i 

After expansion and use of the definition of the center of mass 
and (6*4-13) the result is 

4 Z rye X (myfyO == Zryc X Fye. (6-4-14) 

atj=i 

This says that the time rate of change of the total moment of 
momentum about the center of mass is equal to the total torque 
about the center of mass. In other words we can completely 
describe the motion of the collection of particles by the motion of 
the center of mass (6*4-13) and the motion relative to the center 
of mass (6*4-14). This plan turns out to be particularly appro- 
priate when the collection of particles forms a rigid body (Chap. 
VII). Another important application is met with in nuclear 
physics where in the theory of the deuteron (the nucleus of the 
hydrogen isotope of mass two), for example, it is convenient to 
separate the motion of the center of mass of the two particles 
(i.e., the neutron and the proton) from their relative motion. 

6*5. Energy of a System of Particles. Let us revert once more 
to the equation of motion of the jth particle and form the dot 
product of both sides by fy dt to find the work done by the forces in 
time dt Thus 

n 

rrijtj * fy dt = Fje • fy dt + • fy dt (6*5-1) 

The left-hand side becomes 

^17ljd{Vj^\ 

where Vj^ = fy • fy is the square of the resultant velocity of the jth 
particle. Moreover, since we can write fy dt = dry, we have 
finally on summing over j 

dT, = n Fje • dxj + Z Z • dtj. (6-5-2) * 

y~i y=i 
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Integrating over the path from r/ to r/' gives 
Ki-Ko 




-dtj ^ F -j . djr 


i • (6-5-3) 


This IS the generalization of the work-energy theorem to the case of 
a collection of particles: the total work done by the external and 
internal forces during the motion of the system is equal to the 
change in the total kinetic energy. The double sum on the ri^ht 
can be written in much simpler form if we assume that the force 
Fjh IS directed along the line joining the jth and ifcth particles and 
IS a function only of the distance between them and moreover the 
same function for aU particles. Thus let us suppose that 

~ f(^3k)Tjie, ( 6 - 5 — 4 ) 

where 

^jk = Xj — Ijfc. 

Now the double sum consists of pairs of terms of the form 

f{'^jk)Xjk • dXj + f{rkj)tkj • dXk 

f (T3k)^jk * dXjk, ( 6 * 5 ~* 5 ) 

Hence (6*5-3) becomes 

~ X L?1 (6-5-6) 

where in the second sum we include aU pairs of j and k with j <h 

and k mnnmg from 1 to n. Now suppose there exists a po4tial 
energy function F,-, such that potential 


ZF,,-dr,-= -Z 


\ dXi 


5Fy, dV 


~dz^ = 


■ZdFy. 


Moreover, assume that 


(6-5-7) 


• dzjkJ 


SZjk 

= -XdVir^k), 


(6-5-8) 
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where Xjk = Xj — Xh, etc. Eq. (6-5-6) then becomes 

+ ? VjJ’ + L = Eo + Z Fy/ + Z F'(ry,). (6-5-9) 

3 hs 3 hs 

We are then led to call ZFye the total potential energy of the 

3 

external forces, and ^V{rjk) the total potential energy of the 
internal forces. The total energy of the whole system remains 
constant: this is the theorem of the conservation of mechanical 
energy for a system of particles. From (6*5-8) it should be clear 
that if the mutual interaction forces are central forces, i.e., act 
along the lines joining the particles and vary only with the inter- 
particle distance, the potential energy function V(rjk) always 
exists. Hence in a system of particles acted on only by mutual 
forces of the central type, the total energy remains constant. 

An important fact to note from (6*5-9) is that the internal 
forces make a contribution to the potential energy and hence 
appear in the energy conservation equation, whereas they cancel 
out in the momentum and moment of momentum conservation 
equations. This is well brought out in the energy equation for 
the two-particle problem discussed in Sec. 6.3. Let us consider 
this special case. 

If we dot multiply the first equation in (6*3-1) by tidt = dn 
and the second by f 2 dt = dr 2 , and add, by the arguments used in 
going from (6*5-1) to (6*5-2), we get 

di^mivi^ + im2V2^) = ri2 • (dri - * 2 ) 

ri2^ 

Gmim2 

= r'^i2*dri2, (6*5-10) 


where the last step comes from (6*3-2). Integration of both sides 
leads to 



+ §^2^2^ = — (rmim2j 

f — r * dTi 2 



= -'Gmim2j 

Cdru 

(6-5-11) 

since 

Tn • dri2 = ri2dri2. 


(6-5-12) 
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We therefore finally obtain as the energy equation 

1 , , , , Gviim2 

U, 

ri2 


(6-5-13) 


where U is the total energy. The potential energy of interaction 
of the two particles is 


Gminii 

Ki2 > 

ri2 


(6-5-14) 


as might have been expected from the discussion leading up to 
eq. (4-4-2). Here there is no external force and hence no external 
potential energy. In (6-5-13) the speeds Vi and V 2 refer, of course, 
to the fixed origin. We can, if we please, express the energy 
equation in tei-ms of the relative velocity fi 2 . In fact this is a 
simpler procedure. From eq. (6-3-3') we have at once 


/it)i2^ Gmim2 

2 ri2 


U, 


(6-5-15) 


in which now the reduced mass once more appears. We can also 
express the energy equation in terms of the motion relative to the 
center of mass. By the use of (6-3-5) and (6-3-6) we can write 
for the left-hand side of (6-5-13) 

-b = i(»ii + m2)t - f -f ^rriiXu ■ tu 

-f im^2c - t2c- (6-5-16) 

This says that the total kinetic energy in the fixed system of 
reference is equal to the kinetic energy of the center of mass (with 
the whole mass mi + m 2 concentrated there) plus the kinetic 
energy of the two particles relative to the center of mass. This 
scheme is often a useful one and of course may be generalized to 
^PPly fo a collection of an arbitrary number of particles. We 
shall make good use of it in the study of rigid bodies in Chap. VII. 

In the case of the collisions of spherical particles discussed in 
Sec. 6-2 it is extremely difficult if not practically impossible to 
express the interaction forces in terms of readily measurable 
quantities. Hence we cannot readily find an expression for the 
potential energy at every instant during the impact and therefore 
cannot write the eneigy equation for the interaction. However, 
if we are content to use the Newtonian coefficient of restitution, 
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it is possible to examine the change in kinetic energy brought 
about by the collision. 

The total kinetic energy of the system before collision is 

Ku = (6-5-17) 

whereas that after collision is 

K„ = -j- (6-5—18) 

The change in kinetic energy is 

AK = K^- Ku. (6-5-19) 

We can evaluate this by direct substitution for vi and V 2 from 
(6-2-4), so as to express AK in terms of Ui and U 2 only. However, 
this turns out to be algebraically tedious, and we find it simpler 
to avail ourselves of the result demonstrated just above, namely, 
that the total kinetic energy is equal to that of the center of mass 
plus the kinetic energy relative to the center of mass. Since the 
velocity of the center of mass cannot be changed by the collision, 
the whole change in the kinetic energy of the system is the change 
in the kinetic energy relative to the center of mass. Now, using 
the notation of Sec. 6-3, we have 

rtiiUic + m2U2c = miVic -d* m2V2o = 0, (6-5—20) 

whence from (6-2-3) we conclude that 

Vie = -euic, V2c = —eu2o. ( 6 - 5 - 21 ) 

Therefore the change in kinetic energy becomes sim ply 

Air = iniiVif -j- ^m2V2c^ — — ^ni2U2f 

= imi{e^ - 1)mi<,2 -j_ 1^2(6=“ - 1)m2cI (6-5-22) 

From the fact that the coefficient of restitution e is a proper 
fraction (<1) it follows that 

AA < 0. (6-5-23) 

Unless e = 1, the total kinetic energy of the system of spherical 
particles decreases on collision even though the total momentum 
remains constant. The kinetic energy thus lost reappears in the 
form of heat and sound, as is clearly shown by experiment. 

6-6. The Virial of Clausius. Closely related to the energy of a 
system of particles is the virial of Clausius. Consider the following 
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scalar fuEction of the position vectors of the n particles of the 
system 

, AT = Z (6-6-1) 


Differentiating this twice with respect to the time gives 


Now If is a function of the time. If we integrate it with respect 
to the time between the limits 0 and r, where r is an arbitrarily 
long time, and divide by r, we shall obtain the time average of M 
over the time interval in question. Thus, if we use a bar to denote 
average with respect to time, we have 


where, of course, from (6-6-1) 


and Mr and Mo refer to the values of at ^ = r and t = 0, respec- 
tively. If the particles are assumed to move always in a closed 
space, the magnitude of can never exceed a certain maximum 
value. We shall assume, moreover, that the velocities tj are 
likewise bounded, which is quite reasonable for a collection of 
particles for which the kinetic energy cannot become infinitely 
great. Hence Af is bounded and as r increases 


Therefore from (6-6-2) 


Now the left-hand side of (6*6-6) is the time average of the total 
kinetic energy of the system. The right-hand side may be 
rewritten by recalling that mjfj is the resultant force F^- acting on 
the jth particle. We may then write 
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The quantity Q was called by Clausius the virial of the system. 
Eq. (6-6-6) expresses the result that the average kinetic energy 
of the system of particles moving subject to the imposed conditions is 
equal to its virial. This is the virial theorem. 

An interesting application of the virial theorem is the relation 
between the average kinetic energy and average potential energy 
of a system in which the only forces acting are central forces 
between the various particles. We shaU illustrate this for the 
simple case of a single particle subject to a central attractive force 
varying as the nth power of the distance to a force center. Then 
(6-6-6) reduces (with F = Cr^-h) to 


R = -IF - r = -|C'r’-i. 


But from (4-3-8) the potential energy corresponding to this type 
of central field is 


V(r) = 


n + 


and consequently 

R = - V. 

2 


( 6 - 6 - 8 ) 


In particular, for the inverse square field, where n = 
result becomes 



—2, the 
(6-6—9) 


From (6-6-9) the total energy becomes 



( 6 - 6 - 10 ) 


which is, of course, negative, corresponding to the fact that the 
force is here a binding force. The generalization to a collection 
of particles is left as an exercise. 


6-7. Elementary Eonetic Theory of Gases. Equation of State 
of an Ideal Gas. One of the most important examples of a system 
of particles is provided by the kinetic theory, which considers a 
gas to be composed of a very large number of very .sTnn.11 particles 
called molecules moving with varying velocities in every direction, 
colliding with each other and rebounding with undiminished speed 
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from the wails of the vessel in which the gas is confined. In the 
so-called ideal gas the molecules are assumed to exert no forces on 
each other and consequently the only forces on them are due to the 
impact on the walls. Let us calculate the virial for an ideal gas 
consisting of N molecules confined in a cubical box of side a. We 
suppose the gas to be in a state of equilibrium, i.e., assume that the 
spatial distribution of the molecules within the box is uniform so 
that the density is the same in all parts of the vessel and does not 
change with the time. It will be convenient to expand the scalar 
product in (6-6"7) and express the virial in terms of rectangular 
components. Thus 

0 = -I Z feFy. + ViF^y + (6*7-1) 

Now the forces etc., have non-vanishing values only for the 
values of Xj, yj, Zj at the walls. These forces arise from the change 
in momentum experienced by the molecules in their reflection from 
the walls. It might seem, at first thought, difficult to compute 

recall that it is the time average 
which is involved in (6*7-1), we 
reflect that the average wall forces 
may be replaced by the integrated 
pressure p (force per unit area) 
which on the postulates of the ki- 
netic theory is assumed to be due 
to the average effect of the con- 
tinual bombardment of the walls 
by the molecules. We agree to 
establish coordinate axes as in Fig. 
6*5. To form J^XjF^x we must mul- 
tiply the X coordinate of each mole- 
cule by the x component of the 
force acting on it, sum o ver all m olecules, and then average. Now 
the only contribution to J^XjFjx will come from the walls A and B. 
That at wall A must vanish since x is zero at all points of this wall. 
At B we may assume that each sin gle molecule is acted on by a 
surface element dS, Hence J^XjFjx becomes 

—pa fdS- —pa^i 


them. However, when we 



(6*7-2) 
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for at Bj Xj = a everywhere and the integration must be taken 
over the whole wall. The negative sign results from the fact that 
the wall force acts inward. The contribution of the pair of walls 
A and B to 'EiVjFjy and will be zero since these walls are 

normal to the x axis and the force they exert is directed wholly 
along the x axis. Proceeding similarly we find that the contribu- 
tion to of the pair of walls Ej F is —pa^ and the same is 

true of the contribution of C, D to ^ZjFjz, Hence the total virial 
due to the forces exerted by the walls becomes 

0 = §pVo, (6-7-3) 

where Vo = a® is the volume of the cubical box. The virial 
theorem (6*6-6) then gives 


= fpFo, (6-7-4) 

where Vj is the resultant velocity of the jth molecule. 

The formula (6-7-4) at once gains fundamental importance for 
the thermal properties of gases if we assume that the temperature 
of an ideal gas is characterized entirely by the total average kinetic 
energy. Then constant temperature implies constant average 
kinetic energy. On this assumption (6*7-4) says that the product 
of pressure and volume for an ideal gas at constant temperature is 
constant. This is Boyle’s law. 

It may be remarked that the foregoing derivation can be 
carried through much more generally using a vessel of any size or 
shape. The reader may here refer to Lindsay, “ Physical Sta- 
tistics (John Wiley, New York, 1941) p. 70, for the more general 
treatment. Also consult Loeb, '' The Kinetic Theory of Gases.” 
(McGraw-Hill, N.Y., 1927.) 

Let us examine eq. (6*7-4) more closely. Suppose that the mole- 
cules are all of equal mass and moreover suppose that Vj^ is 
the same for all. This is equivalent (for this special case) to the 
assumption that the mean kinetic energy is the same for all the 
molecules, i.e., that there is equipartition of energy among them. 
This hypothesis or one closely connected with it has played 
a significant role in the development of the kinetic theory. Y 

^See again, Lindsay, op. dt.^ p. 67. 
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Eq. (6*7-4) now becomes (with vf = v^) 

pVo = (6*7~5) 

where N is the total number of molecules in the volume _Fo, and 
m is the mass of each. It should be carefully noted that repre- 
sents the time average of the square of the velocity, i.e., it has no 
connection with direction. If we were to consider, for example, 
the average velocity, then we should have to admit that it must be 
zero, since for every molecule traveling at a given instant in a 
definite direction with a certain speed there will be to a very high 
degree of probability another one moving in the opposite direction 
with the same speed. Now if we divide through eq. (6*7-5) by 
Fo, we have _ 

p — ^mnv^, (6*7-6) 

where n is the number of molecules per unit of volume. Hence 
mn = p, where p is the density of the gas, and we write finally 

p = (6*7-7) 

This provides at once a means of calculating the mean square 
velocity of the molecules and its square root, called the root mean 
square velocity. Thus 



For oxygen at standard pressure (76 cm. of mercury) and at 
temperature 0° C., p = 0.001429 gram/cm and hence we cal- 
culate 

Vrn = 461.2 meters/sec, 

approximately. The reader should calculate for himself the cor- 
responding values for other gases. For example, he will find it of 
interest to work out the value for hydrogen and thus obtain a clue 
to the reason why there is so little hydrogen in the earth's atmos- 
phere (cf. Sec. 2*3). The foregoing is sufficient to indicate the 
order of magnitude of molecular velocities as calculated from 
kinetic theory. 

Let us now introduce a more exact connection between the 
kinetic energy of the molecules and the temperature, and assume 

mvj = SkT, (6*7-9) 
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where T is the absolute temperature. It then develops from a 
study of the experimental data on many gases that fc is a universal 
constant, depending only on the temperature scale used. It is 
usually denoted as the Boltzmann gas constant or gas constant 
per molecule. If we knew the mass of the oxygen molecule, for 
example, we could calculate the value of h from (6-7“9). The 
most reliable data yield h = (1.3708 db 0.0014) X 10"^® ergs/de- 
gree C. Now substituting into (6*7-6) we have 

p = nkT, (6*7-10) 

or multiplying through by a volume Vo, 

pVo = NkT. (6*7-11) 

Eq. (6*7-11) is the general gas equation for an ideal gas^ i.e., one 
in which the mutual forces of the molecules may be neglected 
compared with the forces of the walls on the molecules. It is also 
frequently called the equation of state. 

6*8. Some Consequences of the Kinetic Theory. Specific Heats 
of Gases. Several other results important for the theory of gases 
follow from the use of the virial theorem. We want to stress these 
here because they illustrate the very significant rdle that mechani- 
cal methods have played in the development of the theory of heat 
and the constitution of bodies. 

In the first place note from eq. (6*7-11 ) that, since & is a universal 
constant, the number of molecules in volume Fo of any ideal gas, 
given by 

is dependent only on the pressure, volume and temperature of the 
gas. It follows at once that if we have two gases at the same 
temperature and pressure, equal volumes of the two will contain the 
same number of molecules. This is the celebrated hypothesis of 
Avogadro, so important for chemistry. It here follows directly 
from kinetic theory considerations. Incidentally we note that if 
we were to assume Avogadro’s hypothesis in a priori fashion and 
combine it with (6-7-6) the result would be t]^t InuA must be 
the same for all gases at the same temperature. This at once 
suggests a kinetic theory definition of temperature like (6-7-9). 
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The independent evidence in favor of Avogadro's hypothesis thus 
lends the greater weight to an assumption of the form (6*7--9). 
Of course, we cannot go here into the detail that a close inspection 
of this subject demands. Nevertheless the reader should see in 
it an illustration of the progressive interplay of hypotheses in 
constructing physical theories for various types of physical 
phenomena. Another conclusion closely allied to that Just arrived 
at follows at once. Since nm = p, we have for two different ideal 
gases 

Uirrii = pi, 712^12 = p2. (6-8-2) 

But if the temperature and pressure are the same, Ui = as we 
have just seen. Hence under these conditions 


^ El 

ni2 P2 


(6-8-3) 


that is, for constant temperature and pressure the ratio of the 
densities of two gases is equal to the ratio of the masses of their 
constituent molecules (i.e., chemically speaking the ratio of their 
molecular weights). This law was discovered originally by the 
chemist Gay-Lussac. 

If we can suppose that when a gas is allowed to effuse through 
a very small opening in a vessel the outward velocity is propor- 
tional to the root mean square velocity Vn^ it follows from eqs. 
(6-7-9) and (6-8-3) that 



(6-8-4) 


for two gases at the same temperature and pressure. This, how- 
ever, states in words that the effusion velocity (for gases at the 
same temperature and pressure) varies inversely as the square root 
of the gas density. This is actually satisfied experimentally to a 
considerable degree of approximation. 

Some interesting results follow from the consideration of the 
energy of the molecules. In an ideal gas the energy of the gas is 
the sum of the separate energies of motion of its molecules. The 
latter energy for each molecule can be divided into two parts, viz., 
the kinetic energy of the molecule as a whole (i.e. the kinetic 
energy of the center of mass) and the kinetic energy of the separate 
parts of the molecule (supposing it has a structure) relative to the 
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center of mass. We shall assume that the latter energy, which we 
may call the internal kinetic energy of the molecule, is a constant 
fraction of the kinetic energy of translation. So we shall write 
for the total energy of a single molecule 

E = (6-8-5) 

where is a constant which should be the same for gases of the 
same constitution. The energy for unit volume is then 

Ev = (6-8-6) 

where n is the number of molecules per unit volume. Now from 
eq. (6-7-6) we may write this in the form 

Ev = (6-8-7) 

p being the pressure of the gas. The energy per unit mass of the 
gas is then 

= ( 6 - 8 - 8 ) 

2 p 

where p is the density. Now the specific heat of a gas at constant 
volume cv is measured by the increase in energy per unit mass per 
unit increase in absolute temperature while the volume remains 
the same. Hence we have 



This is expressed in mechanical units, i.e., ergs per degree. To 
change to calories per degree one must divide by the mechanical 
equivalent of heat, / = 4.2 X 10^ ergs per calorie. What we are 
here interested in is, however, the fact that for an ideal gas (6-8-9) 
yields 

3 

cv = -—- ( 6 - 8 - 10 ) 

2 m 

This shows that for a given gas the specific heat at constant 
volume should be independent of temperature and pressure. This 
is experimentally true over a wide range, but as one might expect 
breaks down at low temperatures, i.e., under the conditions such 
that the interaction forces can no longer be neglected. From 
(6-8-10) it is clear that Cv is inversely proportional to the mass of a 
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molecule of the gas and directly proportional to /3. If ^ were the 
same for a number of gases it would follow that the product of m 
by Cy- or that which is proportional to this, the 'product of cy hy the 
molecular weight, is constant. This is the celebrated law of Dulong 
and Petit as applied to gases. It holds for a great many gases but, 
of course, is not valid for all gases under all conditions. It is also 
found to hold for most solid elements (the molecular weight being 
replaced by the atomic weight) if the temperature is high enough. 
The exact study of the specific heats of substances in general is 
very intricate. It has only yielded to successful treatment by the 
use of the quantum theory of the constitution of matter.^ 

If the molecules are of non-vanishing size (and there are many 
lines of evidence to indicate that this is so) we must admit that 
with their very considerable velocities they will suffer frequent 
collisions. The time elapsing between successive collisions will 
naturally be quite varied. N evertheless we can profitably imagine 
an average distance through which a molecule may travel before 
encountering another molecule. This distance is called the mean 
free path and is usually denoted by X. There are in kinetic theory 
several methods of estimating it. It would take us too far afield 
to enter into these here. However, it is reasonable to expect that 
the more molecules there are per unit volume, the shorter will be 
the mean free path, i.e., X varies inversely as the density. We 
should also expect the size of the molecules to affect the value of X, 
g.o; g.in inversely. Calculation confirms these conjectures, and 
indeed Clausius obtained the following expression for the mean 
free path 


,3 1 

4 


(6-8-n) 


where w is as before the number of molecules per unit volume 
(assumed approximately constant), and D is the diameter of a 
molecule considered as a rigid sphere. This is an idealized pic- 
ture. Nevertheless it has proved extremely valuable. 

6-9. Elementary Kinetic Theory of the Viscosity of a Gas. One 
of the most interesting applications of mechanics to kinetic theory 
is provided by the theory of gas viscosity. From elementary 
physics the reader wiU recall that in all real fluids in motion 

1 For further discussion, cf. Lindsay, op. cii., pp. 76 ff, 218, 234, 236. 
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whether liquid or gaseous, there is always present a tendency for 
the fluid moving in one layer to retard the motion of the fluid in 
the immediately adjacent layers. This effect is attributed to a 
force of viscosity or viscous drag, which Newton assumed is directly 
proportional to the flow velocity gradient or rate of change of 
velocity with distance perpendicular to the direction of flow. It is 
moreover assumed that the viscous force is also proportional to the 
area of contiguous layers. If we denote the area in question by A, 
the flow velocity gradient by dVfds, the viscous drag may then 
be written 

dV 

F, = vA^^ (6-9-1) 

ds 

where v is the coefficient of viscosity or, more briefly, the viscosity 
of the fluid. It is the tangential viscous drag per unit area per 
unit flow velocity gradient. In absolute units its dimensions are 
dyne second per cml For example, the value for water in these 
units at 20° C is 0.01, while for hydrogen at 0° C v is 8.4 X 10“l 
It is of interest to note that the viscosity of liquids decreases as 
the temperature rises, whereas that of gases increases with the 
temperature. 

The viscosity of liquids finds a plausible explanation in the 
cohesive forces between the constituent parts, but this is not 
available for an ideal gas in which such forces are assumed not to 
exist or are at any rate ignored. Maxwell was the first to give a 
kinetic theory explanation of gas viscosity in terms of the motion 
of the molecules and in particular by the transfer of momentum 
from one moving layer of gas to another by the random molecular 
motion. Let us look into this matter in an elementary fashion. 
Consider a gas which has a flow movement from left to right, let 
us say in the x direction. Let the velocity in the plane A A' 
(Fig. 6*6) be denoted by Fi, while that in the lower plane BB^ at a 
distance 2X from AA' is F 2 < Fi. Draw the imaginary plane FP' 
half way between AA' and BB\ Now we may consider the 
molecules moving in the plane to be divided into three groups, 
namely, those traveling -in the direction of the x, y and z axes 
respectively. We may suppose that if there are n molecules per 
unit volume, there will be on the average n/S proceeding in each of 
the three directions. Hence on the average the number of mole- 
cules that travel across unit area of the plane PP' in the positive y 
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direction per second is n/6 • where is the root mean square 
molecular velocity, and we are making the simplifying assumption 
that all the molecules may be considered as moving with this 
velocity. The same number on the average cross unit area of the 
plane in the negative y direction per second. By virtue of the way 



in which the planes AA' and BB' are drawn, the above-mentioned 
molecules have each suffered their last collision (before striking 
PP') in either the plane AA^ or RB', since X is by definition the 
mean free path. Now the velocity gradient of the gas in the 
neighborhood of PP' is approximately 


W ^ Vi - F 2 

ds 2\ 


(6-9™2) 


It is, of course, assumed that the velocities Fi and V 2 are very 
small compared with the molecular velocity v^. We shall next 
suppose that when a molecule passes through any plane it instan- 
taneously acquires the velocity with which the gas as a whole is 
moving in that plane, the latter then being compounded with the 
molecular velocity. Hence we can say that the nvm/Q molecules 
which travel across unit area of the plane PP' per second coming 
from plane A A' carry with them or transfer a certain amount of 
momentum. Each such molecule has acquired what may be 
called a flow momentum (to distinguish it from the momentum 
due to its velocity Vm) equal to mVi. Hence in the passage of the 
molecules from AA' through PP' there is a transfer of momentum 
per second per unit area from the gas above PP' to the gas below 
PP' amounting to 

— -mFi. (6-9-3) 


But we know that a change in momentum implies a force which 
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indeed is equal to the time rate of change of momentum. Hence 
we may look upon the expression (6*9“*3) as representing a tan- 
gential force exerted by the gas above a unit area of the plane PP' 
on the gas below (tangential because the change in momentum is m 
the direction in which the gas flow is taking place). At the same 
time the passage of nVm/^ molecules per second from the layer 
beneath PP' transfers in the upward direction tangential momen- 
tum per second per unit area to the amount of 

UVjn __ 

— •mVi. (6-9-4) 

This represents the tangential stress exerted by the gas below the 
plane PP' on the gas above. Now by Newton’s third law (Sec. 1-7) 
the equal and opposite reaction on the gas below is — na„/6 ■ mVt. 
Hence the resultant tangential drag on unit area of the gas imme- 
diately below PP' is given by 

^•mCFi-Fs). (6-9-5) 


By definition this is FJA in (6*9-1). From this and (6*9-2) the 
viscosity of the gas comes out to be 


V = 


pVmK ^ 

3 


(6*9-6) 


The deduction of this fundamental relationship given above is 
somewhat crude and the standard kinetic theory texts^ should be 
consulted for a more elaborate treatment. Our purpose has been 
to bring out the fundamental role played by the transfer of momen- 
tum. If we employ (6*7-9) and (6*8-11) the relation (6*9-6) 
takes the form 

VskmT 


This indicates that the viscosity of an ideal gas is independent of 
the pressure and hence also of the density, a prediction first made 
by Maxwell and experimentally verified by him over a wide range 


» Cf. Loeb, op. 180 ff. Also E. H. Eennard, 

Gases ” (McGraw-Hill, New York, 1938) p. 138 £F. 


" Kinetic Theory of 
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of values. ‘ The temperature dependence has also received ample 
verification. It is of value to emphasize that the above result in 
no way depends on any assumed forces of interaction between 
molecules. 

A number of striking numerical results can be readily obtained 
from the equations of this section and the preceding one. Thus 
using the experimental value of j? for hydrogen at 0° C. as 8.41 X 
10~® gm/cm sec we can calculate the mean free path of the hydrogen 
molecule at 0° C and atmospheric pressure. We have 

Stj 3 X 8.41 X 10-5 

X = — = — cm, 

8.99 X 10-5 X 1.83 X 105 

= 1.53 X 10-5 cm. 

This gives one a good idea of the order of magnitude of X. From 
this the average number of collisions experienced by a hydrogen 
molecule per second can at once be obtained. Thus 

1 QO y 1Q5 

= 1.53 X 10-5 = 1-20 X lO^Osec-h 

Lastly we may obtain some conception of the size of a molecule 
from eq. (6*8-11). For 



and taking n == 2.705 X 10^® as the number of molecules per cm* 
(by Avogadro’s hypothesis this is the same for all gases at the same 
temperature and pressure),^ and using the given value above of 
X we have approximately 

D = 2.4 X 10-* cm. 

There have been many estimates of the size of molecules on the 
kinetic theory, as the reader will find by an examination of texts 
on this subject. The interesting fact is that they all agree, so far 
as order of magnitude is concerned, with the foregoing result, 
which thus seems to have fundamental significance. Of course, 

1 At very high densities (e.g. 100 atmospheres) this result no longer follows 
and the viscosity increases more or less in proportion to the density. A 
similar result obtains at very low densities. (Cf. Kennard, op, at, p. 160). 

2 E- T. Birge, Probable Values of the General Physics Constants.” 
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we must be careful not to think of this necessarily as the diameter 
of a solid sphere. Modem physics has a great d#al to say about 
the structure of molecules and the atoms which are their constit- 
uents. We have already had occasion to note the Bohr-Ruther- 
ford theory of atomic structure. On this point of view the atom 
and molecule have very open structures, so that the quantity 
represented by D will here presumably have some connection with 
the spatial separation of the component parts. 

640. Viriai for Interaction Forces. Kinetic Theory of a Real 
Gas. In our discussion of the kinetic theory of Secs. 6*7 and 6*8 
we have confined our attention entirely to an ideal gas of freely 
moving particles with no interaction forces between them. The 
discrepancy between the results obtained (e.g. the equation of 
state) and experimental formulas has been largely attributed to the 
existence of just such forces. It may be worth while to note their 
contribution to the viriai of a collection of particles. Reverting 
to the general definition of the viriai in (6-6-7), if Fy has the form 
(6*5-4), we get for N particles 

_ 

^2 = -I i: /(r,vb)r,& • ry, (6*10-1) 

j,k^l 

where both j and k are summed from 1 to W but the terms cor- 
responding to j = fc are, of course, omitted. The sum consists of 
pairs of terms of the form 

firjk) (ry - Yk) - ry + /(r^^y) (r^ - ry) * r* 

= ( 6 * 10 - 2 ) 

Hence the contribution of these forces to the viriai becomes 

_ ___ _ 

0 = -i Z fir,-k)rjk\ (6*10-3) 

y<^ = l 

Consequently the complete equation of state will not be (6*7-11) 
but rather 

pFo = Afcr + | z /(7'i&)ryA^ (6*10-4) 

If we knew the precise character of the interaction force, i.e., the 
function /(rjvt), and could evaluate the sum in the second term on 
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the right in (6-10-4), we should possess a theoretical deduction of 
the equation of state of a real gas. However, we do not know the 
precisely and even if we make various plausible assumptions 
the mathematical evaluation of the sum is practically impossible 
in anything like simple analytical terms. Certain approximate 
methods lead from (6-10-4) to the famous Van der Waals’ equation 
of state 

{v -h (Fo -h)= NkT, (6-10-5) 

but for the discussion of this deduction the reader is referred to 
the standard treatises.^ 

PROBLEMS 

1. An automobile of mass 2 tons traveling due south at 50 mi/hr collides 
at an intersection with a 5-ton truck traveling due east at 30 mi/hr. Assuming 
that the two cars lock together after impact, what is the velocity in magnitude 
and direction after collision? What is the velocity (magnitude and direction) 
of the center of mass of the two cars before and after collision? Calculate the 
total kinetic energy of the cars before and after collision and comment on the 
physical meaning of the result. 

2. An alpha particle is projected from position Xi in the positive x direction 
with speed At the same instant another alpha particle is projected from 
position X 2 {x 2 > Xi ) in the negative x direction with speed Describe the 
subsequent motion of the two particles. 

3. Two particles of masses mj and m 2 respectively move in arbitrary 
fashion. Prove that the total moment of momentum of the system about the 
center of mass is a vector at right angles to the plane containing the line joining 
the instantaneous positions of the particles and the instantaneous relative 
velocity Vr of the two particles and has the magnitude 

( mim2 \ 

; ) • pVr, 

Ml 4-^2/ 

where p is the perpendicular distance from one of the particles to the line 
through the other particle having the direction of v^. 

4. The two particles in an Atwood’s machine have masses mi and m 2 grams 
respectively and the two strings are separated by a distance r. If the system 
is allowed to move from rest when the two masses are at the same height h from 
the floor, find the position of the center of mass after t seconds. Also find the 
kinetic energy and potential energy (with respect to the floor) of each particle 
at the end of the ^ seconds. 

1 A simplified version is found in lindsay, “ Physical Statistics/’ p. 96 ff. 
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5. A shell is observed to explode when at the highest point of its path. It 
splits into two parts of equal mass of which one is observed to fall vertically. 
Find the path followed by the other with respect to the ground. 


6. Two particles of masses mi and m 2 respectively move in arbitrary 
fashion. If Vc is the velocity of the center of mass and v the relative velocity 
of the two particles with respect to each other show that the total kinetic 
energy of the system is 


~ (mi + m2)vc^ + 


2 \mi + m 2 ) 


7. Calculate the position of the center of mass of the system composed of 
the sun and the planet Jupiter. Compare the kinetic energy of the system at 
perihelion with that at aphelion. 

8. Two particles of masses mi and m 2 respectively move about each other. 
Calculate the exact expression for the periodic time, i.e., the time for one com- 
plete period of the motion. 

9. Two particles which move subject only to their mutual attraction are 
projected in any direction with any velocities. Show that the hne joining the 
particles always remains parallel to a fixed plane. 

10. A uniform chain 2 meters long hangs over a perfectly smooth peg with 
initially 110 cm on one side and 90 cm on the other. How long will it take the 
chain to slide off the peg and what velocity will it have at that instant? 

11. A sphere of radius E contains an ideal gas. Derive the expression for 
the virial due to the impact of the molecules on the surface of the sphere. 

12. In the Bohr model of a single electron atom (see 3.9) the electron is 
assumed to possess a quantized moment of momentum (also called angular 
momentum) given by 

'pQ = ubKIZt, 

where ne is an integer. Suppose that the electron also possesses a spin about 
an axis through itself. Let this spin correspond to another quantized moment 
of momentum 

Ps = nJi/2Tr, 


where is integral. Recalling that the moment of momentum is a vector 
quantity, find the magnitude of the resultant moment of momentum of a 
spinning electron revolving in a quantized orbit if the two moments make 
angle 6 with each other. If the resultant moment of momentum is restricted 
in magnitude to nhfZTr where n is half-integral, show that 6 may not take on 
all values. Find the allowed quantized values of d and specialize to the case 
where = =fc|, 71 ^ = 1 and n — |. 

13. A stationary nucleus of mass m is struck head on by a neutron of mass 
mn moving with velocity vq. If the collision is perfectly elastic, find the expres- 
sion for the recoil velocity of the nucleus. How could this equation be used 
to determine the mass of the neutron, even if the velocity Vq is not known? 
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14. Compare the root mean square velocity of hydrogen molecules at 
temperature 300° K with that at liquid air temperature and at the temperature 
of the sun. Carry out similar calculations for a number of other gases. Indi- 
cate the reason w^hy there is little or no hydrogen in the earth^s atmosphere. 

15. Determine the dependence of the mean free path of an ideal gas on the 
pressure and temperature. Calculate the mean free path in hydrogen at 100° C 
and a pressure of 10“® atmosphere. 

16. The mass of an electron is 9 X lO"’^^ gram. Assuming a gas composed 
entirely of electrons, calculate their root mean square velocity at T = 300° K, 
Compare the pressure they would exert on the walls of a container with the 
pressure that hydrogen molecules at this temperature would exert on the walls 
of an identical container, if the concentration of particles is the same in both 
cases. 

17. Calculate the value of i2, the gas constant per gram molecule. Use this 
to compute the specific heat at constant volume for a number of monatomic 
gases (e.g., rare gases). 

18. Derive the expression for the quantized energy of the two-particle 
system composed of an electron and a nucleus revolving about their common 
center of mass (cf. Sec. 44 for the equivalent one-particle problem). 
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7-1. Definition of a Rigid Body. Tj^es of Motion. Chapter VI 
was concerned with the motion of an aggregate of material particles. 
An important special case is that in which the forces of interaction 
of the particles are such that the distance between any two particles 
remains constant in time. The aggregate is then called a rigid 
body. Since the interaction forces in actual solids, though strong, 
are finite and all such solids can be deformed by sufficiently strong 
external forces, it is clear that there exist no really rigid bodies. 
Nevertheless, many bodies act sufficiently like the ideal rigid body 
just defined to make the study of their motions and general be- 
havior a significant branch of mechanics. 

The general theorems established in the preceding chapter may 
be applied at once to rigid bodies. But certain simplifications are 
apparent since the possible types of motion are restricted. If one 
point of the body is fixed with respect to the primary inertial 
system, the only possible motion is that in which every other point 
moves on the surface of a sphere whose radius is the invariable 
distance from the moving point to the fixed point. If two points 
of the body are fixed, the only possible motion is that in which all 
points save those on the line joining the two fixed points (extended, 
of course) move in circles about centers located on the line. 
Finally if three points of the body not in the same straight line 
are fixed, it is unable to move at all, and its position is completely 
determined. 

Motion of a rigid body in which one point is kept fixed or two 
points are kept fixed is known as motion of rotation. This is 
simpler than the general motion of the body when no point is kept 
fixed. Nevertheless, there is a special case of the latter which is 
elementary, namely, that in which all points of the body move in 
the same direction at any instant with the same velocity and 
acceleration. This is called motion of translation. The reader is 
advised to take a meter stick or similar object and exemplify to 
himself these two types of motion. They are the most important 
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types of motion of a rigid body, since it can be shown that every 
displacement of a rigid body can be considered as a combination 
of translations and rotations. Consider Fig. 7-1 and suppose the 
problem is to get the rigid body shown schematically there from 
position I to position III in which three points of the body which 
were originally at positions A, R, C now appear at A', C\ First 
translate the body so that A moves to A', its new desired position. 



Then from the definition of translation, AJ5 will become A'R", 
where A'B" is parallel to AR, and likewise A'C" is parallel to 
AC, and R"C" is parallel to RC. Now holding A' fixed, rotate 
the body so that R" coincides with R', the desired final position 
of R. Without moving A' or R' it will now be possible to make 
C" coincide with C', the desired final position of C, since the 
triangle A'R'C' is congruent to the triangle A'R"C". Hence it 
has been possible to go from the original to the final position by 
a translation followed by a motion in which one point remains 
fixed, i.e. a rotation. 

The translation of a rigid body will be given by the translation 
of any point in it, e.g., the center of mass (Sec. 64). Hence the 
mechanics of particle motion will take care of this, and we need 
not consider it further. In what follows we shall concentrate on 
rotation. 

7-2. Rotation and Angular Velocity. Let us consider an axis 
OA fixed in space (cf. Fig. 7*2) either in the rigid body or outside 
it. From the definition given in the preceding section, if the body 
rotates about OA, it means that any point of the body such as P 
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moves in a circle with center B on the line OA (extended if neces- 
sary), where B is the normal projection of F on OA. Let r be the 
position vector of P relative to 
0 as origin. Then the circle 
of motion of F lies in a plane 
perpendicular to the plane of 
r and the axis OA. The ve- 
locity of P, namely, f, always 
lies in the plane of the circle 
and hence is perpendicular to ^ 
the plane AOF. In time dt, 7*2 

F moves through the arc 

\i\dt But this equals the radius BP(== rsind) multiplied by 
the angle through which BP moves. Call the latter d(t>. We 
then have 

1^1 dt - rsind • d4>j (7*2-1) 

or 

I 1 d(ii 

(f| = r sin ^ = TO) sin (7*2-2) 

dt 

where w^e have written w for d<i)/dt If we revert to Sec. 6*4 (eq. 
6-4-1) we see that it is reasonable to interpret rco sin 6 in eq. (7-2-2) 
as the magnitude of the cross product of the position vector r with 
a new vector of magnitude w whose direction makes the angle B 
with r, in such a way that f is perpendicular to the plane of the 
new vector and r. If the new vector lies along OA and is directed 
from 0 to A, it will fulfill these requirements precisely. We shall 
call it the instantaneous angular velocity of the rigid body (it is 
the same for every particle by virtue of the definition of rigid body) 
and represent it by g). The vector formulation corresponding to 
(7*2-2) then becomes 

^ = 6> X r. (7*2-3) 

The connection between the definition of angular velocity w for 
a rigid body as given here and the definition of angular speed of 
a particle moving in a circle as given in Sec. 1*4 should be carefully 
noted. , 

It can be shown that as defined above possesses the usual 
properties of vectors (cf. Sec. 1*3). In particular the resultant of 
two angular velocities passing through the same point is found by 
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the customary parallelogram rule. Hence we can always 
•e any angular velocity 6> into rectangular components w*, 
such that 

(*) = icOa; + 4“ kcOs. (7*2-4) 


It is well to emphasize that the vector property of angular velocity 
is not shared by a finite rotation, even though the latter can be 
given a direction and a magnitude. It is not therefore customary 
to consider a finite rotation as representable by a vector. 

The time rate of change of angular velocity is termed the angular 
acceleration. Thus 


7*3. Rotation about a Fixed Axis. The simplest case of rotation 
of a rigid body is that of rotation about an axis fixed in space. We 
suppose the axis chosen as the z axis of an appropriate system of 


coordinates and indicate the trace of the rigid body in the xy plane 
in Fig. 7-3. Consider the mass particle m* in this plane with 
coordinates Xi, yi (such that = Xi^ + yi^). Suppose the force 
Fi acts on the particle in the xy plane and let its x and y components 
respectively be Fix and Fiy. These produce a force moment or 
torque (cf. Sec. 64) about the z axis with magnitude equal to 
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whence 

' '~~'TiO) Sm 6% 2/i ~ COS di — Ci)Xi. (7*3““3) 

Note that w = Bi is independent of i because of the rigidity. If we 
substitute from (7*3-3) into (7-3-1) we get 

Li = ~ [a)mi{Xi^ + yi^)] = ^ [camiTi^], (7*3-4) 

Let us now sum over all the particles of the body and arrive at the 
magnitude of total torque about the z axis. We have a right to 
sum because all the individual torques are vectors directed along 
the z axis. Thus 

L = T.Li = (7-3-5) 

Note the quantity which is formed by multiplying the mas s 

i 

of each particle by the square of its distance to the 2 axis or axis of 
rotation. W e call this the moment of inertia of the rigid body about 
the 3 axis and denote it here simply by I. Eq. (7-3-5) then 
becomes 

t - I W. (7-3-6) 

The formal analogy between this and Ne^vton’s second law (1-7-5) 
is very striking, and it is not surprising that J<o is known as the 
angular momentum about the fixed axis. As presented here for the 
special case of rotation about a fixed axis it is a scalar quantity. 
We shall generalize the definition somewhat later. 

If the body is really rigid, I is independent of time and (7-3-6) 
becomes 

L = Ja, (7.3_7) 

whose analogy with F = ma is worthy of notice. 

Still restricting ourselves to the fixed axis, let us calculate the 
work done by the forces F< on the rigid body. If the particle at 
(a:,-, yi) makes a displacement with components dxi and dy,-, respec- 
tively, the work done is clearly 

dW i = Fix dxi + Fiy dyi. 


(7-3-8) 
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But we have from (7-3-2) 

dxi= —rismdidd= —yidd, 

dyi = Ti cos di dB = Xi dd. 


(7-3-9) 


Here we replace ddi by dd since, when the rigid body rotates about 
the fixed axis, all particles move through the same angle for a 
given displacement. Substituting into (7-3-8) yields 


dWi = (xiFiy - y iFire) de = Li dd. (7-3-10) 


Hence the work done on the whole body during a rotation from 0o 
to di becomes 

W = r ZLi dd = f'~ (Iw) dd. (7-3-11) 

Jdo Jdo at 

If I is constant, this results in 

J noii 

f Jeodeo = iW - (7-3-12) 

m 

where coo is the initial angular velocity magnitude, i.e., that cor- 
responding to the initial angle and coi is the final angular velocity 
component. The analogy between (7-3-12) and the work- 
kinetic energy theorem for the motion of a particle (eq. 140-20) 
is clear. We naturally refer to 7coV2 as the kinetic energy of 
rotation, and eq. (7*3-12) is called the work-kinetic energy theorem 
for rotation. The units of are the same as those of mv^l2. 


7*4. Moment of Inertia Calculations. Since the moment of in- 
ertia is such an important quantity in the motion of rigid bodies 
we ought to devote some attention to its calculation in special 
cases. As we have already seen, if we consider the body in ques- 
tion to be a collection of discrete particles of masses mi, m 2 , . . . , m«, 
rigidly connected, the moment of inertia about the given axis of 
rotation is 

n 

7 = Z (7-4-1) 

i=l 


where rj is the perpendicular distance from the mass to the axis. 
In most eases arising in practice, however, the body is a continuous 
distribution of mass and for the actual calculation of 7 the summa- 
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tioa in (74-1) must be replaced by the corresponding integral 
extended over the whole body, viz.: 

I = J'r^dm = J'pr^dVf (74-2) 

where dF is an appropriately chosen volume element, p is the value 
of the density of the substance composing the body at the element, 
and T is the perpendicular distance from the element to the axis. 
The determination of I then reduces to the mathematical problem 
of evaluating a definite volume integral. The ease with which this 
is accomplished in a given case depends largely on the appropriate 
choice of dm or dF. 

Let us take first a very simple illustration. Find the moment 
of inertia of a homogeneous solid rod of constant linear density pi 
(grams/cm, say) and of length I about an axis perpendicular to the 

Ai 


A' 




-X 


dx 


Fig. 74 


rod through one end (Fig. 74). In the figure, OL represents the 
rod and AOA^ the axis. We choose the x axis of a rectangular 
system along OL extended with the origin at 0. The mass element 
here is clearly 

dm = pidx, 

and hence 




pix^ dx 


m.-, 


( 74 - 3 ) 


where pi I has been replaced by mi, the mass of the rod. 

There is a simple but important interpretation of the result em- 
bodied in (74-3). We note at once that the behavior of the rod, 
in so far as its rotation about the axis AOA^ is concerned, may be 
studied by replacing the rod by a particle of mass mi/S whose dis- 
tance from the axis is I, or by a particle of mass mi whose distance 
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from the axis is Z/'v/S. Ordinarily greater significance is attrib- 
uted to the latter type of replacement. The distance Z/Vs is 
called the radius of gyration of the rod with respect to the axis 
of rotation. We may immediately generalize this definition by 
setting in all cases 


k 


where k is the radius of gyration of the rigid body of mass m, whose 
moment of inertia about the axis in question is J. 

Coming back to the solid rod, if we were to calculate the value 
of / about a perpendicular axis through the center of the rod (i.e., 
in this case the center of mass), we should have 


Ic 




+1/2 p 

Pix^ dx = mz — - 
1/2 12 


It is seen that we have the relation 

I — Ic + Ml 


lY 


(74-5) 


(74-6) 


This is a special case of a general law called the theorem of paral- 
lel axes. We may state it as follows: The mofnent of inertia of 
a rigid body about any axis is equal to the moment of inertia about a 

'parallel axis through the center 
of mass plus the product of the 
mass of the body and the square 
of the perpendicular distance 
between the two axes. Let us 
prove the theorem for the gen- 
eral case. Consulting Fig. 7 *5, 
we shall take the z axis as the 
axis of rotation and let C with 
coordinates Xj y, z he the cen- 
ter of mass. Treating the 
body as a set of mass parti- 
cles, let us suppose that a 
particle m* with coordinates Xi, yi, Zi in the original system has 
the codrdinates z/ when referred to a set of parallel axes 

through C. Now since ^ Y = s' = 0, we must have 

J^miXi =^YE,mfyl = = 0 , 



Fig, 7-5 


(74-7) 
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from the definition of center of mass (Sec. 6-1). By definition the 
moment of inertia about the z axis is 


But 


I = + yf). 

Xi = a:/ + X, 2 /j = yf + y, 


(74-8) 


and hence 

I = + {x^ + y^)J^mi + 2x^miCi + 2y2)m»y/. 

(74-9) 


Now the last two terms in (74-9) vanish by virtue of (74-7). 
Then 2mi is the total mass of the body, while y^^ 1% 
where I is the perpendicular distance between the z and z' axes. 
Zlmi(a:/2 + y/^) is the moment of inertia with respect to the z' 
axis (i.e., axis through center of mass parallel to the 2 axis). 
Hence in general 

I = Ic + ml\ (7-4-10) 


To continue our brief discussion of the calculation of I in special 
cases, let us compute the moment of inertia of a homogeneous 



elliptical disk of mass m, superficial density o-, and semi-axes a and 
h, about the two axes respectively (Fig. 7-6). 

If the X and y axes are chosen along the major and minor axes 
respectively the equation of the ellipse is 


x^. 

a® 


+ 


6 ® 


1 . 


(7-4-11) 


First let us calculate I about the minor axis. Taking a strip of 
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width dx at distance x from the origin, we find its mass is 2 < 7 y dx 
and its moment of inertia about the y axis 

2(yyx'^ dx. 

Hence the total moment for the whole disk is because of symmetry 

4cr6 r°’ / 

x’^y dx = x’^'va^ — x'^ dx, (74-12) 

utilizing eq. (74-11). From Peirce's tables (No. 145) the in- 
tegration is readily carried out, yielding 


ly = irah = 771 — i 

4 4 


(74-13) 


where we have placed m = orwab, the area of the ellipse being wab. 
Similarly the moment of inertia about the major axis is 


r 

Ix = m-- • 
4 


(74-14) 


As a final illustration let us take a solid body, say a sphere of 
radius a and calculate the moment of inertia about a diameter. 



The equation of the sphere with center at the origin is x^ + y^ + 
= a^. Consider the octant shown in Fig. 7*7 and cut out the 
slice of thickness dx at distance x from the yz plane. If now we 
can find the moment of inertia of this slice or rather the whole 
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circular disk of which this is one quadrant, about the x axis (i.e., 
perpendicular axis through the center), we can calculate the total 
moment by integration with respect to x with limits ~ a and +a. 

Let us consider then the 
case of the circular disk of 
radius R. As mass element 
(Fig. 7*8) take the ring of 
radius r and thickness dr. 

The superficial density being 
(Tj we have 

X R m 

dr = — 

4 

= imR% (74-15) 

if m is here the mass of the 
disk. 

We now utilize the foregoing 
result in the problem of the sphere. The radius of the disk in 
question is V ~ x^ and its mass is pdx so that 

the moment about the x axis is from (74-15) 

^ • 7rp(a^ — x^y dx. 

Hence the total moment is 

d = '^pj^ dx 

Sa^ 

= (7-4-16) 

Now the mass of the sphere is 

m = 

and hence we may write 

I = fma\ (74-17) 

The following table includes the values of the moment of inertia 
for a number of special cases which are likely to prove useful to the 
student. 
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Moment op Ineetia of Vahious Bodies 


m “ mass of the body 


Body 

Thin rectangular sheet of sides 
a and b 

Thin rectangular sheet of sides 
a and b 

Thin circular sheet of radius r 

Thin circular sheet of radius r 

Thin circular ring. Radii n 
and Ti 

Thin circular ring. Radii n 
and f 2 

Spherical shell, very thin, 
mean radius, r 

Thin cylindrical shell, radius 
r, length I 

Right circular cylinder of 
radius r, length I 
Right cone, altitude h, radius 
of base r 

Spheroid of revolution, equa- 
torial radius r 
Ellipsoid, axes 2a, 26, 2o 

Uniform thin rod 

Uniform thin rod 

Rectangular prism, dimen- 
sions 2a, 26, 2c 
Sphere, radius r 

Rectangular parallelepiped, 
edges a, 6, and c 

Right circular cylinder of 
radius r, length I 

Spherical shell, external radius 
fi, internal radius r 2 
HoUow circular cylinder, 
length I, external radius n, 
internal radius r 2 
Hollow circular cylinder, 
length If radii n and r 2 
Hollow circular cylinder, 
length I, very thin, mean 
radius r 


Axis 

Moment of Inertia 

Through the center paral- 



iel to 6 

”12 


Through the center per- 

a® + 62 


pendicular to the sheet 

12 


Normal to the plate 

y2 


through the center 



Along any diameter 

y.2 

™4 


Through center normal 

ri® -f r2® 


to plane of ring 

m 2 


A diameter 

ri® -{- 

m — - 

4 


A diameter 

2r2 


Longitudinal axis 

mr^ 


Longitudinal axis 

7*2 

“2 


Axis of the figure 



Polar axis 

2r2 
m ^ 


Axis 2a 

(62 + c2) 

5 


Normal to the length, at 



one end 

3 


Normal to the length, at 

— 


the center 

12 


Axis 2a 

(6® -j- c®) 
“ 3 


A diameter 

2 

m-zT^ 

o 


Through center perpen- 

a® ri* 6® 

W 


dicular to face ah (par- 

12 


allel to edge c) 

/r® , 


Through center perpen- 

1 

dicular to the axis of the 

V4 ^ 12> 


figure 



A diameter 



5 (n^ — f2®) 

Longitudinal axis 

A 


Transverse diameter 


±1 


L 4 ‘ 

12j 

Transverse diameter 

KS+S) 

: 
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7*5. The Physical Pendulum. An interesting practical illus- 
tration of the motion of a rigid body about a fixed axis is provided 
by the oscillations due to gravity of a body suspended from a 
fixed horizontal axis. This is the so-called physical or compound 
pendulum (Fig. 7-9). In order to apply the analysis of Sec. 7-3 
to this problem, it is necessary to calculate the total torque about 
the axis of suspension through 0. 
center of mass of a collection of 
particles is the point which moves 
as if all the mass were concen- 
trated there and as if all the exter- 
nal forces acted there. In the 
present problem the external 
force acting is the force of gravity 
on every particle of the body. To 
think of all these forces acting at 
the center of mass is to suppose 
that the whole weight of the body 
mg acts at the center of mass. 

This enables us at once to calcu- 
late the resultant torque about 0. 

Assume that the center of mass (cf. Sec. 7-8 for calculations of the 
position of the center of mass of continuous aggregates) is at C, 
distant I from the axis of suspension. 

The resultant torque about the axis for any displacement 6 has 
therefore the magnitude 


In Sec. 6*1 we learned that the 

I 



L = mglBme. ( 7 * 5 - 1 ) 

If we denote the radius of gyration about the center of mass by fe, 
the moment of inertia about the axis of suspension by the paral- 
lel axis theorem is J = m(^c^ -j- P). Hence the fundamental eq. 
(7*3-6) takes the form 


or 


—mgl sin B 1^)6, 

e ^ ^ 

+ P 


(7*5-2) 


Now for small displacements sin B and hence if we confine our- 
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selves to such, we have 


(7-5-3) 


We have met this equation before (cf. Sec. 2-2). It is indeed the 
equation of simple harmonic angular motion and the solution is 


6 A 


sin 

cos. 


(a/p + 


(7-5-4) 


so that the frequency of the motion is 

rzi 

27r A/ + P 


(7-5-5) 


or expressed directly in terms of the moment of inertia I 


V 


_ 1 _ 



(7-5-6) 


The amplitude A is arbitrary within the limits of the assumption 
of small displacements. The arbitrary constant B is the initial 
phase. Both A and B must be determined by the initial conditions 
of the motion. 

A special case of significance is that in which the whole mass of 
the body is concentrated at the point (7, and the rest of the body 
is replaced by a theoretically massless cord of length li connecting 
C to the point of suspension. Then 1 = at once, and we have 




g sin 6 


(7-5-7) 


which under the same approximation as before yields 


^ = A \ 
cosj 



(7-5-8) 


where the frequency and period of the motion are respectively 



(7-5-9) 
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Such a pendulum is called a simple pendulum. From (7*5~5) and 
(7‘5-9) we see that the period ,of the physical pendulum with 
moment of inertia I and distance from the center of mass to the 
point of suspension Z, is equal to the period of a simple pendulum of 
length Zi, where 


ml I 


(7*5-10) 


The length k satisfying this condition is called the length of the 
equivalent simple pendulum. This means that if we extend the 
line OC in Fig. 7*9 to a point G on the other side of C such that 
OG == lij then a simple pendulum with length k will have the same 
period as the actual physical pendulum. The point G has long 
been known as the center' of oscillation. We note that since k 9 ^ 0 , 
G lies on the opposite side of C from 0. Moreover, suppose we 
were to suspend the body by the point G; the new moment of 
inertia about the axis of suspension would be 

r = mk^ + m(li — ly 

= mk^ + 'iuli^ + mP — 2 mlil. 


But since Ik = k^ + P, the above reduces to 

r = miy — m(k^ + P) 


mlP 

If 


{k^ + P), 


(7*5-11) 


so that the frequency of the resulting motion is 



'^g(k - 1) 


\mk^ 

If 


{k^ + P) 


- I 

27r \/b2 + Z2' 


(7*5-12) 


which, however, is precisely equal to v from eq. (7*5-5); in other 
words the frequency is the same whether the body is suspended 
from axes passing through 0 or G, the center of suspension or center 
of oscillation. These points are thus interchangeable. It is not 
difficult to show that a blow transverse to the line OG at G transfers 
no momentum to the axis of suspension at 0. Hence G is also 
called the center of percussion. 

To revert to eq. (7*5-10), if the frequency is given, the length 
of the equivalent simple pendulum is fixed and hence (7*5-10) is 
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a quadratic equation in Z. Solving we have 


Zl ± 


( 7 - 5 - 13 ) 


there are then two values of I corresponding to each frequency, viz., 

Zl - VzT 


V = 


Zl + VZi^ - 


and V' = 


4fc2 


Consequently 


2 2 
for any body there are two possible distances from the center of 
mass such that suspension at points at these distances yields the 
same frequency. It is a fact of considerable importance that the 
period and frequency of the simple pendulum are independent of 
the mass of the pendulum bob and of the substance of which the 
latter is made. This recalls a historical matter of some interest, 
namely the experiments of Newton using the pendulum to show 
that gravity gives the same acceleration to all rigid bodies inde- 
pendently of shape, constitution or mass. We must remember, 
however, that in any actual experiment the observed frequency 
will be influenced by a number of factors not accounted for in the 
simple theory presented in the previous section. Thus the air 
will provide a certain resistance to the motion (cf. Sec. 2*6). More- 
over, changes in temperature will affect Z, and the finite size of the 
amplitude necessitates corrections to the simple assumption in- 
volved in sin 0 ^ (see Sec. 8-1). 

One of the most interesting physical uses of the pendulum is 
the evaluation of g, the acceleration of gravity. Consulting eq. 
(7*5-10) and combining it with (7-5-9) we have 


k^ + P 


IP^g 


whence 


g 


4:T^ 

4:7r^k^ + P) 
PH 


(7-5-14) 


in terms of experimentally observable quantities. Of course the 
implication is that ¥ can be calculated from a geometrical knowl- 
edge of the body concerned. Since this is often difficult to carry 
out exactly, it is perhaps better to use two different axes of sus- 
pension, corresponding to the two values of Z, viz., and Zb, with 
corresponding periods, Pa and Pb respectively. Then in place 
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of (7 '5-14) we have the two equations 


+ Ia^ = 


IaqPa^ 




¥ + Ib^ = 


hgPB^ 

4^2 


whence elimination of k gives finally 


IaP — IbPb^ 


(7-6-15) 

(7-5-16) 


(7*5-17) 


A pendulum used in the above fashion is called a reversible pen- 
dulum. It was used by Kater in a careful determination of g. 


7*6. Plane Motion of a Rigid Body. Next to rotation about a 
fixed axis the most simple case of motion of a rigid body is that 
in which all its particles move in planes parallel to a fixed plane. 
This will in general involve both translation and rotation. As a 
special case consider the rolling under gravity of a homogeneous 
right circular cylinder down a per- 
fectly rough plane, on which no 
slipping can take place. The situ- 
ation is schematically depicted in 
Fig. 7*10, which shows the cylin- 
der of mass m and radius a in con- 
tact with the plane at A. The 
inclination of the plane to the hor- 
izontal is 6. The forces acting on 
the cylinder are the weight mg 
acting at the center of mass 0, 
the reaction R of the plane acting 
normally to the plane at A, and Fig. 7*10 

the force of friction F, acting up 

the plane if the cylinder rolls down. When the cylinder rolls the 
center of mass 0 translates, while the particles composing the 
cylinder rotate about 0. The motion therefore is a combination 
of translation and rotation which, as we have already seen (Sec. 
7*1), is true in general for rigid bodies. We are therefore led to 
suppose that we can legitimately treat the two motions separately 
(cl Secs. 6*3 and 7*7). 
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If we denote the displacement of the center of mass parallel 
to the plane by Xj its equation of motion becomes 


mx 


mg sin Q — F, 


( 7 - 6 - 1 ) 


Now the resultant torque about 0 is due w'holly to F, and we have 
therefore for the rotational motion about 0, 


Fa = la^ 


( 7 * 6 - 2 ) 


where I is the moment of inertia about the axis of the cylinder, 
and a is the angular acceleration about this axis. 

Next we note the purely kinematic relation 

= aa, ( 7 - 6 - 3 ) 

The combination of (7-6-1), (7*6-2) and (7-6-3) yields at once 

(7-6-4) 


X = 


mg sin d 
m + I/a^ 


But from Sec. 7-4 we know that the moment of inertia of a homo- 
geneous right circular cylinder about its axis is ma^l2. Hence 
the acceleration of the center of mass becomes 


^ = Ip sin e, 


(7-6-5) 


whose relation with the acceleration of a sliding object of an 
inclined plane should be carefully noted, as well as the fact that 
the dimensions or constitution of the cylinder nowhere appear in 
the formula. 

It is interesting to observe that the problem of the rolling 
cylinder can also be solved by energy considerations. Conserva- 
tion of energy dictates that the gain in kinetic energy of the rolling 
cylinder shall be equal to the loss in potential energy. Here we 
must, however, remember that the kinetic energy consists of two 
parts, i.e., kinetic energy of translation of the center of mass and 
kinetic energy of rotation about the center of mass. If, for 
simplicity, we suppose the cylinder starts from rest and rolls a 
distance x through a vertical drop A = x sin e, the energy equation 
takes the form 

imv^ + = mgx sin 0. 




(7-6-6) 
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Once again we have the kinematic relation between v and w, viz., 


Hence 


V — coa. 


(7-6-7) 


2 2mgx sin 6 
m + I/a^ 


2x • sin 6, 


(7*6-8) 


If we recall Sec. 2*1, it is clear that the constant acceleration of the 
center of mass is once more 

X = ig sin 0. 


7*7. General Equations of Motion of a Rigid Body. Having so 
far studied the nature of the motion gf a rigid body and examined 
some special illustrations of a simple character, we now find it 
advisable to set up the equations of motion in genera* form. 
Actually these are included in the general equations for a collection 
of particles as treated in Chapter VI, but we shall repeat as much 
of the former analysis as seems necessary to give a complete 
account. 

We shall agree that the translation of the rigid body is given by 
the motion of some point in it and take this as our origin. We are 
therefore here principally interested in the rotation of the body 
about this point. As we have seen in Sec. 6*3, the instantaneous 
moment of momentum about this origin of the jth particle in the 
body is given by 

Tj X nijij. 


But since the motion is that of a rigid body about the origin, we 
can at once replace tj by co X Tj from (7-2-3) and write for the 
total moment of momentum of the rigid body about the origin the 
vector 

n 

M = Z mjti X (« X r,), (7-7-1) 

3 =1 

it being supposed that there are n particles in the body. The 
fundamental equation (6-4-10) still applies and hence we may write 

M = L, (7-7-2) 

which says that the time rate of change of the total moment of 
momentum, now to be renamed the angular momentum of the 
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rigid body, about the chosen origin is equal to the resultant torque 
of all the forces acting on the body about the chosen origin. This 
is the fundamental equation of rotational motion of the rigid body. 

Let us look a bit more carefully at M, From (7*2-4) and the 
fact that tj = Ixj + jyj + we can expand q X ry and get 
(cf. 6*4-4) 

6> X ry = (io3^ + -f koJe) X (hj + jyj + k^i) 

= i{o>yZj — 03, yj) + i(03,Xj — 03xZj) + k{o3xyj ~ OOyXj), 

Therefore 

Tj X X ^y) ^ i[y; '^xyj ^2/^j) Zj(o3z^3 ^®^i)] 

“h ^zyi) ^jis^xyj 03yXj^] 

"f“ )^Xj{<j3zXj 03xZj^ yjis^yZfj ^^2//)]* (7*7—3) 

This leads to the following expanded expression for the angular 
momentum 

M = + 2/) - UyJ^nijXjyj — uJ^nijXjZj] 

+ + s/) — 

+ k[-Ux'EmjXjZj — (ay'E.m.jyjZj + + 2 //)]. (7-7-4) 

By the introduction of simplifying notation we may write this in 
the form 

-M r(wa;7®a: xy 

-f- j( (OxTyx -f- 0)ylyy O^zlyg') 

"h h( <^x^zx zy "h <^zlz^) (7*7—5) 

where evidently Ixx, lyy, Izz from their makeup are the moments 

of inertia of the rigid body with respect to the x, y, s axes respec- 
tively. The quantities Ixy, lyz, etc., are less familiar and we have 
not had to mention them in our earlier analysis. is termed the 
product of inertia with respect to the x and y axes, etc. Clearly 
we have Ixy = lyx, etc. 

Eq. (7-7-2) reduces to component equations of which the one 
corresponding to the x axis is 

O^xlxx ^yl xy ^zlxz -f” 03x1 xx “ 03yl xy — 03x1 xz ” Hxj (7*7 — G) 

whereL* is the component of the resultant torque about the a: axis. 


GENERAL EQUATIONS OF MOTION 


195 


Note that the moments and products of inertia being calculated 
with respect to axes fixed in space will in general change with the 
time. Hence the general component equations of rotational 
motion are complicated. Obviously if the motion of the rigid 
body is restricted to rotation about the fixed x axis so that osy == 

— 0 at all times, eq. 7-7-6 reduces to 

“ = Lx) 

i.e., of the same form as (7-3-6). 

We have already shown in Secs. 6-1 and 6-4 that the motion 
of a general collection of particles subject to arbitrary external and 
internal forces can be reduced to the motion of the center of mass, 
given by eq. (6*4-13) and the motion relative to the center of mass, 
given by eq. (6-4-14). This result holds, of course, for a rigid body 
as a special collection of particles. In the case of a rigid body, 
however, motion relative to the center of mass means rotational 
motion about the center of mass. Hence we can now state without 
further demonstration that the motion of a rigid body can be com- 
pletely described by: (1), the translational motion of the center of 
mass, given by the equation 

mf = F, (7-7-7) 

where F denotes the vector sum of aU the forces applied to the 
body, m is the mass of the body, and f the position vector of the 
center of mass, and (2), the rotational motion about the center of 
mass, given by 

Me = Lc, (7-7-«) 

where Me is the angular momentum measured with respect to the 
center of mass as origin, and Le is the resultant torque due to the 
applied forces about the center of mass. In other words we can 
apply (7-7-8) to the center of mass just as if it were fixed. This 
may be called the principle of the independence of translational 
and rotational motions of a rigid body already illustrated in the 
treatment of plane motion in Sec. 7*6. It focusses attention on 
the great importance of the center of mass of a rigid body and 
hence makes the determination of the latter point of considerable 
significance. Before we go on to discuss examples of eq. (7-7-8) it 
will therefore be well to give some attention to the center of mass. 
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7-8. Center of Mass of a Rigid Body. The center of mass of a 
discrete collection of particles has already been defined as the 
point with the position vector [eq. (6-1-7)] 


r = 




m 


(7-8-1) 


where Xi is the position vector of the iih. particle, and rtii is its ma sp 
The mass of the whole collection is m = We have dis- 

cussed an illustration of (7-8-1) in the two-particle problem of 
Sec. 6-3. Most rigid bodies, however, have to be considered as 
essentially continuous collections of particles and therefore (7-8-1) 
must be generalized as far as its mathematical calculation is 
concerned, though its physical meaning remains the same. From 
integral calculus we know that we can replace the limit of a sum 
such as that in (7-8-1) as the number of particles grows very large 
and the mass of each grows very small by a definite integral taken 
over the whole body. Thus, to go over to the rectangular co- 
ordinates, we must now replace (7-8-1) by 


X = dm ! ^ dm, 

y = J'y dm ^ J' dm, 

z = J' z dm ^ J dm. 


(7-8-2) 


Here dm denotes the mass of the element of volume of the body 
whose rectangular coordinates are x, y, z. Though no limits are 
indicated, it is understood that the integration is to be conducted 
over the whole volume of the body. We denote the mass m by 


J* dm. 


A simple illustration of (7-8-2) is provided by a homogeneous 
infinitely thin rod of line density p, extending along the x axis a 
distance I from the origin. We at once have y = 2 = 0, whereas 
x is calculated by taking dm = p dx, where dx is the element of 
length at distance x from the origin. We then have 




P dx — 1/2. 


(7-8-3) 


CENTER OF MASS OF A RIGID BODY 


197 


The center of mass is at the geometrical center of the rod, which 
is indeed intuitively clear from symmetry considerations. 

We are often guided by symmetry in determining the center of 
mass of a rigid body without eval- 
uating integrals. A simple example 
is a homogeneous sphere for which 
the center of mass is evidently at the 
center. We can make the general 
statement that the center of mass of 
any homogeneous rigid body lies at 
its geometrical center or center of 
symmetry. 

As another example of the general 
formulas (7*8-2) let us calculate the 
center of mass of a semicircular, ho- 
mogeneous flat plate of radius a. We 
take the axes as in Fig. 7*11. From 
symmetry the center of mass must lie on the x axis, i.e., as we 
have chosen our axes 



^ = 0 , 

Jx dm 


X = 


/ 


dm 


(7*8-^) 


Now dm = p dA, where dA is an area element and p is the super- 
ficial density which is constant here. Then x reduces to the 
center of area (or centroid , as it is often called), viz., 


I 


X dA 


(7-8-5) 


where A is the area of the plate. The problem now is essentially 
mathematical in nature: the appropriate choice of the area element 
dA and the carrying out of the integration. For example, if we 
choose as our element the strip of width dx as illustrated in the 
figure, 


dA = 2 V dx. 
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Therefore 




dx 


7raV2 


— 

3ir 


(7-8-6) 


For z we have, of course, by symmetry A/2, where h is the thickness 
of the plate. 

As a second illustration, let us consider the center of mass of a 
semicircular infinitely thin wire of uniform line density and radius 
a. With axes as before the equation of the circle with center at 
the origin is 


x^ -f 2/^ 


(7-8-7) 


In this case symmetry again tells us that the center of mass is on 
the line y = 0 (the semicircular arc being the periphery of the 
semicircle considered previously). We have dm = pds where p 
is the line density (i.e., mass per unit length) and ds is the element 
of arc of the circle. Now 


ds = “^1 + (£)' dx, (7-8-8) 


and from eq. (7-8-7) 


dx 


X 

y 


On substitution into the expression for we finally obtain 

X dx 


2 p ^ 
TT Jo \/ 


2a 


(7-8-9) 


The same result can be achieved more simply by the use of polar 
coordinates. Let us, for example, take the more general case of 
any circular arc subtending the angle 2a at the center (see Fig. 
7-12). Then ds — add and x = a cos 6, Hence 

■*+a 

a OOB 6 * add 

STTi rsi 

(7-8-10) 


i: 


X = 




= a ■ 


a dd 


For a = t/ 2, this yields ^ = 2a/^, the special result (7-8-^). 
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Cases where the body considered is non-homogeneous (i.e., of 
variable density) are sometimes important. For example, let ns 
find the center of mass of the quadrant of an elliptical plate of 
constant thickness enclosed by the two semi-axes (Fig. 7-13). The 



density is supposed to vary in such a way that at any point it is 
directly proportional to the distance from the point to the major 
axis. Symbolically, p = hy. Hence 


while 


J px dA 

JpdA 




(7-8-11) 


(7-8-12) 


To get y, choose dA = xdy — a/b • Vb^ — y^ dy (the equation of 
the ellipse being x^/a^ + y^/V =1). Then 



(7-8-13) 


To get let us note that the center of mass of each of the hori- 
zontal strips, one of which is indicated in the figure, is x/2 which 
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equals o/2& • Vb^ — y^. Thus the whole mass of each strip 
{ky ■ dy ■ a/b • Vb^ — y^) may be considered to be located at the 
distance a/2b • Vb^ — y^ from the y axis. Therefore 


1 

2 Jo 


'■VW 




■ Vv — y^ • y dy 


X = 


b 3 


- a. 
8 


(7-8-14) 

/3 St \ 

The center of mass of the quadrant is then the point ( - a, — 6 j • 

So far we have confined our attention to the center of mass of 
plane plates or lamina. It remains to consider surfaces in general 
and volumes. The center of mass of any surface will be given by 


/ 


crxdS 


J^dS J. 


(xzdS 


X = 




y = 


z = 


dS 


J.iS f. 


(7-8--15) 


(fdS 


where dS is the element of area and <r is the mass per unit area 
(surface density). Perhaps the most important case of this kind 
is that of a surface of revolution. Let the x axis be the axis of 
symmetry. Then y = z = 0, and we have for the area element 


dS = 2Ty 




(7-8-16) 


where y = fix) is the equation of the generating curve. We can 
use this formula to obtain, for example, the center of mass of the 
curved surface of a right circular cone. Letting the vertex be at 
the origin we have 

y = /(^) = hx, (7-8-17) 

where h is the slope of the generator. For constant surface den- 
sity there results 


X == 


j‘2Tryx ^ 

jl + 

\dXy 

j dx 

f2Ty^ 

l + ( 

\dx/ 

2 ■ 
dx 


(7-8-18) 
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from which on substitution we obtain 


i: 


xW 1 + 52 dx 


X 


xVl + b^dx 


-h 


(7*8-19) 


where h is the height of the cone. 

For the volume enclosed by a surface we have 


/ 


px dV 


X — 


/ 


etc,, 


pdV 


(7*8-20) 


where p is the volume density and dV the volume element. Thus 
for the special case of the volume of the right circular cone above 
considered, 

dV = ry^dx = wh^x^ dXj (7-8-21) 

and 


X 


irbV dx 


X = 


X 


dx 




(7*8-22) 


The difference between (7-8-22) and (7*8-19) should be noted. 

The more general problem of finding the center of mass for any 
solid introduces the general volume element. In rectangular 
coordinates 

dV-dxdydz, (7*8-23) 

and the calculation involves a triple integration. As a type prob- 
lem let us consider the center of mass of that portion of the ellip- 
soid with equation 


L+r +!!= 1 


(7*8—24) 


which is included in one octant, as is indicated in Fig. 7*14. We 
must choose the limits of integration of x, y, z. At x draw a thin 
slice da; parallel to the plane. Its volume is dx times one- 
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quarter of the area of the ellipse cut out by a plane parallel to the 
2/^ plane at this point. Since the area of an ellipse is tt times the 



product of the semi-major and semi-minor axes, the volume in 


question is - yz dxy where, however, 


Therefore 




( 7 * 8 - 25 ) 


r^Tbc/ 

Jo Tv'” a V 


dx 


a. 


Similarly 


- 3 . 3 


(7-8-26) 


(7-8-27) 


The reader should carry out the problem for the case where the 
density is variable. 

7-9. EquiHbrium of a Rigid Body. Center of Gravi^. In 
Chapter V we agreed to say that a particle is in equilibrium under 
the action of a set of forces if its acceleration with respect to the 
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primary inertial system vanishes. We have now to decide what 
we shall mean by the equilibrium of a rigid body. Clearly if the 
center of mass of the body remains at rest or moves with constant 
velocity in a straight line it will be appropriate to say that the 
body is in translational equilibrium. In this condition, however, 
it still might suffer rotational acceleration about the center of mass 
and in this case we should not wish to say it is in equilibrium with 
respect to rotation. The natural definition of the latter is the 
absence of rotational acceleration about any axis through the 
center of mass or indeed any other point; this will ensue (from 


^ 1/^ ^ ^ ^ 



eq. (7*7-8)) if the resultant torque of the applied forces about the 
center of mass vanishes. In this case it may readily be shown that 
the torque will also vanish about any axis whatever, provided the 
forces also satisfy the condition of translational equilibrium. 
There are thus two conditions of equilibrium of a rigid body.^ 

A simple case of a rigid body in translational equilibrium but 
not necessarily in rotational equilibrium is provided by a homo- 
geneous rod of length I supported by a fulcrum at its center of mass. 
This is shown schematically in Fig. 7*15. We imagine that forces 
Fi and F 2 act in the same plane at the left and right ends of the rod, 
respectively. Clearly, as long as the fulcrum can exert an upward 
reaction force on the rod equal in magnitude to |Fi + F 2 I the center 
of mass will remain at rest. However, the resultant torque about 

^ More careful consideration into which we shall not enter here (but cf. 
eq. 7’ 11-15 and accompanying discussion) discloses that this definition has 
defects. Actually it turns out that it fs possible to have a rigid body rotate 
with angular acceleration about a certain axis if the resultant torque is zero, 
provided it already has an angular velocity to begin with. It is also possible 
to envisage a situation in which a resultant torque will accompany constant 
angular velocity about some axis. To avoid these difficulties we shall actually 
confine our association of the term rotational equilibrium with a rigid body 
to the case of mi. 
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the center of mass has the magnitude (in the clockwise direction) 

F 2 1/2 - 1/2, 

and this will in general produce a rotational acceleration about C 
(clockwise if F 2 > Fi and counterclockwise if F 2 < Fi). To 
assure rotational equilibrium it is necessary to have 

= Fa. (7-9-1) 

Note that if Fa is directed upward and Fi directed downward, 
(7-9-1) could not produce equilibrium unless both forces have 
zero magnitude. The particular case 

= -Fa (7-9-2) 

is interesting. Here Fi and Fa are said to form a couple. A rigid 
body acted on by a couple will be in translational equilibrium so 


m 


-p 


TF 


Fig. 7-16 


far as the forces of the couple are concerned but cannot be in 
rotational equilibrium. 

From Fig. 7-16 it is clear that the torque produced by the 
couple about the center of mass C (strictly the torque about an 
axis through C perpendicular to the plane of the forces) has the 
magnitude 

FI. 

This is often termed the moment of the couple. The perpendicular 
distance (in this case 1) between the lines of action of the forces of 
the couple is termed the arm of the couple. The reader may show 
that the moment of the couple has the same value about any axis 
perpendicular to the plane. It is also simple to prove that, so 
far as its rotational action on a rigid body is concerned, a couple 
may be replaced by any other couple with the same moment in 
the same plane. 

Since a couple involves parallel forces in a plane, it wiU be weU 
to consider the general problem of the composition of coplanar 
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parallel forces acting on a rigid body. Consulting Fig. 7*17 let us 
assume that the coplanar forces Fi, F 2 and Fg act at points Oi, O 2 
and O 3 , respectively, of the body schematically indicated. Now 
the resultant of the forces is the vector Fi + Fg + Fg with magni- 
tude Fi + F 2 + Fg. Unfortunately the method of vector summa- 
tion does not prescribe the line of action of the resultant and hence 
in this case we must settle this by arbitrary definition. Here it is 
appropriate to agree that the resultant force must produce the 
same translational and rotational 
effects as the forces individually. 

The former effect is, of course, in- 
dependent of the resultant line of 
action. The latter, however, de- 
mands that the moment or torque 
of the resultant about any axis 
perpendicular to the plane shall 
be equal to the sum of the mo- 
ments of the individual forces 

about the same axis. Consider any point P and draw the line 
PACE perpendicular to the three forces and intersecting their 
lines of action at A, B, C, respectively, with PA — a, PB = b 
and PC = c. We now must suppose the resultant R to be 
drawn parallel to the individual forces and at distance PH = h 
from P such that 



aFi + bFi + cFg 
Fi + F2 + Fg 


(7*9-3) 


This fixes the line of action of R, although it does not determine 
its point of application. 

The most important case of parallel, but not necessarily coplanar, 
forces acting on a rigid body is provided by the force of gravity. 
In Fig. 7*18 we imagine a rigid body referred to the set of axes 
indicated. We think of it as composed of the collection of mass 
particles mi, m 2 , mg, . . . possessing weights mig, . . . which 

are all 'parallel forces in so far as we can consider g to have the 
same direction for all the particles of the body. If the body is 
very large, this is not strictly true, but is sufficiently so if the body 
is not too extended. Clearly, 


w = Lmig 


( 7 - 9 - 4 ) 
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is the weight of the body if the sum is extended over all its particles. 
Along what line now does the weight act? Let us denote the 
coordinates of the ith particle by Xi, yi, Zi. If we apply the criterion 


of the previous paragraph, it follows that the resultant W will lie 
in a plane parallel to the yz plane with perpendicular distance from 
the latter given by 

X = 'Lmidg/mg, (7-9-5) 

where 

m = Swii (7-9-6) 

is the total mass of the body. This results from the requirement 
that the moment of W about the s axis must be the sum of the 
separate moments about the s axis of all the individual particle 
weights. Taking moments in similar fashion about the x axis, we 
find that the resultant must also lie in a plane parallel to the xy 
plane and distant from the latter by 

2 = 'E.miZiglmg. (7-9-7) 

Finally if we turn the whole body around through an anglp of 90° 
about the 2 axis, so that the gravity forces act parallel to the 
X axis, we find, taking moments once more about, tbo « q.yis ttiot. 
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is thus the center of the rigid body as far as the action of the parallel 
gravity forces is concerned. It is the point through which the 
resultant force of gravity always acts no matter how the body is 
placed and is termed therefore the center of gravity. The formulas 
(7*9“5), (7*9-7) and (7*9-8) suffice to determine its position with 
respect to any set of axes for a body made up of discrete parts. 
For a continuous body, however, the summations must be replaced 
by integrations. In this case we have for x, yyZ, precisely the 
equations (7*8-2) from which the p, being constant, has disap- 
peared. What we have actually shown then is that the center of 
gravity for a body of extent small compared with the earth coin- 
cides approximately with the center of mass. For a rigid body of 
large extent the center of gravity can not be obtained by eqs. 
(7-8-2) since the weight forces on the various portions of the body 
will then no longer be parallel, since g is no longer to be considered 
constant either in magnitude or direction over the whole body. In 
this case the center of gravity and the center of mass do not 
coincide. The coincidence, however, will naturally be almost 
exactly true for any body used, for example, for engineering pur- 
poses on the earth^s surface. Since the mass concept is inde- 
pendent of gravitation in classical mechanics and since the mass 
of any particle remains constant everywhere at ail times, the 
center of mass of a rigid body is a more fundamental quantity 
than the center of gravity. 

We may appropriately point out here that the center of gravity 
and center of mass are but two illustrations of the general concept 
of center of mean position with respect to any set of effects. For 
example, in a given country we can ascertain the center of pop- 
ulation with coordinates Xp and yp, where 

iXi i 

where Ni is the number of people in an arbitrarily chosen area ele- 
ment of the country with codrdinates Xi and yi with respect to some 
chosen origin, and N is the total number of people in the country. 
Other more physical illustrations are center of pressure (see Chap. 
XI), center of area and center of volume. In each case the 
problem is one of finding the mean position with respect to some 
property of the body or some outside influence on the body. 
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An interesting and important illustration of the concept of center 
of gravity, particularly with reference to parallel forces, is to be 
found in the common balance used for the measurement of mass. 
Consulting Fig. 7-19, imagine AB to represent schematically a 
rigid rod with center of gravity at C, a distance OC = a below the 
point 0 which is half-way between A and B, with AO — OB = I, 
Let the mass of the rod be m. Assume that the rod is supported at 
0 and that at A and B there are suspended masses Mi and 



respectively. Then the rod will assume for equilibrium a position 
A'B^ making the angle 0 with AB, If the rod is not too long the 
equilibrium may be considered as due to the parallel forces Mig, 
mg and M 2 g, (Strictly speaking these forces are never exactly 
parallel nor is the value of g exactly the same for each mass. But 
since the rod is small compared with the earth, the approximation 
is an extraordinarily good one for all practical purposes.) Taking 
moments about 0 w^e have 

g(Mi — M2)1 cos d — gma sin ^ = 0 
or 

__ ma 

Ml — M 2 = — tan B. (7-9~9) 

In this way the two masses Mi and M 2 may be compared, and w^e 
have then a method of measuring mass which is of greater prac- 
tical value than the ideal scheme on which the definition of mass 
used in this text has been based (Sec. LG). The reader will, 
however, easily convince himself that while the balance affords 
an accurate practical method of mass measurement, it does not 
provide a satisfactory method for defining mass. 
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There are several ways of using a balance for the attainment of 
maximum accuracy. The method of waiting for the attainment 
of the equilibrium indicated in eq. (7*9-9) is usually a slow process, 
for the balance will oscillate about the equilibrium position before 
coming to rest. A pointer is usually attached to the balance beam 
at 0 and is arranged to move over a fixed scale. Equality of the 
masses Mi and M 2 is then assumed when the amplitudes of the 
pointer movements to the right and left of a point vertically 
under 0 are equal. This of course assumes that the arms (i.e., 
AO and OB) are really of the same length I, To avoid errors due 
to a possible difference here, Gauss suggested that the body whose 
mass is being measured be weighed first on one side and then on the 
other. If the two results are denoted by M' and M'', the reader 
may show that the actual mass is given by 

M = (7*9-10) 


7*10. Equilibrium under Coplanar Forces. Illustrations. The 
conditions of equilibrium of a rigid body can be most readily 
visualized when the forces acting on it lie in a plane. To proceed 
with this let us note an important result about couples: a co- 
planar force and couple act- 
ing on a rigid body are 
equivalent in their action 
to a single force. Thus 
consider the couple consist- 
ing of the pair of forces F 
with the arm I, and the I 

additional force G acting 
at A (cf. Fig. 7*20). Now 
the couple may be replaced 
by any other couple in the 

same plane with a moment equal in magnitude and direction 
without changing its effect on the body. Let us then replace the 
original couple by another with the extremities of its arm at A and 
D and with moment of magnitude 




GV ^ FI. 

From the way the new but equivalent couple has been chosen, one 
of its forces is equal and opposite to G so that the two cancel each 
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other in their action on the rigid body, and there remains effectively 
the force G acting in a line parallel to the original force but at a 
perpendicular distance I' = Fl/G from the line of application of 
the latter. This proves the result stated above. 

We can now appreciate the important fact that if a force and 
a couple act in a single plane they can not produce equilibrium. 
We can also use the above proposition to prove at once that a 
given force F acting at a point A of a rigid body can be replaced 
by an equal force acting at any other point B of the body, together 





with a couple with moment equal to the moment of F about an 
axis through B perpendicular to the plane of the forces. Suppose 
now we have acting on a rigid body the coplanar forces Fj, F2, . . . , 
F^. We proceed in the usual way to find a resultant (cf. Sec. 1 - 3 ), 
i.e., we translate the line of action of Fs so that its origin is at the 
end of Fij and find the resultant of Fi and F2 which we may call 
Ri 2. We then compound this with F3 to get R123, etc., until we 
finally have R123 • . • the sum of all the forces, viz., 

Ri2 . . . « = Fi + F2 + * * • + F^. ( 7 * 10 - 1 ) 

However we must be careful to note the possibility that R12 . . . «-.i 
and Fn may form a couple, and hence can not be reduced to a 
single force whose effect on the rigid body is the same as that of 
all the n forces acting together. Consider for example the special 
case of a rigid rod AB of length I, and assume that the coplanar 
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forces Fi, F 2 , and F 3 act at A, B and C respectively, where, to be 
specific, ^1 == 02 == 45° and AC = Z/4; also Fi sin 9i + sin 02 = 
Fz and Fi cos 0i = F% cos 02 , i.e., the forces are in equilibrium with 
respect to translations (cf. Fig. 7*21). That is, 

I:F = 0. (740-2) 

Let us take any point P in the plane of the rod and forces, and cal- 
culate the moment of the forces or torque about a perpendicular 
axis through this point keeping 0 i and 02 perfectly general. Let 
the perpendicular distances from P to the lines of. action of the 
forces be pi, p 2 and pz respectively. Then the resultant counter- 
clockwise torque has the magnitude 

—piFi 4" P 2 F 2 + pzFz. (740-3) 


Suppose the coordinates of P with respect to A as origin are 

xi, yi, taking the x axis along the rod. The equation of the line 

of action of Fi is , . tn a\ 

y ^ X tan 0 i. (740-4) 

That of the line of action of F 2 is • 

y ^ ^ tan 02, (740-5) 

and finally that of the line of action of F 3 is here equivalent to 

I 

4 


a: = -• 


(740-6) 


Now the perpendicular distance from the point (xi, ^ 1 ) to the line 
whose equation is 


Ax + By + C 0 , 
is from analytic geometry given by"” 

Axi+Byt + C 

P = — : :v::, 

Va^ 4 - 


( 7 - 10 - 7 ) 

( 7 - 10 - 8 ) 


On substitution we finally have in our special case 
yi — xi tan 0 i 


Pi 

P2 


sec0i 

xi tan 02 + 2/1 “ Z tan 02 


sec 02 


P3 = + - ■ 


(740-9) 
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The expression for the resultant moment then becomes 

I 

■“PiFi + P2F2 + pzF 3 ~ — Fd sin ^2, (7T0~10) 

i.e., a constant independent of the position of P. Moreover it is 
different from zero unless 

Fz = 4P2 sin 02j (7T0“~11) 

which in turn is incompatible with the assumed relation (740-2), 
unless we have the relation between the angles 

3 tan ^2 = tan 61 , (740-12) 

The latter is the condition that, in addition to translational equi- 
librium, rotational equilibrium shall also be maintained. In general, 
however, as in the present case, this condition will not be satisfied 
and there will be a resultant moment so that the three forces will 
be equivalent to a couple with this moment. The arm of this 
couple may be chosen anywhere in the plane of the forces. 

To summarize: If we have a system of forces in a plane they 
may either have a single force as a resultant or reduce to a couple. 

Suppose now that the forces 
actually have a resultant. 
Consulting Fig. 7*22, where 
the three parallel forces Fi, 
F2 and F3 are represented as 
acting on a rigid body at 
the three points A, B and 
C respectively, we proceed 
to find the resultant R pass- 
ing through the line PP'. 
Now it is sometimes con- 
venient to consider this re- 
sultant R as acting at some 
other point, such as 0 in 
the figure. In order to do 
this we must, however, in- 
troduce at 0 another force 
R equal in magnitude and opposite in direction. This will then 
not alter the situation. But the new force will form with the 
original force a couple of moment = Rl in magnitude, where I is 
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the perpendicular distance from 0 to PP\ Hence we have 
replaced the single resultant force by a force of equal magnitude 
acting at the point 0 and a couple of moment Rl, which in the 
example used is clockwise. By simple analysis it can be shown 
that the moment Rl is the sum of the moments of the original 
forces Fi, F 2 and F 3 about the point 0. Hence the system reduces 
to the force R and couple of moment M where 

R = ZFi, I 

and I (7-10-13) 

M = 

li being the perpendicular distance from the line of action of the 
ith force to 0. The reader should carry out the analysis proving 
the similar result for a system of coplanar, non-parallel forces. 

Finally it can be shown^ that any system of forces (not neces- 
sarily parallel or coplanar) acting on a rigid body can be replaced 
by a force acting at any particular chosen point and a couple. 

It can further be proved that any system of forces acting on a 
rigid body can be replaced by a force and a couple whose axis is 
parallel to the line of action of the force. 

It being now clear that any system of forces acting on a rigid 
body can be replaced by a single force acting at any arbitrarily 
chosen point and a couple, under what conditions will the body 
be in equilibrium? We have already noted that a single non- 
vanishing force and a couple in the same plane can not produce 
equilibrium. The same result follows even if the force and the 
couple are not coplanar. For we may always transfer the couple 
in its plane so that one of its forces, say F, intersects the line of 
action of the given force R. The resultant of the two forces F and 
R can not equilibrate the other force of the couple, and hence the 
general statement follows. It therefore results that for the rigid 
body to be in equilibrium the single force must be equal to zero 
and the moment of the couple must likewise vanish. If the former 
(i.e., the force) is denoted by R and the latter (i.e., the moment of 
the couple) by L, the conditions of equilibrium may be written in 
the form 

R = 0, (740-14) 

L = 0. (740-15) 

tCf. Jeans, Tkeoreticai Mechanics,” (Ginn & Co., 1907), p. 106 ff. 
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As an illustration of the application of the principles of equilib- 
rium to a rigid body, consider the simple case of a ladder AB 
resting with one end against a smooth wall, and the other on the 

ground. We suppose that 
the ladder is of unifonn 
density. Hence by sym- 
metry the center of mass 
is at the geometrical center. 
Its length is I, and it rests 
so that it makes an angle 
6 with the ground (see Fig. 
7*23). The various forces 
acting on the ladder may 
then be tabulated as fol- 
lows: (1) the reaction G of 
the wall, which, since the 
surface is smooth, is normal 
to the surface; (2) the re- 
action of the ground F 
which, on the other hand, 
will not be normal to the 
Fj ground, for it is a rough re- 

Fig. 7-23 action; (3) the weight W 

acting at the center of mass. 
Since the direction of F is unknown, we find it most simple to 
consider the horizontal and vertical components Fi and F 2 as 
our two unknowns (though of course we could take F and the 
angle 4f it makes with the ground). We then proceed to write the 
conditions of equilibrium. First the condition for translational 
equilibrium, viz., 

'LFy = 0. 

These give respectively 

The conditipn for rotational equilibrium we may write in a variety 
of ways, for the total moment of all the forces about any point in 
the plane is zero. We shall preferably choose the point in such a 
way as to render as small as possible the number of forces having a 
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moment different from zero. In the present case we shall thus 
naturally choose the point A. Then 

Z 

Gl sin 8 — mg - cos 0 — 0, 

Jt 

or 

G = ^eote = Fi. ( 7 - 10 - 17 ) 

2t 

The magnitude of F may be found at once. For 

F = ^mY + = mg » (7-10-18) 

and the angle is given by 

(j) = arc tan | ^ ) = arc tan (2 tan 6). (7-10-19) 

\cot 0/ 

We may note an interesting thing about this problem. There are 
effectively three forces acting on the ladder, G, W and F. If we 
extend the lines of action of these forces suffi- 
ciently they will meet in a point. This will 
be true of any three coplanar non-parallel 
forces in equilibrium. We can prove the 
theorem very simply. Let the lines of action 
of the forces G and F meet at the point C. 

Now let us take moments about an axis 
through C normal to the plane of the forces. 

The moments of G and F will of course be 
zero since the moment arms vanish. But 
since the total moment of all the forces must 
be zero about C, that of W must be also. 

Hence the line of action of W" must pass 
through C, and the theorem is proved. It is 
worth noting that we can use the latter to 
solve other problems involving the equilibrium 
of three non-parallel coplanar forces. For if 
we represent the angles made at the point 
C by the lines of action of the three forces with each other as ai, 
a 2 , as respectively (Fig. 7*24), we have from the law of sines 

W ^ F G 
sin at sin a 2 sin ag 



(7-10-20) 
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as we have already noted in the previous chapter in the case of 
three forces acting at a point. 

However, in most practical cases the reader will probably find 
the method used in eq. (7-10-16) (the so-called method of com- 
ponents) the most advantageous one for problems involving co- 
planar forces. It is of course not restricted to the case of three 
forces only, but always yields three independent equations from 
which three unknowns may be evaluated The student should 
convince himself by trial that instead of the two equations 
ZF X = 0, ZF» = 0, we could use two other equations obtained 
by setting equal to zero the torque about two diflferent axes (each 
different from the one chosen already for the eq. ZL = 0). 

7-11. Moving Axes. We now return to the problem of the 
motion of a rigid body, the general equations for which were set 
up in Sec. 7-7, and indeed expressed in most general form in eqs. 
(7-7-7) and (7-7-8). It will be recalled that these equations refer 
to axes fixed in space, i.e., the primary inertial system. We 
commented on the fact that as the body rotates about the center 
of mass (or any other point for that matter) the moments and 
products of inertia entering into the angular momentum M (eq. 

will change, and that consequently the rotational equation 
of motion (7-7-8) will, in general, be very comphcated. Much of 
this complexity can be removed by a rather simple expedient, 
namely, referring the rotational motion to axes which are fixed in 
the body and hence move with the body. We refer to these as 
moving axes and now wish to give some attention to them. With 
respect to these axes the products and moments of inertia remain 
invariant, so that, in M, terms like Ixx and vanish. It must 
be pointed out, to be sure, that there is the usual compensation for 
this gain in simplification : we can now no longer look upon the 
unit vectors i, j, k as constant in time. As the body moves they 
will change, and this change will be reflected in M. Thus, de- 
noting the components of M along the new axes (fixed in the body) 
as Mx, My, Mx, we must now write 

m = iMx + jM„ + kMx + Mx f + My^+Mx^- (7-11-1) 

at at dt 

Here the last three tenns represent the contribution to M due to 
the rotation of the axes. We proceed to evaluate di/d^, etc., on 
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the assumption that the origin of the moving axes is fixed in space, 
so that the only possible motion of the axes is one of rotation about 
a fixed point. 

Since i is a unit vector, di/dt must be perpendicular to i and 
hence must lie in the plane of j and k. Therefore we can write 

j' = - A, k, (7-11-2) 

dt 

where As and A 2 are coefficients which are initially undetermined. 
Similarly 

% = Aik - £4; 5 = £2 i - Sij. (7-11-3) 

dt dt 


But we recall from (6*4-4) that 


Hence 


i = j X k; j = k X i; k = i X 3* 


dt 


dt 


Xk + j X 


dk 

dt 


and therefore from (7*11-2) and (7*11-3) 

Asj - A2 k = (Aik — ^3 i) X k + j X (^2 i - £ij). 


(7*11-4) 


(7*11-5) 


From this it follows by comparing coefficients of identical unit 
vectors that 

As = Bz and A2 = ^2. (7*11-6) 


Similarly we can show that Ai = so that the six coefficients are 
reduced to three independent ones. Hence finally 

~~ = A3J - Ask; — == Aik - A31; — = A2I - Aij. 
dt at dt 

(7*11-7) 

To see the significance of the coefficients Ai, A 2, A3, dot multiply 
di/dt with j etc., and get (recalling k * j = 0, etc.) 





^7* 11-81 
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This means, for example, that A 3 is the component of difdt along 
the y axis and that j • di = Asdt is the component of di along the 
y axis. We represent this in Fig. 7-25 in which j • di clearly is the 



angle through which the a; axis rotates about the ^ axis due to 
the change di during the time dt. But d6 is a,,dt by definition 
(ef. 7'2-4) and hence we have 

As = w,. (7-11-9) 

Similarly it can be shown that 

Ai = CO*; A 2 = coj,. (7-11-10) 

We can now go back to (7-11-1) and write 
M = iif* + + kiif* 

+ i(M^o>y - lf„co*) + j(Af*co* - ilf*co*) 

+ k(ilf„co* — lf*coj,) 

= i/kf* -f jikTi, + kif* + <0 X M, (7-11-11) 

utilizing the fact that 

<0 X M = (ico* + jco„ + kco*) X (iilf * + jAf^ + kAf*) 

— i(Af 2 C 0 y — MyOJi) + j(Af*co* — Afjco*) 

+ k(Afj,co* -M:,0}y) (7-11-12) 

by the use of the distributive rule and the relations (6-AA).i It 

nt should perhaps be emphasized that the method of expressins * ir, 

faT -if rTr T to an/yector ThS 

fact wiU be utihzed m the following section. " vector, zms 
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is often valuable to express the cross product in determinant form 
to facilitate its expansion into components. Thus 


<0 X M = 


i j k 

COx Wy Wz 

Mx My, Mz 


(7-11-13) 


Equation (7' 1 1 1 1 ) is a general equation whose physical meaning 
will become clearer if we consider some special cases. First 
suppose that instead of a single point being fixed, there is a fixed 
line of points or axis and take this as the axis. The x and y axes 
rotate then with the body about the ^ axis, and we have = 
ojy = 0 and = ca. Consequently from (7-7-5) 


M = - ilyz + khz), (741-14) 


and the equation of motion (7*7-2) (or (7*7-8) if the fixed axis 
passes through the center of mass) becomes^ 


L = i(— JxsOJ + lyzOi^) + — — IxzO}^) + k/szOJ. (7*11-15) 

If we specialize still further and suppose that the body is sym- 
metrical about a plane perpendicular to the axis of rotation, 
lyz = Ixz = Oand (7*11-15) reduces to 

L = klzz6>, (7*11-16) 

which is recognized as equivalent to the equation (7-3-7) for 
rotational acceleration about a fixed axis. 

7*12. More About Moving Axes. Motion of a Particle on the 
Earth’s Surface. The use of moving axes is of sufficient im- 
portance to warrant further consideration from a somewhat more 
general point of view, which is indeed not restricted to rigid bodies 
but may refer equally well to particles in general. In Fig. 7*26 we 
represent a set of rectangular axes, fixed with respect to the 
primary inertial system, in which the position of the point P is 
given by the coordinates Xf, yjj Zf, with origin at 0/. Similarly 
we introduce a set of moving rectangular axes ym, with 
center at Om, whose position vector in the fixed system is ro. This, 

^ We note from (7-11-15) the interesting fact that, if the body has at any 
instant an angular velocity (o, there will also exist an angular acceleration w 
even if L = 0. This has a bearing on the difficulty of defining the rotational 
equilibrium' of a rigid body already mentioned in Sec. 7-9. Of course, the 
difficulty vanishes if the rotation takes place about an axis of symmetry. 
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i-m — Xf — to, (7-12-1) 

and likewise for the corresponding velocities 

im = if — to. ( 7 - 12 - 2 ) 

Let the unit vectors in the fixed system be if, jf, kf and those in 
the moving system be i., k.. The former remain unchanged in 


time, whereas the latter change with the time 
of the moving axes vary with time with resp* 
Hence we can write in analogy with (7-11-1) 


iuuauon or tne moving axes, 
expressions for dL/dt, etc., in 

-I r\\ 1 ' J 


We have already worked out the 
Sec. 7*11 and hence 


can replace (7*12-3) by 

tm = fma + <«> X 

where is the apparent velocity of P in 
We need, however, to make sure of the mean 
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is the angular velocity of the moving axes about the instantaneous 
axis of rotation through 0^. We shall show first that w has the 
direction of the instantaneous axis of rotation through 0^. Since 
this axis is the locus of points which have at the instant in question 
zero linear velocity as far as rotation is concerned, if P lies on the 
axis through 0^ so that is the axis, we must have from (742-3) 


dim , dim , dkm ^ 
7 , Hr ym 7 “1“ , — 0. 

dt dt dt 


But this means 


<0 X = 0, 


(742-5) 

(742-6) 


whence 6> and are parallel Hence (o has the same direction as 
the axis of rotation through 0^. We can next show that the 
magnitude of is equal to that of the angular velocity of the 
axes about the instantaneous axis through 0m> Consider a point 
P not on the axis of rotation. Its translational velocity due to 
the rotation of the axes has the magnitude sin 6, where d is 
the angle between and < 0 . Moreover, the direction of the 
translational velocity is at right angles to the plane of o and r,n. 
This velocity is therefore precisely that of a point moving in a 
circle of radius rmSixiB with angular speed o) about the center, 
which in this case lies on the axis of rotation. Finally, the sign of 
c*> agrees with that of the rotation of the axes as is clear from 
(742-4). 

We can now go back to (742-2) and write for the general rela- 
tion between velocity in the fixed system and that in the moving 
system 

f/ = fo + ima + <*> X rw (742-7) 


Before using (742-7) for further discussion of the motion of a 
rigid body it will be of interest to apply it to the motion of a 
single particle. An obvious case of great significance in which 
the motion of a particle is referred to moving axes is that of 
a particle on the surface of the earth related to axes fixed in 
the earth and therefore rotating with the earth. To express the 
motion of such a particle with respect to a fixed system having the 
same origin, viz., the center of the earth, w^e must use eq. (742-7), 
noting that fo = 0 in this case. 

To write the equation of motion, we must differentiate (742-7) 
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with respect to the time. Thus the acceleration of the particle in 
the fixed system becomes 

D = Tma + 6) X tm, (742-8) 

Since (6 = 0, if we treat the angular velocity of the earth as ap- 
proximately constant. We now use (7*12-4) in (7*12-8) and get 

1*/ = + 6) X + c«> X (w X r^). (7*12-9) 

But we must look into more closely. From (7*12-3) 

Tma = (7*12-10) 


Therefore 


^ma — im^m + jmi/m + 

4 - X ~ 4 . ^ I A 


(7-12-11) 

+^- (which is perfectly general and not restricted 

to M) this can be written 


^ma — + a X tma, (7-12-12) 

where is the apparent acceleration of the particle in the moving 
system, neglecting the rotation of the axes. Then (7-12-qt 
becomes '■ 

i*/ = a„. + 2(0 X -I- <0 X (w X r„,), (7-12-13) 

and the corresponding resultant force on the particle of mass m 
in the fixed system becomes 

F = mtf = m&^ + 2m6) X f™. + ma X (a> X r„). (7-12-14) 

We may rewrite this in terms of the apparent acceleration relative 
to the moving axes (i.e., those fixed in the earth) thus 

= F/m - 2w X f„a - G> X (w X r„). (7-12-15) 

From its form it seems clear that the term w X (o X r ) corre 
spends to the weU-known centripetal acceleration. On the other 
hand the tern 2« X is relatively unfamihar, though if we go 

K 1 field motion. There it is completelv 

importance 
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If the particle is subject only to the attraction of the earth we 
must write* 

F = mg + m) X (a X r„). (7-12-16) 

This combined with (7-12-15) yields 

a„ = g - 2 g) X f^a (7-12-17) 

for the actual apparent acceleration relative to the earth. This is 
the quantity which is actually measured when we observe a falling 
body on the surface of the earth. If we write (7-12-17) in terms 
of the rectangular components we get 

“I" 

Vm — Py (7*12—18) 

recalling that co® = 6?^ = 0, and = co in this special case. In 
Fig. 7-27 let us consider rectangular axes set up at the center of the 
earth 0 as indicated and let APB be one quarter of the trace of the 
earth^s surface on the yz plane. Unit vectors i, j, k are set up at P, 
and the horizon plane is indicated by WPN with N indicating the 
north, etc. P?7 is the zenith direction. The direction of the 
earth^s axis is given by k which makes angle X with PN. Suppose 
a particle is dropped from rest at P in latitude X. We then have 
Qtz = 0, gy — — ^cosX, Qz = —^sinX. Let v be the observed 
speed of fall at any instant. Eqs. (7*12~18) then become 

= —2m cos X, 

Vm == —g cos X + 2m sin X, (742-19) 

^m=~-^sinX, 

The first equation shows that in addition to the acceleration due to 
gravity the falling particle also experiences an additional accelera- 
tion directed at right angles to the meridian plane in which it 

^ It should be emphasized that in (7*12-16) g is really defined in such a way 

. , V T . . . GmM 

as to agree with JNewton s law of gravitation, i.e., mg = — — — roi, where 

xjy* 

M = mass of earth, E = radius of earth, and roi = unit vector. Moreover 
the particle is assumed to have no initial velocity. 
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starts to fall. This acceleration has the magnitude 2coy cos X, is 
entirely a Coriolis effect, and is always directed toward the east 
as should be clear from the diagram. 



Since v = gt, approximately, the magnitude of the easterly 
acceleration becomes 

\x,n\ = 2o3gt cos X, (7-12-20) 

and hence the total easterly deflection after time t from rest is 
approximately 

^ , 2 Iw 

Xm - ~oosX = - a y— cos X, (7-12-21) 

if we use h = ^gt^ as the height from which the fall has taken 
place. 

The Coriolis acceleration gives rise to cyclonic wind movements 
on the earth^s surface.^ 

York ^2ndS ) p^^07 Theoretioal Physics ” (D. Van Nostrand, New 
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7-13. Kinetic Energy of a Rigid Body. Let us revert to eq. 
(7-12-7) for the velocity of any point of a rigid body in the fixed 
set of axes, i.e., the axes fixed in space, and assume that me point 
of the body is fixed. The body then performs rotation about this 
point. It follows that both fo = 0 and = 0, the latter being 
true since the moving axes are fixed in the body. Hence (7-12-7) 
, reduces to 

f/ = « X r» (7-13-1) 

where r* is the position vector of the point P with respect to axes 
fixed in the body, and if is the velocity of the corresponding point 
with respect to the axes fixed in space. 

Let us now form the expression for the kinetic energy of the 
rigid body relative to the axes fixed in space. We have 

K='E-^tfi- ifi = L — * (<0 X t^i) ■ (w X r„i), (7-13-2) 


wherein the sums are extended over all the particles of the body 
and the subscript i refers to any one particle. Now if we carry 
out the multiplication indicated in the right-hand term in (7*13-2) 
we can readily verify that 

(o> X ^mi) * X ^mi) ~ ' \]^mi X (<«> X (7*13“"3) 


This is an important vector identity. In the present case it 
enables us to write (743-2) in the form 

Z == Jo) • M, (7*13-4) 

where, of course, we are introducing again the angular momentum 
M from (7*7-1). We should expect a connection between K in 
(7*13-4) and the work done by the resultant torque during the 
rotation of the rigid body, similar to that connecting the kinetic 
energy of translation of a particle and the work done by the result- 
ant force during the translation [cf. eqs. (1*10-19, 20)]. From 
(7*13-1) it follows that during time di^ the work done is 

dW = SF,- • ifi = i; (<o X t^i) • Fi dt. (7*13-5) 

But inspection shows that we can write (q X t^i) • Fi = id • (r»ii X 
Fi) and hence have in place of (7*13-5) 

dF = Zbi-co* = L*6>di, (7*13-6) 

where L is the resultant torque about the fixed point measured 
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with respect to axes fixed in the body. Now we revert to (7‘7— 5) 
and form the change in M, namely, dM, remembering that since 
the axes are fixed in the body the etc., do not change. Thus 
we have 

dM = i(Ixxdci}x I xy dciSy — J^^dcoj) 

d" i( dyx do)x “h lyy di^y lyx dcjg) 

+ ^{-Izzd(Mx - IzydoSy + IzzdWz). (7-13-7) 
Let us form <o • dM with the result 

<0 • dM = Olxilxx do3x Ixy dcijy — I xx dcdj) 

+ lyxdulx -f- lyydoly — ly^ dCtl i) 

d~ Izxdwx — Izydo3y -f- Izzdolz). 

(7-13-8) 

Next we write out the kinetic energy (7-13-4) as follows: 

2<0 • M = xxMx — Ixy(i}y — IxzOiz) 

+ Oiy(—IyxO}x -+- lyyOSy — lygUz) 
d~ dzx(^x IzyOly + IxzUz)]. 

(7-13-9) 

Finally form the differential of |<o - M. Thus 
d(2<<) - M) = COxilxxdWx — IxydcOy — IxzdoJz) 

+ “!/(- lyx dcOx + lyy d0)y - dw.) 

“h ^zi, I zx dijlx Izy do}y -j- Ixz dcOj) 

= <^-dM, (7-13-10) 


etc. 
(7-13-11) 


where we have, of course, utilized the fact that 7=7 
The upshot is that 

w - dM = L - <0 di = dIF = dAT, 

and therefore 

W = Ki~ (7-13-12) 

on integration between any two configurations of the body. This 
IS the general work-kinetic energy relation for rotation of a rigid 
body TOth one point fixed. ngm 
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The special case of zero resultant torque is of particular interest. 
From (7 •7-2) there follows here 

M - Const, (743-13) 

and hence from (743-10) we also have 

2K = 6> • M = Const. (743-14) 

Consider now an angular velocity '' space '' in which every point 
corresponds to a set of values of Since from (743-9) 

twice the kinetic energy becomes 

m * JVC = 4” 4" 

xy^s^y zx^z^xj (7*13 15) 

it follows that (7*13-14) is the equation of a quadric surface in 
this space. By proper choice of the axes fixed in the body the 
products of inertia may be made to vanish^ and the equation of 
the quadric surface becomes 

IxzC^x^ + lyyO^y'^ 4" IzzO)z^ = 2K, (7*13-16) 

This is the equation of an ellipsoid in the angular velocity space 
with its center at the origin. The magnitude of the vector from 
the origin of coordinates in the w space to any point on the ellip- 
soid (7*13-16) represents a possible value of the angular speed 
consistent with the given kinetic energy. The ellipsoid has been 
called the momental ellipsoid or ellipsoid of Poinsot. It is clear 
that in the direction corresponding to the minor axis of the 
ellipsoid (the principal axis corresponding to maximum moment 
of inertia) the angular speed is least, whereas in the direction of 
the major axis the angular speed is greatest. 

The change in <*> in passing from one point of the momental 
ellipsoid to another is given by 

* M = 0. (7*13-17) 

Now must lie in the plane tangent to the ellipsoid at the point 
in question. Hence the tangent plane is perpendicular to M. 
But M is a constant vector since we are still considering the re- 
sultant torque to be zero. Therefore in this case the tangent 

1 Of., for example, Smith and Gale, “ New Analytic Geometry ” (Ginn & 
Co., Boston, 1912), p. 317 ff. 
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plane remains fixed in position relative to a set of fixed axes. If 
we set 

p = M/2K, (7-13-18) 

the vector p is normal to the tangent plane, and eq. (7-13-14) 
becomes 

<0 - p = 1. (7-13-19) 

But « - p is p times the projection of w along the normal to the 
tangent plane. It follows that the tangent plane remains at a 
constant distance from the origin as the motion goes on. The 
motion of the rigid body then can be represented by a rolling 
(without slipping) of the momental ellipsoid on the fixed tangent 
plane. During the rolling the vector u traces out a cone relative 
to the axes fixed in the body with vertex at the fixed point. This 
cone intersects the momental elhpsoid in a curve called by Poinsot 
the polhode. It intersects the invariable tangent plane in a curve 
called the herpolhode. For illustrations of these curves, A. G. 
Webster’s “ Dynamics ” may be consulted. 

7-14. Euler’s Equations of Motion. We have not yet exhausted 
the utility of axes fixed in the rigid body. We shall continue 
to restrict our attention to the case in which one point is fixed 
and take this as the origin of rectangular coordinates fixed in 
the body. However, we shaU now insist that the axes are so 
chosen that the products of inertia I^, etc., all vanish, leaving 
only the moments of inertia Ixx, etc., in the expression for M in 
(7-7-5). Axes for which this is true are termed the principal axes 
and there exist mathematical methods for finding them in each 
case. If the body is symmetrical about the fixed point, the three 
mutually perpendicular axes of symmetry through this point will 
be principal axes. We have then 

M = h^xlxz + ]<^ylyy + kcd,/,,. (7-14-1) 

Now from (7-11-11) we have 

^ ~ ~\- \lyyCOy + k/jzCOj 

-p « X M 

^dxx^x ”f" (7*2 7j/j,)a)j,o>2] 

+ + (7 zz I 

+ WxJ^Z+ {lyy - Ixx)o},fj)y]. . .( 7 - 14 - 2 ) 
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The fundamental equation of rotational motion (7*7~2) then takes 
a particularly simple form and in terms of rectangular components 
becomes the three equations 

Izx^x "i“ {.I zs Iyy)(^y^z = Z/s, 


lyy^y “f" (J zx Izz)<Jiz(^x — Ly, (7T4"“3) 

I 1 (Zj/y i ~ Tjz* 

These are known as Euler^s equations of motion of the rigid body 
with one point fixed. 

Let us specialize to the case in which the resultant torque 
vanishes, i.e., Lx — Ly = Lz — 0. Then multiply through the 
resulting equations by coy, respectively, and add. The 
algebra gives 

^ [Ixxi^x^ + + ZegOj/] = 0, 


or 


I XX^ X ’ 1 ’ Zyj/COy^ " I"" Izz^z^ C07hSt% 


(744-4) 


From (743-15) the expression on the left is simply twice the 
kinetic energy of the body (recalling that the products of inertia 
are now zero) and we have again the fact that the kinetic energy 
remains constant under the action of zero resultant torque. It 
is appropriate to point out at this place that the constancy of the 
kinetic energy does not necessarily imply that there is no angular 
acceleration, since in (744-4) 
oix) o)y) and ojz may change with 
the time without invalidating 
the equation. 

745. The Motion of a Top. 

This is probably the most inter- 
esting elementary application of 
Euler^s equations. The top is 
assumed to be a solid of revo- 
lution with one end of the axis 
of symmetry (i.e,, the peg) fixed 
in space. This axis is also 
taken as the spin axis. The 

fixed point (cf. Fig. 7-28) is taken as the origin 0 of a set of axes 
fixed in space X/. y/j Z/. With 0 as origin we also set up another 
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set of axes Vm, in which is fixed to the body along its 
axis of symmetry. Ordinarily we should also expect to fix 
the axes and to the body, but it now proves more con- 
venient to let Xn, and rotate with angular velocity co which is 
different from that of spin, which we denote by s. This will not 
affect the application of our previous reasoning since the moments 
of inertia about all axes perpendicular to the axis of spin are the 
same (i.e., Ixx^ lyy) and do not change with the time as the axes 
x^ and ym rotate. We choose as the Xm axis the line of intersection 
of the plane through 0 perpendicular to the axis and the Xf yf 
plane. Let the angle between and Xfhe and that between 
Zm and Zf be B, These are usually known as the Eulerian angles. 
There is a third, namely, which a line OQ in the Xn^ym plane 
rotating with the top makes with the axis. The components 
coa, Wfe about the Xm, ym, and 2 :^ axes can be expressed in terms of 
B and as follows: 

o)x = B, 

% = ^pBind, ( 745 - 1 ) 

0)z ~ "P COS B. 

N ote that the x^, axis always lies in the a;/ 2 // plane. This accounts 
for the expression for Note also that Zf, Zm, and y^ are all in 
the same plane. As the figure indicates, p is the angular velocity 
of the rotating axes about the Zf axis. It is known as the preces^ 
sional velocity of the top. 

The resultant torque on the top is due to gravity. If we denote 
the mass as m and locate it as usual at the center of mass C (with 
0(7 = 1) the component torque about the Xm axis is mgl sin B, 
The components about the y^ and z^n axes vanish. Before we can 
write Euler's equations we must rewrite M to take account of the 
spin velocity s. Thus we now write (recalling that = lyy) 

M = + ilxxO^y + )SiIzz{o)z + «), (745-2) 

whence 

XX^X "b xx’^y “b (ctjg + s) 

+ ^<jdyIzz{o)z + s) — (Xlzlxa^yl 
+ j[w«!/»aC0a. — (Wa.Jga(c02 + s)] 

I xiK^y 


(745-3) 
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Hence Euler’s equations (7-14-3) now take the form 

ZX^X + (J 23 — Ixx)o3yO)z + IzzOOyS = mgl sin 9, 

I zx<^y "f- {I xz ^zz)o)sc^z — Izz^x^ = 0, (7*15—4) 

Izz{<^z + S) = 0. 

These can be somewhat simplified by writing s + w 
Ixx(^x — IxzO)yOiz + SIzzOiy = mglsixidj 

^ xx^y “b ^xx^x^z ^Izz^z ~ 0, 

IzzS = 0 . 

The last equation says that the resultant angular speed about the 
Zm axis is constant. If we multiply the first equation by the 
second by Wj,, and the third by S and add, we obtain, after inte- 
grating, 

+ o)y^) + + mgl cos 9 = E, (7-15-6) 

where E is the total energy of the motion, mgl cos 9 is the potential 
energy with respect to the horizontal plane, and the rest of the left- 
hand side is the resultant kinetic energy. Eq. (7*15-6) is then 
the energy equation of the top. 

A special case of the first equation in (7*15-5) is not without 
interest. Suppose that the spin speed s is so large that the term 
Sizzosy dominates the right-hand side. Then Ixx<^x — IxxCOyCOz 
may be neglected and the equation becomes 

SIzz^ = mgl, (7-15-7) 

which says that the precessional velocity is inversely proportional 
to the spin velocity and the moment of inertia about the spin axis. 
This is the familiar result of the elementary theory of the simple 
gyroscope. 

To treat the problem more generally we note that the torque 
about the Z/ axis is zero and hence the angular momentum about 
this axis is constant. But the latter is the sum of the components 
of M along Zf. We therefore have 

IzzS cos 9 + IxxO)y sm9 = A = constant. (7*15-8) 
Written in terms of the precessional velocity i/, this yields 

A — IzzS cos 9 

IxxBi^^9 


z = S, so that 
(7*15-5) 


(7*15-5) 


232 


MECHANICS OF A RIGID BODY 


Moreover the energy equation (7-15-6) can be written 
^ 2E - 2mgl cos d — 

+ ^2 sm® d 2— ^ . (7-15-10) 

I XX 

With the introduction of the new quantities 
^ — -A-lIxx, ^ = I^zSIIxx) 

2E - (7-15-11) 


a = 


b — 2mgl/I 


XX) 


eqs. (7*15-9) and (7 •15-10) take on the simpler form 
. a — ^ cos 6 

W = TT ? 

sin^ B 

^2 ^ ^2 gjj^2 ^ ^ J gQg 0 ^ 

The elimination of between these equations yields 
(a — /3 cos BY 


(7-15-12) 


B = 


sin^ B 


+ a - hcosB, (7-15-13) 


Letting u = cos B, we get 

u^= {a- bu){l - u^) - {a- ^uY = f{u). (7-15-14) 

Evidently the variation of d with time depends on the quadrature 

du 

(7-15-15) 


-I 




+ constant, 


which in turn can be expressed only in terms of eUiptic functions. 
However, we can learn something about the top’s behavior with- 
out carrying out the integration 
in (7-15-15). Clearly /( m) must 
be positive to insure the reality 
of u, and, further, u must he 
between 0 and +1. The func- 
tion f(u) is a cubic with three 
roots of which two must lie be- 
tween 0 and -|-1. The situation 
is depicted in Fig. 7-29. We shall 
call the roots of f{u) lying m the 
allowed mterval Ui and u^. It follows that the inchnation of the 
tops axis to the vertical is restricted to he within the limiting : 
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angles = arc cos mi and 0 ^ = arc cos u^. More elaborate con- 
sidera ion ol the problem shows that 0 varies periodically between 

these hmits. This motion is known as In general the 

spinning of a top or gyroscope is accompanied by both precession 
and nutation. Under certain conditions the nutation vanishes; 

s ®“ands, of course, that 0i = 0^ always. Hence ui = m must 
be a double root oi f(u), and for vanishing nutation we mLt be 
able to wnte this function in the form 


f(u) = B(u - U3)(u - mi) 2, 


(7-15-16) 


where B is constant. It is clear that must satisfy both 

fM = 0 and df/du = 0. This will suffice to fix ti, and the pre- 
cessional velocity yp, given by the first equation in (7-15-12) 
becomes m terms of ui ’ 


4' = ~[l±Vi 

2ui 




(7-15-17) 


For each i^i there are then two possible processional velocities 

If the spin velocity is so great that » 2hm, the two values of 
^ are 

'Pi = rnglH^S, (7-15-18) 


•pi = 


hA 

^ 1-7 XX 


fi _ 


(7-15-19) 


Evidently The slower precession is usually the one 

observed. 

Suppose the top is started with axis vertical and 5' = s i e 
with spin velocity only. This leads at once to « = 0 and a = h 
The roots of / {u') then become 

— + 1 , ~ _ 2 ^ 

As long as <5^ > m > 1, and the motion of the top 

IS confined to simple rotation about the vertical axis with no 
precession or nutation, i.e., the top sleeps. As a result of friction 
at the point of support, energy may be lost until 
when ws becomes less than unity, and precession sets in with 
nutation between the angles 0 = 0 and 0 = 02, where 

cos 02 = I,,^Sy2mglI:,^ - 1. (7-15-20) 

Th^ means the top begins to wobble. With the continued decrease 
of S, 02 increases until the top falls down. 
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PROBLEMS 

1. A rigid body possesses velocity of translation v and rotational velocity 
<«>. What is the velocity of a point P of the rigid body with position vector r 
with respect to a fixed origin? If v and 6> are constant in time, what is the path 
of the point P and what is its equation? 

2. A flat cylindrical disc of brass 10 cm in diameter and 2 cm in thickness 
has coiled about its edge a light flexible and inextensible string. If the free 
end of the string is attached to a fixed point and the disc is allowed to fall, what 

will be its total kinetic energy at the end of 2 
seconds? 

3. A steel ring in the form of a torus with 
inside diameter 50 cm and outside diameter 52 
cm is allowed to perform small oscillations in a 
vertical plane about a rod on which the ring is 
hung. (See figure.) Calculate the frequency of 
the vibrations. How much torque is needed to 
displace the ring through an angle of 5° from its 
equilibrium position? 

4. An elliptical disc of brass of major and 
minor axes 20 cm and 10 cm respectively and 2 cm thick may rotate about 
an axis through one focus and perpendicular to the disc. If the disc is 
displaced so that its major axis is horizontal and let go, find the angular 
velocity of the disc at the instant when the major axis is vertical. 

5. Consider two particles of mass m joined by a weightless rod of length 1. 
The system is assumed to rotate about an axis through the center of the rod 
and perpendicular to it. The quantum theory requires that only those rota- 
tional motions are possible for which the angular integral of the angular mo- 

p2Tr 

mentum over the period from 0 to 27r (viz. f M dd) is equal to some multiple 

t/o 

of Planck's constant h. Find the expression for the allowed values of the 
energy of rotation and compare with the similar expressions for the quantized 
energy states of a hydrogen atom (Sec. 4.4). 

6. A non-homogeneous circular rod has line density var 3 ring with distance 
rr along it of the form p = po -f hx. The length of the rod is 1. The rod falls 
from rest in a vertical position to a horizontal floor. If the bottom in contact 
with the floor does not slip, with what Idnetic energy will it strike? What will 
be the velocity of the top end? 

7. Calculate the translational acceleration of a sphere roiling down an 
inclined plane of angle 6, First solve the problem by the torque equation and 
then by energy considerations. 

8. The ring of Problem 3 rolls down a 30° incline. How much velocity 
does it gain in 1 second? 
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9. Find the period of the small oscillations of a cube of side a about one 


2'\/2 

edge and show that the length of the equivalent simple pendulum is a. 


Also find the center of oscillation. 

10. Show that the moment of inertia of a thin rectangular sheet with sides a 
and b about an axis through the center and parallel to the side h is ma^/12, 
where m is the mass of the sheet. 


11. Prove that the moment of inertia of a homogeneous spherical shell with 
internal and external radii n and r 2 respectively about any diameter is 

2 r2® ri® 

- m 

5 — ri® 


12. Prove that the moment of inertia of a solid homogeneous sphere about 

an axis tangent to the sphere is where m is the mass and a the radius 

of the sphere. 

13. Prove that the moment of inertia of a homogeneous plane triangular 
plate about any axis in its plane is equal to the moment of inertia about the 
same axis of three masses each placed at a midpoint of a side of the triangle and 
each equal to one third the mass of the plate. 


14. Consider a non-homogeneous ellipsoid with semi-axes a, h, c respectively 
and with density varying directly as the distance from the center along the 
longest axis (the layers of equal density being concentric elliptical sheets per- 
pendicular to the longest axis). Show that the moment of inertia of the ellip- 
soid with respect to its longest axis is m(62 -j- c®). 

15. Prove that the product of inertia of a rigid body with respect to any 
two mutually perpendicular rectangular coordinate axes is equal to the product 
of inertia with respect to two parallel axes through the center of mass plus the 
product of inertia of the whole mass of the body located at the center of mass 
with respect to the original axes. 

16. A uniform wire is bent into the form of a triangle. Find the position 
of the center of mass. 

17. Out of a uniform circular disc of radius a, one quadrant is cut. Find 
the center of mass of the remainder. 


18. A uniform flexible cord is suspended between two points in the same 
horizontal line. Calculate the position of the center of mass of the cord. 

19. In a hemisphere of radius a the density varies inversely as the distance 
from the center. Determine the position of the center of mass. 

20. Find the center of mass of one octant of a homogeneous sphere. 

21. Determine the coordinates of the center of mass of one octant of the 

eMpsoid -4- == 1, in which the density is a linear function 

of the distance along the X axis. 
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22. Prove that the moment of a couple has the same value about any axis 
perpendicular to the plane of the couple. 

23. Show that a couple may be replaced by any other couple with the same 
moment in the same plane. 

24. A uniform rod of mass m and length I rests on two inclined planes AB 
and BC (see figure), with their line of intersection lying in a horizontal plane. 

Q The rod lies in a vertical plane perpendicular 
to the line of intersection. The angles of 
the planes are 0i and respectively. Find 
the position of equilibrium of the rod if its 
contact with both planes is smooth. Cal- 
culate the normal thrusts. What would be 
the effect on the foregoing result if one 
plane only is smooth and the other rough? 

26. A umform ladder rests with one end against a rough horizontal plane 
and the otW end against an equaOy rough vertical plane. What is the 
smallest coefficient of friction that will aUow the ladder to rest in aU positions? 

26. A uniform rod of length I and mass m rests against the horizontal rim 

iw, of the 

bowl. Find the position it will assume for equilibrium. 

_ 27. Given a circuit table with three legs vertioaUy below the rim and form- 

tb! f tnangle. Find the smallest weight which when placed on 

the table is able to upset it. ^ 

""I ^ ^°dy which rotates about 

the fixed a: axis and show that m general in addition to the torque component 

about the a: axis (due to gravity, for example) there must be torque components 

“is" ' '«■>“ ProdulS 

29. Calculate the magnitude of the easterly deflection from the plumb line 
expenenced by a particle dropped from rest at a height of 500 feet latitude 

30 A raUroad train of mass 100 tons moves due east in latitude 45° N with 
constant ve ocity of 60 mi/hr. Find the magnitude of the force at iffht anTks 
to the direction of motion. How is it directed? gat angles 


31. A particle is thrown vertically upward in a vacuum with velocity v. 

COS X west of the 


Prove that on its return it hits the ground a distance 


32 A simple pendulum has its point of suspension directly over the center 
of a honzontel turntable rotating with angular velocity If the bob is pSled 

aside and let go, what sort of curve wiU it trace out L the tmntaS^ " 
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and magnitude after 1 second of flight? oneoLion 

34. Find the equation of the momental ellipsoid of a homogeneous emptical 
plate in the xy plane with semi-major and semi-minor axes a and h respectfve^ 

35. Prove that the momental effipsoid of any regular polyhedron with its 
center at the origm of rectangular coordinates is a sphere Sneeialise to the 
case of a cube and find the radius of the correspondtag spher^. 

36. An airpl^e motor and propeUer has a moment of inertia about the axis 
of spm of 25 kilogram meters^. If it is moving instantaneously in a curved 
path with a radius of curvature of 150 meters with a velocity of 300 km/hr 
what IS the torque (Section and magnitude) tending to make the plane move 
vertically? Where does the counter torque 
come from? 


37. A simple top may be formed by pierc- 
ing the center of a uniform disc of radius a 
and mass m. We may assume that the mass 
of the pin is negligible compared with the 
mass of the disc. Calculate the moment of 
inertia about the mutually perpendicular axes 
passing through 0, the point of contact of 
the pin with the floor, the pin itself being 
taken the z axis. Compute the minimum spin velocity at which the top 
will sleep. At what spin velocity will the top begin to roll on the ground? 

38. The equation of motion for an electron of mass m and charge e moving 
m an electric field F and magnetic field H is in vector form 






^ Or" 

b 


ma = cF + “ V X H 

c 

where v is the velocity of the electron and c is numerically equal to the velocity 
of light. The first term on the right is the force due to the electric field 
whereas the second is that due to the magnetic field. (See, for example. Page 
and Adams, Principles of Electricity^ D. Van Nostrand Co., N. ¥.,^931, 
Chap. VIII.) Find the form assumed by this equation when the motion of 
the electron is referred to a system of axes rotating about the direction of the 

magnetic field with constant angular velocity co — H. In particular 

2mc ^ 

show that if terms proportional to Fs are neglected the equation of motion in 
the moving system reduces to the form 

ma.ni — eF. 

This is known as Larmor’s theorem, and the angular velocity of the rotating 
axes is called the Larmor precession. It is of vital importance in the study of 
the effect of a magnetic field on an atom. 
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Th^rp T^es of Constraints. The Simple Pendulum 

thp l!+f important cases of motion of a particle in which 

er IS compelled by the geometry of its environment to 

rntemdr^h n ^^en- 

cS Diane A ^ illustration in motion on an in- 

clined plane. Another example is furnished by the simple pen- 
dulum, where the motion of f 



arc of a circle due to the invariable length of the string. We have 
indeed teken up already the approximate case of smafl mlions In 
connection with the physical pendulum. This will be a good 
place to mvestigate the more general case where the swing may be 
of „b.tra .7 Consider Fig. 8-1 where to bT P 

which for our purposes here is to be considered a single particle’ 
IS suspended by a string of length I from the fixed point 0. The 
bob IS in eqmhbrium under gravity when OP is vertical ie 
comcides with OE. We wish to detennine the motiriTsulting 
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when the bob is pulled aside thi’ough any arbitrary arc (less than 
5r/2 for our convenience) and then let go. 

The force on the bob in the direction of the motion is of mag- 
nitude mg ^ sin e. If we denote the displacement along the arc by s 
the equation of motion is ’ 


ms = —mg sin 6 . 

Now s — Id and hence (8T— 1) becomes 

§ = — ^ sin 

L 


( 8 - 1 - 1 ) 


( 8 - 1 - 2 ) 


A first integration may be carried out by multiplying both sides by 
6 dt, whence 


= ^cose + Ci. 


(8-1-3) 


The constant Ci may be evaluated by the initial condition that 

e = zero for a value of ^ = ^o, the amplitude angle. Then there 
results 

1 ., g 

- = - (cos 8 - cos ^o). (8-1-4) 


Now if the initial angle Bo is small (say < 10°) we may write 

6 ^ 

COS ^ = 1 

2 

and on substitution and rearrangemont 

do 


(8-1-5) 




Integration yields 


= = ^[^dt. 
92 M I 


( 8 - 1 - 6 ) 


arc sm ■ 




Y+c, 


or 


8 80 sin t -|- • 

In this case the motion is simple harmonic with frequency 


(8-1-7) 
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V cos d — cos 6q V I 
From elementary trigonometry 

cos 5 = 1 - 2 sin^ . 

On substitution into (8-1-9) we have therefore 


(8-1-9) 


( 8 - 1 - 10 ) 


We shall now introduce a new angle 4> defined by the relation 


whence 


( 2 J ‘ ^ == k sin 4>, 


u 

2 = arc sin {k sin 0), 

so that 

d(^ = ^ 

^T- sin V " 

We can see the physical meaning of the angle 6 hv fi, 

:mt,al portion of P be P. (Fig. S-IL so that Z EOP^.t Ibt 

ED lir diameter 

I cr ^ ® •* 

EF = l(l - cos e) = 21 sin^ , 

and assuming that Z EDQ really is <^, we have 
^ . EF 

ED ^ EQ 

EF = ED sin^ 4>^ 


so that 
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which from Fig. 8 T becomes 


EF — 21 sin^ ( 7 : ) * sin^ cj). 


Hence sin = sin • sin (j>, as above. Substitution into 
( 8 * 1 - 10 ) now yields 




Vl — sin^ 4 > 

and on integration we have 

Igfo Vr 


9,f 

idi, 


t = 


dcj) 


sin^ 4 > 


( 8 - 1 - 11 ) 


( 8 - 1 - 12 ) 


where t is the time taken by the particle in moving between the 
positions 6 = 9 and ^ = 0 . The integral appearing here is the 
well known elliptic integral F(k, <j>) connected with the elliptic 
functions. Its values are tabulated in Peirce^s Tahlo of iTitogvcds, 
Let us note a few special cases. For example, take do = 10° and 
calculate the quarter period, i.e., let <j> = Then k = .0872 
and we have, denoting the period by P, 


P = 6.2952 


I- 


To the same number of places, 2 x = 6.2832. This indicates that 
the simple formula ( 8 T- 8 ) is accurate for amplitude angles less 
than 10 ° with an error of less than . 2 %. For 6o = 20 ° we have 
k = .1736 and P = 6.3312 VTTff. The error for a single period is 
still less than 1 %. For many practical purposes the integrand 
in ( 8 - 1 - 12 ) may be expanded in a series and the integration carried 
out term by term. Thus expanding (1 - k^ sin^ ^)-^ 


-U 


(1 -f ^ ^ 


^ + f (^ 


I sin 20 ) + 


(8-1-13) 


JSee E. B. Wilson, “Advanced Calculus ” (Ginn & Co., Boston, 1911 ) p. 
oOo. ^ 
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Hence for the period P we have 

^ = = 27r^(^l + (84-14) 

if we recall that k == sin 60/2 = $ 0 / 2 , if do is small. The formula 
(84“14) is frequently very useful for small initial amplitudes.^ 

8*2. Motion of a Particle on a Smooth Surface of Arbitrary 
Form. Let us suppose that the equation of the surface on which a 
particle is constrained to move is given by 

cj>(x,y,z) ==0. (8-2--1) 

The particle (of mass m) is acted on by the external force F with 
components Fx, Fy, Fg, while the surface exerts on it a reaction 
force R, with components Rx, Ry, Rs- Now if the surface is smooth 
the force R acts along the normal and hence 

Rx = XR, Ry = fjiR, R, = vR, ( 8 * 2 - 2 ) 

where X, /i, v are the direction cosines of the normal drawn in the 
direction of R, and will be functions of x, y, and z in general, being 
constant only for the case of a plane. The component equations 
of motion of the particle are then 

mX == Fa: + Xi2, 

my = Fj, + fxR, • (8*2-3) 

mz = Fg -h vR, 

Let us multiply these equations through by y, z respectively and 
add. We then get 

^ j ^ d(y^) m d{z^) _ 1 d(y^) 

2 ~lir 2 di 2 2^ “dT 

== xFx + yFy + zFx 

+ R{x\ + yix + zv). (8*2-4) 

Now z are proportional at any point to the direction cosines 
of the tangent to the surface at that point since the particle is 

tFor further discussion of the pendulum, reference may be made to P. G. 
Tait and W, J. Steele, “ Dynamics of a Particle (MacmiUan, 7th ed., London, 
1900), Chap. VI. 
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constrained to remain on the surface. Hence zv is 

proportional to the cosine of the angle between the tangent and 
the normal to the surface and is thus zero. Eq. (8-2-4) mav 
then be written ^ 


imd(v^) 

Integration yields 


Fxdx Fy dy + Fz dz. 


( 8 * 2 - 5 ) 




■f(F xdx + F„dy + F^dz) + C. (8-2-6) 

If the external forces involved are conservative (Sec. 4-1) we mav 
write the integral as - F(rr, j/, z) and have ’ ^ 


f -I- V {x, y, z) = C, 


(8-2-7) 


where 0 IS a constant. This is the energy equation and we note 
the interesting fact that as might have been anticipated the con- 
straints do not enter it. The actual path followed by the particle 

18 2 second integration of 

(8-2-7) alone for this furmshes but one of the necessary equations 

As long as the time is involved the number of the latte/is three 

two h? r remaining 

two by eliminating R among the eqs. (8*2-3). These yield 


mx 


my 


mz 


F. 


( 8 * 2 - 8 ) 

^^T^^IndT * fT get two relations involving 

X I’ LFf F f the time yields a relation amoni 

’ f’ represents a second surface. The intersection 

^ this with the surface ^x, y, z) = 0 is the path of the S Rle 
while the equation (8-2-7) can then be used to give the "tiine 
^uafon,” that is, the equatioB which expresses the rite at wfeh 
tta motion takes place along the path. This is, in formal outline” 

» a^:^::Lr“ -s 

As an illustration of the preceding general method let ns con 
^ -s v^cal and dlmc«trw:d,td’'ti: tt 
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center of the sphere. At the point P (x, y, z) the direction cosines 

of the inward drawn normal (R is directed in) are (Fig. 8-2) 



if a is the radius of the bowl. IMoreover 

Fx== Oy Fy = 0, Fz = mg. (8*2~10) 

Therefore the equations of motion (8*2-3) become 

.. Ry Bz 

fyix rny — > mz = mg ( 8 * 2 - 11 ) 

w a a 

The power equation [i.e. (8*2-4) — that which gives the time 
rate of change of energy] then becomes 

1 d , 

-m-{x^ + y^ + P) = mgz. (8-2-12) 

Incidentally we can readily verify that 

x\ + y/j, + zv = 0, 

a relation which we have just shown must hold from general con- 
siderations. In the present case it becomes 

XX +yy + zz = 0. (8-2-13) 

But since the equation of the surface is 

x^ + y^ + z^ = a% 


(8-2-14) 
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eq. (8*2-13) follows at once by dififerentiation with respect to 
the time. Integration of eq. (8*2"12) gives 




gz + c, 


(8*2-15) 


where c is a constant of integration. If the initial value of z 
is Zo and the initial velocity Vqj then c = The case 

where == 0 for z = zo is a special one and will be treated later. 
Here we wish to discuss the general case. Now eliminating R 
among the equations ( 8 * 2 - 11 ) we have 

^ . 

X y z 


(8*2-16) 


The first equation can be integrated once. Thus 

yx — xy = b, 


(8*2-17) 


where b is an arbitrary constant. It is not easy to integrate the 
other equation, but we can obviate this difficulty by recalling from 
eq. (8*2-13) that 

XX + yy = -zL (8*2-18) 

Now if we square the eqs. (8*2-17) and (8*2-18) and add, the 
result is 

(a;2 2/2) (^2 2 / 2 ) = 52 ^ 


This may be reduced very easily to the form 

o , .0 .0 b^ + 

x^ + f + r- = • 

a2 — z^ 

Combining (8*2-19a) with (8*2-15), however, gives 
2(gz + c)(a2 - z^) - b^ 


On separating the variables 


dz 


V2 {gz + c) (a 2 — z^) — 52 


dt 

a 


(8*2-19) 


(8*2-19a) 


( 8 * 2 - 20 ) 


( 8 * 2 - 21 ) 


The integral involved here is an elliptic integral. Much may be 
learned about the resultant motion without actually evaluating it. 
Thus we note first that the expression under the radical must be 
real. Let us investigate its roots, noting that in our problem z is 
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necessarily restricted to the region 0 g 2 g a. if call the 
expression, ^ ( 2 ), the following relations are true 


while 


'i'(a) = ^(-a) 

^(^o) > 0, 




( 8 - 2 - 22 ) 


and hence 2 may not in general take on the value a. Since ^(z) 
IS positive for 2-20 and negative for 2 = a, it must have at least 
one root between Zo and a. Moreover since 'I' ( - a) is also negative 
there IS another root between 2 = 2 „ and 2 = -«. As a matter of 
fact, there is a third root bet\Yeen 0 = -a a^nd z = ~co since 

^ + “ • , roots a, and y. In the type 

of motion in which we are interested both « and /3 are positive and 
the result is that the motion of the particle takes place between the 
two horizontal circles corresponding to 2 = a and z = S 
Now let 


f ^ h 

2 2 

(8-2-23) 

and introduce the angular variable <f>, where 


2 = / + A cos 2 <ji. 

Then 

(8-2-24) 

z — a = z — (/-f-A) = — 2A sin^ cj>, 

while 

(8-2-25) 

2 - ^ = 2 - (/ - A) = 2 A cos^ <j>. 

Since 

(8-2-26) 

'^( 2 ) = ~ 2 g(z - Q !)(2 - /J )(2 - 7 ), 



it therefore follows that 

■S' ( 2 ) = 8g¥ sin^ (j> cos^ <j> ■ (z — y) 

= 8gh^ sin^ 4 , cos^ <l> • (f - y + h cos 24>). (8-2-27) 
We now recall from (8-2-20) that 

S'(2) 


2 " = 


But from (8-2-24) 


(8-2-28) 

(8-2-29) 


2 = — 2 Ac^ sin 24 >. 
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The combination of (8*2-29), (8*2-28), and (8*2-27) 3delds finally 


- ^'sin^-^-), 

(8-2-30) 

where 


p__ 

f + h- y 

(8-2-31) 

Separating the variables in (8-2-30) gives 


dti> d* 

\/l — Jc^ gin 2 (jy ak ’ 

(8-2-32) 


so that the time corresponding to an}^ value of 4> is 


t = 


ak 


s 


dcj) 


Vl — /fc2 sin^ <j) 


(8-2-33) 


This expression is in the same form as (8-1-12) encountered in the 
study of the simple pendulum. Hence as far as motion in the 
z direction is concerned the particle oscillates approximately as a 
simple pendulum. ^ When ^ = 0, z = f + h, while for cl> = w/2, 
^ ~ f Since in our case both a and jS are positive, if a > /3 
/ and h are both positive and the integration from 4> = 0 to 4> = 
x/2 corresponds to the motion from z = a to z = ^, i.e., a half- 
period. We then have, if P represents the period of the motion 
in the z direction, 

2 (8-2-34) 

where 

d4> 


K 


-£ 


V 1 — gjj3^2 ^ 




Now the quarter period of a simple pendulum is given (see Sec 
8-1) by 




(8-2-35) 


Hence the length of the simple pendulum which will have the same 
penod as the motion in the s direction of the particle here con- 
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sidered will be given by 


^~lh' (8-2-36) 

A more detailed discussion together ivith the treatment of the 
motion and 2/ with diagrams of actual experiments wiU be 
found m Webster s Dynamics (p. 48 ff.). 

We ought, however, to note the special case where = Q for 
z - zo [see eq. (8-2-15)]. This corresponds to the case where the 



Fig. 8-3 

particle is let go from rest at any point. What is the result? 
In this case we have 

c = -fi'So. (8-2-37) 

But smce z must also be zero initially (i.e., when z = z^) it follows 
from eq. (8-2-20) that 

= 0- (8-2-38) 

If now we introduce spherical coordinates defined as in Fig. 8-3 
with ' ’ 

X = a sin 0 cos <j>, 

y = a sin 6 sin 4>, 

z = a cos B, (8-2-39) 

eq. (8-2—17) with 6 = 0 becomes 

— sin^ 6 ■ <j> = 0. 


(8-2-40) 
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Now let us look at eq. (8-2-15) which since 

= a 2(^2 + sin^ e • 4 >'^), (8-2-41) 

becomes [recalling (8-2-40)] 

= 2{gz c) 

= 2(ga cos 5 + c). ' (8-2-42) 

If now we differentiate with respect to the time we have 

= — 2ag^ sin 0, 


or 


^ + -sin 0 = 0. 
a 


(8-2-43) 


Rut this IS the equation of the simple pendulum swinging in a 
plane — the problem already discussed fully in Sec. 8-1. Hence 
when the particle is allowed to drop from rest from its initial 
position the motion is that of a simple pendulum. The more 
complicated motion previously discussed results when the initial 
motion implies an initial velocity different from zero and arbi- 
trarily directed. It should be noted, of course, that even if the 
initial velocity is not zero, if it is directed in the great circle con- 
taining the lowest point of the bowl, the motion is that of a sim ple 
pendulum. For in this case the particle must remain in the initial 
diametral plane. 

8-3. Constraints and the Principles of Mechanics. D’Alem- 
bert’s Principle — Dynamics Reduced to Statics. Thus far our 
study of dynamics has been based on our interpretation of New- 
ton’s three laws of motion outlined in Chapter I. It is important 
to realize, however, that there are other ways of stating the 
principles of mechanics. Two of these are closely connected with 
the motion of particles subject to constraints and hence we may 
well consider them at this place. The first is the celebrated 
principle of D Alembert, enunciated in 1743, which provides a 
foundation for mechanics that effectively reduces dynamics to 
statics. We shall confine our attention to this principle in the 
present section and use Mach’s method of presenting it.i 

1 Ernst M^h, “The Science of Mechanics” (English translation, Open 
Court Publishing Company, Chicago). An extremely valuable storehouse of 
information on the pnnciples of mechanics. Every serious student of me- 
chamcs should read it. 
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Consider the system of n particles of masses ntj, . . . , 
three of which are indicated in Fig. 8-4. Suppose that the forces 
Fd, F 2 V ■ • I F»‘ act on them respectively We shall call these the 
mpressed forces. If the masses were subject to no constraints 
(i.e., if they were not connected in any way or forced to move along 
certain curves or surfaces) they would then move with accelera- 
tions given by ai = Fi'/mi, etc. Let us suppose, however, that 



Fig. 8-4 


due to the constraints the actual motions are such as would be 
produced in free bodies by the action of the forces Fi®, F 2 ®, . . . , 
That is to say, F„« = m^an, where a„ is the actual acceleration 
of the nth particle. These may be termed the effective forces. 
Now let us form the vector differences 


Fi^ - Fi« = Vi, 

F 2 * - F 2 ' = V 2 , 


P i _ IT e = V 


(8-3-1) 


D’Alembert^s principle then consists in the hypothesis that if the 
systena of forces Vi, V 2 ; . . , Vn (sometimes referred to as “ lost 
forces) alone were to act the system would remain in equilibrium* 
This can be expressed analytically by the use of the principle of 
virtual work (Secs. 5-7 and 5*8) in the form 


r V, 


dtj = 0. 


(8*3-2) 


It is important to emphasize that (8-3-2) does not by any means 
necessarily mean that = 0. The dynamical problem is 
essentially reduced to one in static equilibrium. In the employ- 
ment of D’Alembert’s principle the essential problem is the 
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Fig. 8-5 


correct choice of the impressed forces. The constraint forces do 
not enter, but one must be careful not to treat a genuine impressed 

force as a constraint force and 
leave it out. 

A better understanding of 
the principle may be gained 
by a few simple examples. 
First let us take the case of a 
single particle on a smooth in- 
clined plane. Consulting Fig. 
8-5 we see that the impressed 
force in this case is the weight, 

_ . of magnitude mg, while the 

effective force is acting along the plane. In this case there 
IS but one particle and a single V = F* — F®. 

Application of (8-3-2) leads at once to 

(F* - F'') • dr = 0, (8-3-3) 

where dr is taken down the plane. 

Hence 

F‘ *dx = mg sin d dr, 

while 

F® • c^r = F® dr = ma dr. Tj 

We therefore have finally since dr is arbitrary, 

= ma — mg sin B, 
or 

a = ^ sin B, (8*3-4) 



Fig. 8*6 


the usual expression for the acceleration of the particle down the 
plane. This is doubtless a rather long-winded way of getting at a 
Simple result. Nevertheless it is often desirable to emphasize the 
meamng of a general principle by the use of a very simple example. 

et us try another illustration, this time one involving two parti- 
cles. The simplest case of this kind is probably Atwood’s machine 
already worked out in Sec. 2-1 by means of Newton’s laws. Con- 
sultmg Fig. 8-6 we see that the impressed forces are the weights 
mig and m^g respectively. The tensions Ti and are constraint 
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forces and do not enter the expression of the principle. The 
latter now takes the form 

(mig — miaO • dti + • dxt = 0. (8-3-5) 

If we follow the pattern of Sec. 5*8 we find it convenient to repre- 
sent dti and dt 2 as both directed vertically. The expansion of the 
^ dot product in (8-3-5) then yields 

{niig — rriiai) dn + {m^g — mm) dr^ == 0. (8-3-6) 


But from the geometry of the constraints we must have 

dfi = —dr 2 , ai = (8*3-7) 


Therefore the solution (with dvi arbitrary) follows in the usual 
form 


ai 


mi — m2 
^ 

mi -f- m? 


(8-3-8) 


The reader should work out other and more complicated examples 
using the principle. (See, for instance, the problems at the end 
of the chapter.) 

In advanced texts on mechanics D^AlemberPs principle is 
often made the starting point for the development of the whole 
subject. This is true, for example, in the celebrated treatise 

Mechanique Analytique ” of Lagrange (1811). This work 
should be of considerable historical interest to the student, for it 
marks the climax of the eighteenth century attempts to make 
mechanics a branch of mathematical analysis. In the preface the 
author proudly boasts: There are no figures in this work.” 
It constitutes a monument of analysis. We shall have occasion 
in Chapter XII to refer to Lagrange^s form of the equations of 
motion of a dynamical system. 

8-4. Gauss’ Principle of Least Constraint, Another very sig- 
nificant principle of mechanics closely connected with the idea of 
motion subject to constraint is due to Gauss. It was elaborated 
by him in 1829 in an attempt to reduce all mechanics to a single 
generalization. 

Suppose that we have given a system of n particles of masses 
mi, m 2 , mg, . . . , occupying the positions Ai, . . . , Three 
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of them are indicated in the accompanying figure (Fig. 8 '7). Let 
us now imagine that if the particles were perfectly free to move 
under the action of certain external forces, they would undergo 
during an in fi nitesi mal t ime in terval dr the infinitesimal displace- 
ments AiBi, AjBi, . . AnBn. The system being subjected to 
certain constraints (i.e., the masses being perhaps connected to 



each other by rods or cords, or constrained to move along certain 
curves or surfaces), suppose that the actual displacements during 
the above time interval are A^C^, 3^,..., Gauss’ 

principle now states that the actual displacement of the system 
under the constraints is such that the sum 


+ ■■■ + mnB„Cn\ 


(8-4r-l) 


is a minimum, that is, less for the actual motion than for any other 
possible motion of the same system under the same constraints, 
ms sum may be looked upon as the analytical expression for the 
total constraint, and hence the principle is known as that of least 
constraint. It is interesting to note that the static case is in- 
cluded in this principle, for if the total constraint for every possible 
motion IS greater than it would be for rest, equihbrium will pre- 
vail, i.e., the system once at rest will remain at rest. 

Gauss intended this as a fundamental postulate by the assump- 
lon of which aU the problems of mechanics can be solved It is 
necessarily connected with the Newtonian laws of motion and 
D Mernbert s principle, and indeed we shall show that it may be 
deduced frorn the latter. Nevertheless for the moment let us 
assume it and work out a fairly simple problem in dynamics to 

understand its essential content. 

We choose the Atwood machine again. Examining the situation 

once more as in Fig. 8-8 we note that if m^ and m, were free of 
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eonstraint, in the time dr they would each fall vertically /rom rest 

the distance 

S = ^g{drY. (8-4-2) 


Actually, however, mi falls with acceleration of magnitude a and 

hence in time dr travels the distance 


■n 


s' = \a{dry. 


(84-3) 


The total constraint is thus 

^ (a - gYidrY 4- — i-a - gYidrY. 

(8-4-4) 



This, according to the principle, is to be a 
minimum. Hence, differentiating with re- 
spect to a and setting the result equal to 
zero, we have 


m. 


\m. 


Fig. 8-8 


~ {a ^ g){drY + {a + g){dTy Q, 


or 

a (mi + ma) = ^^(oti - ms), 

(8-4-5) 

and therefore 

mi — m2 

mi + m2 

(8-4-6) 

as usual. 




Let us now show that the principle of least constraint follows 
from that of D’Alembert. 

Referring again to Fig. 8-7, we recall that AjBj is the displace- 
ment which the mass my would undergo under the application of the 
impressed force if it were free to do so. Afij is the displace- 
ment it actually undergoes under the action of the effective force 
Fy«, the deviation due to the constraints being ByCy. Now 
imagine (see Fig. 8*9) that instead of going to Cy th e particle 
were t o go to Dy with a corresponding deviation BjDj. Let us 
denote CyDy by 5ry, and suppose it makes the angle Bj with CyBy. 
We then have 


BjDf = CjB/ + dry — 2 brfijBj cos ^y, 


(8*4-7) 
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whence multiplying by and summing up over all the particles 

there results 

'LrtijBiDl - 5r/ 

— Sry cos dj. (8-4-8) 

Now since all the above displacements are supposed to take place 
from rest in the same time dr, it follows that 

■^jBj hdijj == hdgjj OjJBj = hucjj ( 8 - 4 — 9 ) 

where is a constant and an and a./ are the magnitudes of the 
accelerations produced by the impressed and effective forces 



Fig. 8-9 

respectively and acj is the magnitude of the acceleration that 
would correspond to the particular constraint which acts here 
(assuming it were able to produce an acceleration) . Thus we may 
think of the actual (effective) acceleration as produced by sub- 
tracting an equivalent ” acceleration due to the constraint from 
the acceleration that would be produced in the particle if it were 
free to move. Then 

mjAjBj- = kF/, nijAjCj = kF^, mfi/Bj = kV,. (8-4-10) 
Now according to D’Alembert’s principle 

ZV,-5ry = 0. (8-4-11) 

Therefore from eq. (8-4-10) 

2J^mjCjBj Svj cos 6,- = 0, (8-4-12) 

and finally from (8-4-8) 

J^mjBjD/ — '^mjCjBl = '^mj 5r/. (8-4-13) 

The right-hand side of this equation is always positive 
It foUows then from (8-4-13) that the must be less 

for the actual motion than for any other alternative motion 


PROBLEMS 


257 


compatible with the constraints. This is the essential content 
of the principle of least constraint. 

The student will do well to apply the principles of D’Alembert 
and least constraint to other simple examples. In a later portion 
of the book it will be shown, how still more general mechanical 
principles may replace or supplement them. Their introduction 
in this place is for the purpose of emphasizing the important fact 
that there are several ways of expressing the laws of mechanics, 
depending on the point of view which is taken. 

PROBLEMS 

1. A particle is constrained to move under gravity in a vertical circle of 
radius B, If it starts from rest where the tangent to the circle is vertical, how 
long will it take it to reach the lowest point of the circle? 

2. In Problem 1, find the expression for the reaction of the circle on the 
particle as a function of vertical distance above the lowest point. 

3. A particle of mass m is fixed to one end of a string of length I and the 
other end is attached to a fixed point. The particle is then constrained to 
move in a horizontal circle with uniform angular velocity co. Find the inclina- 
tion of the string to the vertical and the relation between the tension in the 
string and the angular velocity. . Compute the length of the equivalent simple 
pendulum. (This arrangement is known as a conical pendulum. Suggest a 
practical use of it.) 

4. The cycloid is the locus of a fixed point on a circle which roils along a 
fixed axis. Show that the parametric equations of an inverted cycloid with its 
lowest point at the origin (see figure) are x — a{d -{• sin 6), y = a {I — cos 0). 
Find the time it takes for a particle to descend under gravity from rest from 



any point on an inverted cycloid to the lowest point. Show that this time is 
independent of the point from which the descent takes place. Comment on 
the significance of this result and its possible practical application. 

5. A particle moves under the influence of gravity on the convex side of a 
vertical circle with center at the ground. If it starts from rest at the top, 
where will it leave the circle? 
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6. A particle is constrained to move in a straight line under the influence 
of a force directed toward a fixed point at a perpendicular distance a from the 
line and varying inversely as the square of the distance from the point. Dis- 
cuss the motion and in particular compute the approximate time required by 
the particle to travel from x ^ h to x ^ Q, where a; == 0 corresponds to the 
position of the fixed point, and h<^a. 



7. A smooth inclined plane of mass M and 
angle a is free to move on a perfectly smooth 
horizontal plane. A particle of mass m is free to 
move on the inclined plane. Discuss the motion 
of both particle and inclined plane. 

8. Use the principle of D’Alembert to obtain 
the motion of the simple pendulum. Solve the 
same problem with the principle of least constraint. 

9. Solve the problem of the simple lever by the 
principles of D’Alembert and least constraint. 


10. A mass mi is attached to a string wrapped 
about a wheel of mass M and radius R, wliile a 
mass m 2 is attached to a string wrapped about 
the axle of mass m and radius r. Find the accelerations of mi and mt 
respectively by the principles of D’Alembert and least constraint. 


CHAPTER IX 
OSCILLATIONS 


94. A Simple Problem in Vibration. Some of the most im- 
portant cases of constrained motion are those in which the particles 
are connected by rods and strings. Thus consider the following 
simple example later to be generalized. Imagine (Fig. 94) a 
particle of mass m attached at the point P to a horizontal^ elastic 
string (whose mass is so small in comparison with m that it may 
be considered negligible) fastened at the two ends A and B and 
stretched with tension r. 

The distances AP and PB 
are represented by k and h 

respectively. The particle is I 

pulled aside a short distance ^2 

PP' perpendicular to AS and Fig. 94 

let go. We are to find the 

resulting motion, assumed to be rectilinear. Call the displace- 
ment at any instant ^ and suppose it is very much less than 
i(= li + h)- We shall make the simplifying assumption that 
the alteration in the tension with the stretching of the string 
is too slight to be taken into account. The total vertical com- 
ponent of force on the particle is then 


Now 


— r(cos 61 + cos 62). 
cos 61 = • 

^/F+P 


cos 02 - 


+ 12 


( 9 - 1 - 1 ) 

( 9 - 1 - 2 ) 


But if I <C Zi and | C U, as we have assumed, we can write to a suf- 
ficiently good approximation 


260 


OSCILLATIONS 


so that the equation of motion of the particle becomes 



This is the equation of simple harmonic motion (see Sec. 2-2) with 
frequency 

— JL /^ (^i ~i~ ^ _ 1 / tI 
27rV mliU 2T^mljl2’ (9-1-5) 

where I is the total length of the string. If h = 
the simple case 

TT ¥ mZ 

This problem should be compared with the simple pendulum and 
the simple spring treated previously (Secs. 2-2 and 8-1). It 
affords a simple illustration of the small oscillations of a dynamical 
system about a position of equilibrium. We may use it indeed as 
an introduction to a more extended discussion of this important 
topic. 

9-2. Oscillations of a Dynamical System with One Degree of 
Freedom Dissipation. We have had occasion in several pre- 
ceding sections so far to note the occurrence of simple harmonic 
oscillations of small amplitude. We need recall only the simple 
pendulum, the simple spring and the mass particle fixed on a 
horizontal string (Sec. 9-1). Such oscillations are so important 
throughout all physics that it will be desirable to discuss their 
general features with greater elaboration. 

We shall at first restrict ourselves to the case of a system with 
a single degree of freedom. By this is meant a particle or col- 
lection of particles whose state of motion at any instant is com- 
pletely determined by one variable, which may of course be quite 
general in nature, i.e., a linear displacement, angular displacement 
or some complicated combination of these. In our present dis- 
cussion we shall be content to use a linear displacement as our 
variable, and shaU daaote it by the letter ^ Associated with the 
system will be a certain mass designated by m and a certain stiff- 
ness denoted by /. The meaning of the latter is as follows. Sup- 


= 1/2, we get 
(9-1-6) 
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pose that a static force Fi is necessary to produce a static displace- 
ment of the system of magnitude Then 


/ = 


(9-2-1) 


is defined as the stiffness coefficient or more simply the stiffness of 
the system. 1 If now the latter is displaced a slight amount from 
its equilibrium position and then allowed to move freely the equa- 
tion of motion is clearly 


= -/I, 


(9-2-2) 


1 ff 

leading to simple harmonic motion with frequency v = — 

2t 


and period P — 2t 


m 


f 


Thus in the case of the vibration prob- 


lem treated in Sec. 9*1^ the effective stiffness is represented by 
/ = rl/hh, while the mass is the mass of the particle. It may be 
pointed out that there are certain cases where the equivalent mass 
(i.e., that entering into the formula) is not the whole mass of the 
oscillating system. This is notably true in the case of a membrane 
or diaphragm. 

However, at present we are more interested in another matter. 
We have already noted the fact that the eq, (9‘2-'2) can never 
adequately represent the true state of affairs for any oscillatory 
motion occurring in nature, since it implies that once the system is 
oscillating it continues so indefinitely; this is contrary to experi- 
ence. We must recognize that there is always present a certain 
resistance to the motion leading to dissipation, so that ultimately 
unless some external influence intervenes, rest results. The 
question arises: how shall this resistance be introduced into the 
equation of motion? Obviously the resistance may be thought of 
as equivalent to a force, in nature somewhat like the force of 
friction in that it is always opposite in direction to the motion. 
It can hardly be supposed to be proportional to the displacement 
or any function thereof. On the other hand it does seem reasonable 

^ It is here assumed that the stiffness remains constant, i.e., every time the 
static force is the corresponding displacement is fi. This implies, as we 
shall see later in Chap. X, that the systm is elastic. But see the comments 
at the end of this section. 
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to assume that it is a function of the velocity. Let us therefore 

suppose that in addition to the restoring force of magnitude /f 

due to the stiffness there is present a resistance force of magnitude 
-Rl where R will be termed the damping factor or coefficient. 
It must be emphasized that this is a pure hypothesis, since we have 
no a priori justification for the first power’rather than the second 
or higher. And the essential confirmation of the correctness of 
this assumption will appear only after the equation of motion thus 
constructed has been integrated and the resulting motion com- 
pared with experience. 

The equation of motion on this hypothesis now becomes 
ml = -/I - Rl 

or more simply 

m'i + R^ + = 0, (9'2-3) 

The solution of this equation is given in texts on differential equa- 
tions, but we may proceed rather simply as follows. The form of 
^e left-hand side indicates an exponential function of the time 
Hence we assume for our solution 

f (9.2-4) 

where A is an arbitrary constant and X is to be determined We 
then have 

i = A\e^\ I = AXV', 
and therefore on substitution 


-{- R\ = 0. (9.2-5) 

This is the condition which X must satisfy in order that (9-2-4) 
may be a solution of the equation (9-2-3). Solving we find 

x _ ^ ^ Ir^~J 

(9-2-6) 


and consequently the solution becomes 

J (.g.2-7) 

where now the two arbitrary constants A and B must enter since 
we get a solution with the minus sign as well as with the plus sign. 


1 , 
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There are three special cases to consider according as 

(9-2-8) 


^>l 

4m2 < m 



/ 

JT 





Let us take first the case where <f/m, i.e., where the 

damping factor R is relatively small. The radical is then imagh 
^ nary and we may write ^ 

^ = g -R/2m ■ t giv57m -/dy « . t ^ ^ (9-2-9) 

TOth t = V^. It will be necessary here to recall one or two facts 
bv°f tST ? numbers. Any such number may be represented 
^ P _ t P m the xy plane with coordinates x and v. The 
humber itself is then written 

z = x + iy. (9-2-10) 

But there is another way of express- 
ing this, namely in terms of polar 
coordinates, for a; = r cos 0 and y = r 
sin 6 (Fig. 9-2), whence 

s = r (cos ^ 4- i sin B). (9-2-11) 

The angle 6 is called the amplitude 

or argu^nt of the complex number while r is called its modulus 
or absolute value. Thus 

r = Vx^ + y\ 

Now consider the complex number 

w = cos S -f- i sin 0. (9-2-12) 

This has the modulus unity and we may represent it by a point P 
m our diagram for which r = 1. If we displace P to P' on the 
unit circle, w changes to w + dw and 9 changes to 5 -t- d0 But 
we have from (9-2-i2) at once 

dw = (— sin 0 -f i cos ^) di? 

= f(cos(9 -f- isine)de, 


Fig. 9-2 


whence 


dw = iwdd. 


(9-2-13) 

(9-2-14) 
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Integrating, 

or 


log w ie C, 


w = C'e^, 

and since to = 1 for 6 = 0, C" = 1 and hence 


(9-2-15) 


w = e'L (9-2-16) 

This extremely important connection between the imaginary ex- 
ponential and the circular functions enables us to write at once in 
place of (9-2-9) 

^ — e ‘[(A -f B) cos yt {A. — B)i sin yt], (9-2-17) 

where for simplicity we have set y = Vf/m - In ex- 

pressing the result in this form it is necessary to admit that 'A and 
B may be complex numbers. Write A = oi -f ia^ while B = 
bi -|- ibi. Then if we separate ^ into real and imaginary parts we 
have 

I = e *[ (ffij cos yt — (a 2 ~ 62 ) sin yt 

+ i{ (a 2 + 62 ) cos yt -f (ai — bi) sin yt]]. (9-2-18) 

From the form of the solution it is seen that both the real and 
imaginary parts are equally solutions and moreover are essentially 
of the same form. We shall choose to use the real part (and indeed 
make this our general rule in problems of this kind), and writing 
«! + 5i = A' and a 2 — 62 = B', our result is 

I = e gjjj (9-2-19) 

This result can be put into even more compact form if we introduce 
the new variables C and e where 


A' = C cos € and B' = C sin e. (9-2-20) 

With these new constants we get for the displacement of the 
system 

i = cos (yt + e). , (9-2-21) 

We are now ready to interpret the final answer physically. If we 
plot I as a function of t the result is indicated in Fig. 9-3 and 
represents an oscillation of frequency 

X 

2?r 


V 


( 9 - 2 - 22 ) 
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the amplitude of which decays steadily with the progress of time 
It IS often calM a damped oscillation. Two arbitrary constants 
are involved: C the initial ampUtude, and e, the initialpte. By 
defimtion the phase of the motion at any instant t is 

yt + e. (9-2-23) 






J O./ 


from that of the corresponding undamped oscillator. Thus slight 
anaping has little effect on the frequency of a simple harmonic 
scillator. This is well borne out by experiments on pendulums 
springs, tumng forks, etc., and serves as one check on the reason- 
ableness of our equation of motion for the oscillator. 

The magnitude of the damping effect is given by the termE/2m. 
The reciprocal of this quantity, viz., 2m/R, is often called the 
ecay modulus it represents the time taken for the oscillation 
amplitude to decay to 1/eth of its original value. For small 
damping it is accordingly very large. Another commonly used 
measure of the damping is the so-called “ logarithmic decrement ” 
It IS the logarithm to the base e of the ratio of two successive 
amplitudes. Thus if P(= 1/.) is one period of the motion, 

jpg 

2m ^ ( 9 * 2 — 24 ) 

is the logarithmic decrement. 

It will be worth while to pause and consider a little the evalua- 
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tion of the constants C and e from the initial conditions. Suppose 
that when « = 0, f = Jo- We then have from (9-2-21 ) 

lo = C cos e. (9-2-25) 

This alone is not sufficient to determine both constants. We 
might of course note the displacement at some later time and so 
obtain another relation from which together with (9-2-25) C and « 
may be calculated. Actually it is simpler to use the initial ve- 
locity for this purpose. Thus differentiating (9-2-21) with respect 
to the time yields 


1= 


''^'”‘“«os(7f+6)-C'e-^/^“'Vsin(7f+6). (9-2-26) 


Now when < = 0, if | = |o we have 

RC 


io 


2m 


cos — Cy sin e, 


whence we find using (9-2-25) 
tan 6 = — 

while C is finally obtained as 


. , R 
^0 + — ^0 
2m 

yko 


<7 = 


+ (^ + £ fe)’ 


(9-2-27) 


(9-2-28) 


(9*2-29) 


In case the damping is so slight as to be negligible, i.e., R/2m <C 1 
we have approximately ^ 

Io 

(9*2-30) 


tan € = 


Io 


and 




C - 


/^q2 ^ I 2 

‘ m 


/ 

m 


- + j Io". 


(9-2-31) 
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Before entering upon further discussion of these damped oscil- 
lations and their interesting analogies throughout the realm of 
physics we must dispose of the other two cases indicated in (9-2-8). 
Take first the rather unusual case where 


1 = 

m 4m^ 


(9-2-32) 


Here the roots of (9-2-5) are both equal to -i?/2m and our pro- 
cedure must be somewhat modified. Instead of substituting 
^ as in (9*2-4) we let 


f (9*2-33) 

where x(0 is at first an undetermined function of t Then 

j 

^ = XV^x + 2Xe^^x + 

and on substitution into the equation of motion 

m(X\ + 2Xx + x) + i2(Xx + x) +/x = 0, (9*2-34) 

or rearranging 

x(mX^ + RX +f) + x(2mX + i?) + mx = 0. (9*2-35) 
Now since (9*1-5) is satisfied by X = —RI2mj the above reduces to 

X = 0. (9*2-36) 

Therefore 

X = A + Bt, (9*2-37) 

where A and B are arbitraiy constants, will satisfy the equation. 
The solution in this case then becomes 

? = + Bt). (9*2-38) 

We note at once that (9*1-31) does not represent an oscillation. 
Depending on the initial conditions there are various possible 
types of curves. Taking the case where A and B are both positive 
if .A < 2mB/R, a curve of type I with a maximum displaced from 
t = 0 results, while if A = 2mB/R the curve is of type II with 
maximum at the origin, and finally if A > 2mB/R, there is no 
maximum but ^ decreases steadily to zero as time progresses. Ail 
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three represent what is called critically damped motion. Ob- 
viously if A and B are of different signs^ J will become zero for 

finite and somewhat more 
complicated curves than 
those shown in Fig. 94 will 
result. The reader should 
investigate these for him- 
self. 

We finally consider the 
case where R^/4m^ > fim, 
i.e., y imaginary. Here 
again, as inspection of eq. 
Fig. 94 (9*2-7) shows, no oscilla- 

tions are present. We can 
represent the result somewhat more simply if we introduce some 
simple initial conditions, say ^ & and | = 0 for ^ = 0. Then 

with 7 ' = iy (where 7 ' is real) the solution (9*2-7) is 

The initial condition gives 



while since 


^0 = A +B, 


(9*2-39) 


1 = 


A 

2m ^ 


—R/2m • t 


+ 5e-T'<) 




for t = 0, we have 


R 


0=-~(A+B)+Y(A-B) 


A 


y' - 


JR 

2m J 


B 


y + 


A' 

2m 


(9-2-40) 


Solving for A and B from (9-2-39) and (9-2-40), we have 




A = 


b 


B 


r / , 

27' 


A 

2m 


27' 


(9-2-41) 
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Then for the displacement there results 


I = 




~ J?/2m • t 


27' 


7'(e'^'* + e-Vf) ^ _ (-g-y'f _ g-7'n 

2 m 


Now using hyperbolic functions we may write 
ey't _|_ e-y't = 2 cosh y't, 
a'’'*' — = 2 sinh 7 '^, 

whence it follows that the displacement is 


I = 






■ 

7 ' cosh y't + — sinh y't 
2m 


(9*2-42) 


(9*2-43) 


The reader should plot this as an exercise. 

Physically the last two cases, in which ^ //m, corre- 

spond to rather considerable damping such as may be made 
manifest by the motion of a pendulum in a very viscous fluid like 
molasses or heavy tar. Strictly speaking they thus lie outside the 
realm of oscillations which are the theme of this chapter. Never- 
theless there are some interesting analogies in other branches of 
physics. 

A rather interesting case of damped motion occurs when the mass 
of the system is so small that the term in (9*2-3) can be neg- 
lected. The equation of “ motion ” then becomes 

= 0, (9*2-44) 

with solution 

I = (9*2-45) 

This means physically that the system has been started off with 
initial displacement and initial velocity Obviously 

the displacement goes asymptotically to zero as t increases and 
there is no oscillation. In time r = R/fj $ becomes and it is 
said that the system has relaxed to 1/eth of the initial displace- 
ment. The time R/f is then called the relaxation time.^^ 

The notion of relaxation time is important in many physical 
phenomena. Thus when we try to stretch a wire by hanging a 
weight on it the increase in length given by Hooke’s law does not 
immediately take place. The elementary physics relation 

F=Z? (9*2-46) 

for the stretching force corresponding to stretch ^ assumes an 
equilibrium condition which does not prevail at the instant that 
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the force is applied. Hence to study the problem of stretching a 
wire dynamically we must replace (9-2-46) by an equation which 
takes account of the velocity with which the stretching process 
proceeds. The simplest form of such an equation is 

F = fi + Ri (9-2-47) 

which for constant applied force F has the solution 

^ = F/f • {I - e--^'/-®). (9-2-48) 

After time r = B/f, ^ reaches to within 1/e of F/f, which is the 
final stretch. Hence once more we term R/f the relaxation time 
of the process. 

Every physical phenomenon in which there is a ti'm p. lag in the 
attainment of the effect of a given cause will show a relaxation 
time. Hence the notion is of considerable importance in physics 

9-3. Energy of Damped OsciUations. Time Averages. Let us 
revert to the oscillations discussed in the previous section and 
consider them from the standpoint of the energy involved. It 
will be recalled that eq. (9-2-2) refers to the motion of a conservative 
system (Sec. 4-1), for on multiplying through both sides by ^dt 
we have ’ 

d(im42) + d{\fe) = 0, 

or 

+ W = c. ( 9 . 3 _ 1 ) 

The first term on the left is the kinetic energy K of the oscilla- 
tor, while the second term is the potential eneigy V, for by defi- 
nition it is the work done while the oscillator is displaced an amount 
i against the restoring force -/f. The sum of the kinetic and 
potential energies is the total energy, which in this case is constant. 

The situation is different, however, as soon as dissipation is 
taken into account. Thus if we multiply eq. (9-2-3) by | we 
obtain ’ 

& + V = = 17 , ( 9 - 3 - 2 ) 

where the total energy is represented by U. In other words the 
energy of the system is decreasing with the time at the rate R^. 
This is then the rate of dissipation of energy and one-half of it 
has been called by Lord Rayleigh^ the dissipation function. The 
‘ “ Theoiy of Souad,” Vol. I, § 81 . 
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_ Let us digress for a moment to note that an important concept 
in connection with oscillating systems is that of time average 
Just as one forms the arith- 



metical mean or average of a 
number of similar quantities 
by adding them and dividing 
by the number, so one may 
form the average of the func- 
tion of a variable over a given 
range or interval of values of 
the variable by integrating the 
function over this interval and _ 
dividing the result by the 
magnitude of the interval. 

Considering the matter geo- 
metrically, if 2 = /(«) is the function and we plot it as in the at- 


Fig. 9-5 


— XU Clio JLii UlJLt; UiXj- 

tached illustrative figure (Fig. 9-5), the average of f{t) over the 


interval from t = k %q t = his denoted by /(<) (the t above the 
bar may be left off if it is perfectly definite that the average is 
with respect to t), where 

= ( 9 - 3 - 3 ) 

i 

It is thus evident that f{t) is the ordinate which when multiplied 
by the magnitude of the interval gives an area equal to the actual 
area between the curve and the < axis from h to h. 

We may now discuss K and F for the case of an oscillator. 
Taking first for simplicity the case of an undamped oscillator we 
have 

f = A cos {2Trvt + e), (9-3-4) 

where v is the frequency, A the amplitude and e the initial phase. 
Then 

I = —2tvA sin (2irpt -j- e). 


(9-3-5) 


The kinetic and potential energies become respectively 
K = 2TrVAhnAn} (^Tvt e), 

F = cos^ (2Tyt fi- «), 


(9-3-6) 

(9-3-7) 
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and we note that A + F = constant, as must necessarily be the 
case. The averages over a single period P = IJv are then 


(9-3-8) 


= ~ sin^ (27rpt + e) dt^ 

V = ~Jo cos^ (2Tvt + e) dt. (9-3-9) 

Now 

1 . If -ip 

P Jo + e)dt = {2irvt -f .e) — f sin 2 {2vvt + «) J • 

Since sin2(2ir + «) = sin2e, the above reduces to and hence 

K = Tr‘^v^mA^. f9.3_lQ^ 

Similarly 

i 1 r 

- COS^ (27r^i+ e) d< = — {2Tvt + e) + i sin 2 (2xri + e) 

^ Jo 

and therefore 


i 


F = ^l^ 

4 


(9-3-11) 


But the frequency of the oscillation is 


^ = -a/ 

2 x 


so that / = Avhhn. It thus develops that 

R=V 


(9-3-12) 


over a single period. Obviously the same result will hold over any 
number of periods. In fact it may be noted that since 


rJo + = i 


(9-3-13) 


as the time interval r grows greater, even if it is not a multiple of 
one period, the average kinetic energy over any interval of time 
large compared with one period is equal to the average potential 
energy. In general in what follows, when we speak of a time 
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average for an oscillating system we shall mean that taken over 

such an interval. 

The reader may find it of interest to compare with the above 
the apace averages of V and K though the latter are not usually of 
such physical interest as the time average. 


9-4. Forced Oscillations of a Dissipative System. The oscil- 
lations discussed in the previous two sections are what may be 
called free ” or “ natural ” oscillations. Suppose now that a 
periodic force of frequency j> ~ wl2w and amplitude Fo is applied 
to a dynamical system with one degree of freedom. The differ- 
ential equation of the motion is then 

-T Ri -f- /^ = cos at. (9-4-1) 

We shall find that there is considerable advantage in using complex 
quantities rather freely in this problem. Thus instead of using 
merely the veal part of a complex force on the right side of (9-4—1), 
let us use FoC“‘, i.e., a complex force. The actual justification 
of this step may be made in the following manner. The oscil- 
lator equation may just as well be written 

-f- = Fa sin at. (9-4-2) 

If now we multiply through (9-4-2) by i and add to (9-4-1 )we 
obtain 

mQ + il') -1- R(? -t- f|') -f /(f -f i^') = Foe'“*. (9-4-3) 

This equation may be written 

ml -f -f /^ = (9-4-4) 

if we agree to let | now represent a complex displacement as in 
(9-4-3). On solving (9-4-4) we must ultimately take the real part 
of the resulting | (although, of course, the imaginary part would 
likewise describe equally well the behavior of the system under 
the influence of the force). The solution of (9-4-4) consists reaUy 
of two parts, of which the first is that which has already been ob- 
tained in Sec. 9-2, while the second is that which on substitution 
wiU yield Foe*“* on the right side instead of zero. The first is 
called the transient, for in any case it is more or less rapidly damped 
to zero. ^ It is the second, or what may be called the steady state, 
solution in which we are interested here. 


274 


OSCILLATIONS 


From the form of the right side, we are led at once to substitute 

(9-4-5) 


whence 


I = Ae’‘“, 


On substitution there follows for A 

Fn 


A = 


io}R + / — mca^ 
and the steady state solution is then 


I 


toiR "b jf — 77ico^ 


(9-4-6) 

(9-4-7) 

(9-4-8) 


The real part of this is now found at once by rationalizing the 
denominator. We multiply both numerator and denominator by 
—iwR + / — mo)^ and have 


Fo[ — iccR + / — mca^]e^ °‘ 

(/ - W&)2)2 + co2i?2 


(9-4-9) 


Therefore 


_ Folif — mo3^) cos cot + uR sin coi! 

(9-4-10) 


Let us introduce the angle ol where 


cos a = 


/ — 


or 


V'c/ - mw2)2 + ’ 

ct)R 

V'if - moo^Y -f 0,2^2 ’ 

(loR 

f — mco^ 

Our expression for the displacement then becomes 

F ^ 0 COS (cot — a) 

sreal — ' 


sm a == 


tan a = 


(94-11) 


(94-12) 


V^R^ + (f — mco^y 
The angle a is the phase difference between the force and the dis- 
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placement. Before we discuss the displacement further it will 
be worth while to obtain the expression for the velocity, which 
is often more important in application than ^ itself. ’ From 

(9*4-“6) we have 



(9-4-13) 

Hence from (9-4-8) there follows 


H -j- i ^mci) — 

(9-4-14) 

and if we evaluate the real part as above we get 


Fo cos (a?t — 

(9-4-15) 

where 

/ 

mct) 


tan /3 = — r — ^ ) 

R 

(9-4-16) 

and jS is the phase difference between the force and the 
Comparing (94-16) with (94-11) we see that 

velocity. 

tan a 

tan ^ 

Hence 

(9-4r-17) 


(9-4-18) 


This means that ^ and | differ in phase by x/2. 

Now if we examine the expressions for ^eai and 4eai we note that 
the system is always /orced to oscillate under the action of the peri- 
odic force, but that the amplitude of the resulting oscillation de- 
pends on the magnitudes of 22, /, m, and o), and of course may be 
very small indeed. On the other hand it may also be rather 
large. We note that if the characteristics of the system (B, /, m) 
are fixed, there is a value of the frequency of the applied force 
which makes + {mw — a minimum and hence the 
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amplitude of |reai a maximum. This happens for 


0) ~ (jOq — 


(9-4-19) 

When this occurs, the system is said to be in resmiance with the 
force and the corresponding frequency 


Vq 


coo 

2'ir 


2^ 


( 94 - 20 ) 

is called the resonance frequency. For resonance then we have 

(9-4-21) 


%res. — * COS COoq 


since the phase difference l3o for resonance is equal to zero. On the 
other hand the resonance displacement is 

Fo 

(9-4-22) 


^res. = — ~ - cos 
Wort 




It IS easily seen that the amplitude of the displacement is not 
quite a maximum for the resonance frequency. It reaches its 
maximum for that frequency for which + (f — mu^Y is a 

minimum. The usual test shows that this takes place for 


Wl 




2m^ 


(9-4-23) 

As a matter of fact if the damping is small the term R^/2m^ is 
neg igible compared with//m and wo = wi approximately. More- 
over, if we recall (9-2-22) we remember that the so-called natural 
or /rae oscillation frequency is l/2x • 

small dampmg is approxunately the same as the resonance fre- 
quency. We shall then attach most significance to the latter 
irequency. 

Coming back to the phase we see that for resonance the force 
and the velocity of the system are exactly in phase, while, the dis- 
placement and the force are out of phase by x/2. Any one who 
has pushed a swing will recall that the way to produce swings of 
large amphtude is to time the pushes so that they reach Lir 
maxmum force when the displacement from equilibrium is 
smallest, not at the end of each swing. 
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The question of energy dissipation is an interesting one. As 
we have already shown in Sec. 9-3, the rate of dissipation is 
Hence the average rate (in time of course) is 

5 = - rRl^dt 

T t/O 




R^ + 


(“-9' 


• I £ cos2 (cct - ;8) dt. (94-24) 


Now we have already shown (Sec. 9-3) that 

Ifo - iS) = 

if T is much greater than a single period P = 

the student should show that on the other hand the average of 
sin (co< - /3) cos (wt - is zero. These results will be useful in 
the solution of special problems, and will be assumed from now on. 
We thus have 


27r 


(9-4-25) 


Incidentally 


Jb = 


Fom 


2 R^ + (mai-^-y 


(9-4r-26) 


This may be put into simpler form if we recall that 

R 


cos |8 


Therefore 




- Po® 

^ ^ cos^ 


(9-4-27) 


(9-4-28) 


This form is particularly interesting because it is clear from it that 
when (3 = 0, i.e., when resonance ensues, i) is a maximum equal to, 

- F(? 

f^rea. “ 2P ' (9-4— 28a) 

Qn the otb.qr haHJi '^fae.u § = ■ir/2, i.e., when force and velocity are. 
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of phase (or force and displacement in phase or differing by t) 

i) = 0. 

We have now to ask what connection i) has with the rate of 
contribution of energy by the force to the system. The latter will 
clearly be 

IT = |Fo cos ut, (9-4-29) 

that is, the product of the force by the velocity (which is the 
power). For the average we then have 


W = 






• COS (Jit • cos {(Jit — /S) 


cos 13 




(9-4-30) 


whence from (9-4-27) 


IT = ^ cos® jS = J5. 


(9-4-31) 


In words, the rate at which the force contributes energy to the 
system is on the average just equal to the rate at which the system 
has its energy dissipated. This could indeed have been predicted 
from genera,! considerations. The interesting thin g is that when 
the system is in resonance with the force, the how of energy into 
the system as well as the rate of dissipation by the system is a 
maximum. 

The damping exercises a very important and characteristic 
effect on the resonance. Let us look into this. Writing (9-4-30) 
again we have 

1 Fom 


W = 


’ R^ + 




Fom 


.2 i?® + mWx^ ' 


(9-4-32) 
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where we have put for convenience 


W 6)0 

too to 


(9-4-33) 


If now we plot as a function of s we get curves of the type 
indicated in the followii^ figure (Fig. 9-6). When a: = 0, to = wo, 
and hence the value of TF at the origin represents the resonance or 



maximum value. As to deviates from too, W falls off to either side. 
The rapidity of the dropping off determines the sharpness or 
broadness of the resonance. The latter is fixed by the value of 
dW/dx. Thus 


dW _ Fo^Rm^oio^x 
dx (i?* -|- m^coo^x^)^ 


(9-4-34) 


For a: > 0, i.e., to > too, — is negative and varies with R in such 

dx “v 

dW 

a way that the smaller R is, the greater is the absolute value of - — • 

_ 

On the other hand at w = coo for small R, W is large. We may 
summarize by saying that for small damping factor the resonance 
peak m high but sharp, whereas for large damping factor the peak 
IB low and Uuni, i.e., the resonance is broad. This may be seen 
even more simply by a direct inspection of (94”32). The relation 
of the height of the peak to J? can be seen by substituting a: = 0, 
and the relative sharpness of the peaks can be inferred from the 
fact that when R is large one has to choose a larger value of x to 
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reduce the value of W in the same proportion than when R is 

smaller. 

Recent research in connection with mechanical oscillations has 
shoTO the value of introducing a notation borrowed from the theorv 
r lations. To go back to the expression for | 

leq. (94-14)] the amplitude of the velocity is controlled by the 
expression m the denominator, viz., 


R i 




(94-35) 


This quantity will be denoted by Z and will be termed the me- 
chamcal impedance of the oscillating system. It is a comolex 
quantity. If we split it into real and imaginary parts 

(9-4-36) 
(9-4-37) 

(9-4-38) 


we have 
and 


Z ~ Zi 
Zi = i?, 


^2 = 


/ 


>2 = nto) 

0) 


The real part is called the mechanical resistance, while the imaginary 
part IS called the mechanical reactance. The absolute value of 
the impedance is 


1^1 


so that we may write 


+ {mo^ - 


Fi 


freal “ - COS (cat — /S), 


(9-4-39) 

(9-4-40) 


it amplitude varies inversely as 

the absolute value of the impedance. For the resonance case the 
impedance becomes real and reduces to the resistance. The 
sigmficance of these terms will become clearer when we have dis- 
cussed the electncal circuit analogy (cf. Sec. 9-6). But this nota- 

pr'S)lers.i^'^°''^‘^ “ connection with mechanical 

U book on mechanical oscillations is that of T P Tlpn 
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9*5. Tlie Acoustic Resonator as an lilustration of Oscillatory 
Motion. In order to emphasize the importance of the mechanics of 
simple oscillating systems^ we may well pause here to consider some 
applications to physical problems. These are very numerous. We 
shall choose only a few typical illustrations. 

Consider first the action of an acoustic resonator. This in- 
, stmment (indicated diagrammatically in Fig. 9-7) consists usually 
of a hollow metal sphere with a small opening which may or may 
not have the form of a tubular neck. When a number of vibrating 
tuning forks of various frequencies are brought near the opening 
successively, it may be found that for one particular fork the reso- 
nator appears to amplify the sound 
many times, while for the others little 
effect of this nature is observed. This 
phenomenon reminds one at once of 
the resonance condition discussed in 
Sec. 94 Hence we try to treat the 
action as a mechanical problem. The 
student will find that this is a characteristic attitude taken by the 
physicist. Whenever an experimental phenomenon shows signs of 
similarity with some result of classical mechanics, the tempta- 
tion is very strong to apply mechanical reasoning to the more 
exact description of the phenomenon. The justification of this 
process has come in the remarkable success which has so far at- 
tended it. It should be remarked, to be sure, that very recent 
physics has shown a tendency to get away from this program. 
However, we may well doubt that this tendency will ever be com- 
pletely successful, so strong is the feeling of human minds for 
mechanical pictures. In any case we can hardly exaggerate in 
emphasizing the importance of mechanical methods in all the 
branches of physics. 

Now if the acoustic resonator is a problem in mechanics we must 
decide what it is that moves. Here of course it is necessary to 
make an assumption, which however is not so very arbitrary. We 
postulate that the thing which moves is the air in the opening, 
and that there is a certain amount of it which moves approximately 
as a whole. If there is a neck (and this is the case w^e shall discuss 
here) we shall take as the mass of the moving air 



Fig. 9*7 


m = plSj 


( 9 ^ 5 - 1 ) 
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where p is the density of the air, I the length of the neck and S 
Its area of cro^-section. If we denote the displacement of the air 
by the kinetic reaction then is 

(9.5_2) 

We must next look for the sfeifness of the system. It seems reason 

able that this will be found in the air in the chamber of the reso- 
nator which is alternately compressed and expanded as the air in 
the neck moves m and out, and hence acts like an elastic cushion for 
the atter. In order now to find the stiffness coefficient we must 

flS fr f “ '“"“se of elBticity md 

fluids (cf. Chaptsis X and XI). It a Smd of volume V olin,es 
ite volume by an amount dF under the influence of pressure n 

ffomeper unit ar« - see Sec. IM on hydrostatics) the necessirv 
pressure is related to dV in the following way ecessary 



= k, 


(9-5-3) 


where k is ^e so-called wlu?ne elasticity or hulk modulus. The 
relation (9-5-3) is mdeed the form Hooke’s law (see Sec 10-1) 

retr. discussiot F Jn 

piesent the volume of the resonator chamber and dV wiU be the 

hange broi^ht about m F by the motion of the “ plug ” of air in 
the neck. Hence we have ® oiairm 


dV = -Si, 


(9-5-^) 


y 

for the volume change accompanying the air displacement | The 
stiffness coefficient / has been defined previously to be the ratio 


/ 


Sp 

i ' 


and using eqs. (9-5-3) and (9-5-4) this becomes 

S% 

V ' 


/ = 


(9-5-5) 


We have finally to look for the damping factor Th,-ci lo i. 

the most diMcuIt fash. I. nflght b. tit ™ ^IlTd 
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dissipation in the viscous resistance of the air itself and also in 
the friction at and absorption by the walls of the neck. These 
factors certainly enter but a more elaborate calculation than is 
appropriate for this book indicates that they alone are incom- 
petent to account for the observed dissipation. Rather it develops 
that we must consider the radiation of sound energy from the 
opening of the resonator. From elementary physical principles 
it is clear that this radiation must exist, otherwise the ampli- 
fication of the resonator at resonance could not be at all so evident. 
Its analytical calculation, however, is a rather difficult matter, 
since it is dependent on concepts connected with wave motion 
which we shall not discuss until Chapter X. However, it will do 
no harm to state here the result: the radiation produces a damping 
force of the following magnitude 

( 9 - 5 - 6 ) 


where c is the velocity of sound and a? = 2irPj v being the frequency 
of the radiated sound. The interesting point to note is that the 
damping force proves to be proportional to | as we assumed in 
the general mechanical case (Sec. 9-2). This furnishes a useful 
confirmation of our previous assumption. We may now write the 
equation of motion for the resonator as follows 


m + 


27rC 


1 + 


V 




( 9 - 5 - 7 ) 


where is the external force acting on the resonator due to 
the tuning fork, microphone or whatever other source of sound is 
used. We note at once the mathematical similarity between this 
equation and (94-4). It is not necessary to carry through the 
solution. As an exercise the reader may show, for example, that 
the resonance frequency of the resonator is given approximately 
by 


± /a 

27rVzF* 


(9-5-8) 


Here c = a/A/pa the usual expression for the velocity of sound in a 
fluid (see Sec. 11-6). The form (9-5-8) would be strictly exact 
were it not for the damping which introduces a small correction 
term similar to that noted in the mechanical problem [eq. (9*2-22)]. 
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Further details about the resonator, including for example the 
case of a resonator with no neck, and the general expression for the 
amplification are to be found in textbooks on acoustics.' Our 
purpose here has been to emphasize the mechanical analogy and 
it should be stressed that every theoretical development for the 
mechanical system in Sec. 9-4 has its counterpart in the acoustical 
system constituted by the resonator. 

9-6. Electrical OscUlations. The concepts developed in Sec. 

• are of great value in electricity also, as we shall now proceed to 
lUustrate with the simplest possible example. In developing it w^e 
shall assume merely the most elementary facts about electric 
currents such as the student should know from his first course in 
physics. 

Let us suppose that we join a coil of hea^^ wire having induc- 
tance L but negligible resistance in series with a coil of wire of 
resistance R (wound back on itself to render its inductance 

negligible), and also insert in the 




-AAA/WV 

R 

Fig. 9-8 


circuit a condenser of capacity 
C. A source of alternating 
electromotive force E - E'oe“' 
is now placed across all three 
(see the diagrammatic sketch 
in Fig. 9*8). As in the case of 
the mechanical system we may 
consider this circuit a system 
having a certain “ mass ” (in- 
j . , ertia), stiffness coefficient and 

damping factor. The quantity which here corresponds to the 
mechanical displacement is the charge q. The kinetic reaction 
of the system is Lq = LI, where q = I, the current flowing 
in the circuit; for LI is the back electromotive force due to 
the change of current (and hence of flux) through the inductance. 
We therefore look upon L as the effective mass of the circuit. 
An electromotive force Ea placed across the condenser of capacity 
produces a charge Q = E,G, and hence the stiffness coefficient, 
which IS the ratio of force to corresponding displacement in the 
pure mechanical case, and which therefore would naturally be the 
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ratio of electromotive force to electric displacement (or charge), 
in the present case is 1/C. Finally the damping force is BI = 
Rq, for this is of course the meaning of electrical resistance. The 
complete equation of motion for the forced oscillations of such a 
system is then 

Lq+Ri+-^:= (Q-G-l) 


Once again the form is mathematically equivalent to eq. (9*4-4). 
The solution leads to the resonance frequency 


CCq 



(9*6-2) 


which is the frequency for which the current is a maximum. The 
frequency for which g is a maximum is, corresponding to (9*4-23), 


coi 




(9*6-3) 


which again does not usually differ very much from ojo, unless the 
resistance is very large. The absolute value of the impedance of 
the electrical circuit is 



(9*6-4) 


and we note its analogy with the mechanical impedance (9*4-39). 
The reader is advised to find the electrical analogy for every im- 
portant fact concerning the mechanical system, and refer for the 
physical significance to some text on electrical oscillations.^ 


9*7. The Oscillator in Atomic Theory. Other important appli- 
cations of harmonic oscillations are encountered in atomic theory. 
It will be recalled that in the atomic theory of the constitution of 
matter aU bodies are assumed to be composed of small particles 
CBlled molecules whose constituents in turn are atoms consisting of 
electrically charged particles called electrons and nuclei. We have 

^ See, for example, G. W. Pierce, Electric Oscillations and Electric Waves 
(McGraw-Hill, New York, 1920). See also L. Page and N. I. Adams, “ Prin- 
ciples of Electricity ” (D. Van Nostrand, New York, 1931). Consult also 
J. H. Morecroft, Elements of Eadio Communication (Wiley, New York, 
1929). 
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already had occasion in Sec. 3-9 to note the Bohr theory of the 
structure of hydrogen, the simplest of the atoms. Here the 
nucleus is a simple positively charged particle with most of the 
mass of the atom, and moving about it is a single electron nega- 
tively charged to the same magnitude as the positive charge of 
the nucleus, namely 4.8 X 10-1“ electrostatic units. The nucleus 
of the hydrogen atom is called the proUm. This is one of the 
constituents of the nuclei of other and more massive atoms. Be- * 
sides protons, nuclei also contain neutrons, which are elementary 
particles possessing no electrical charge but having mass approxi- 
mately ^ual to that of the proton. The positive charge of the 
nucleus is due to the protons alone, whereas the mass of the nucleus 
comes from the protons and neutrons together. 

The atoms in a molecule are held together by mutual forces 
among their constituent particles. To assess these completely is 
indeed a comphcated problem. However, to a first approximation 
much may be accomphshed by lumping all the attractive forces 
between two atoms of a molecule into a single term varying with 
some appropriate power of the distance of separation, and doing 
likewise with the repulsive forces. This formulation seems 
reasonable from an examination of the individual electrostatic 
forces of attraction and repulsion between the individual particles 
of positive and negative sign. In general then we may write for 
the magnitude of the force between two atoms 

F = a/r^ — b/r^, (9-7-1) 

where p and q are usually two different integers, and a and b are 
constants. Here r is the separation of the two atoms. Now from 
the discussion m Chapter VI (Sec. 6-1) it follows that we can 
reduce the motion of the two atoms subject only to their mutual 
force interaction to the motion of a single particle with the reduced 
mass and with displacement coordinate equal to r. Since the 
molecule must have some stability, it follows that for a certain 
value of r, say n, F = Q. However in the neighborhood of this 
equilibnum position, certain motions are possible. Thus let r = 
n a;, where a; is very small compared with ro. Then 


{u x)^ (ro -f a;)* 

^ & / pg \ 

ro*” ro« ~ n,«+V ^ ■ " • 


(9-7-2) 
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Now if X is small enough the expansion may be cut off at the second 
term. Moreover from the equilibrium condition just mentioned 

— h/ro« = 0. (9-7-3) 

Hence the net force corresponding to displacement x from equi- 

librium is 

If the term in the parentheses is positive, it is clear that the motion 
of the two atoms will be simple harmonic along the line joining 
them and indeed with frequency 

_ 1 /(pa/ro^’+i - 

'' - m ' 

where m is the reduced mass. If the term in the parentheses were 
to be negative, we should not get harmonic motion, but in this 
case it is clear that the equilibrium at r = fo could not be stable. 

The whole analysis of this chapter may be applied to the oscilla- 
tions of charged particles like those mentioned in the preceding 
paragraph. Many actual cases have been studied ideally by 
supposing that the electrons attached to atoms vibrate as linear 
oscillators. In particular they may be considered to be subjected 
to damping forces which must be compensated for by external 
periodic forces to keep the vibrations going. The latter will in 
this case clearly be electric fields which, for example, may be due 
to radiation falling on the substance which is composed of the 
charged particles. If the frequency of an imposed field is equal 
to the natural frequency of the oscillator we shall expect all the 
phenomena of resonance ^ with resulting absorption of the incident 
radiation. This is properly the subject of investigation by the 
electromagnetic theory of optics, which is too imposing a region 
for us to enter here. The student, however, will find there ample 
illustration of the properties of oscillations discussed from the 
mechanical point of view in this chapter. 

The following interesting question may be raised: since the 
Bohr theory is based on the idea that not all the possible mechanical 
motions of the electrons in an atom are allowed but only certain 
ones, specifically picked out by a process of quantization (Sec. 3*9), 
should not the same treatment be applied to the harmonic oscil- 
lator? The answer to this question is in the affirmative. 
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The total energy of such an oscillator assumed for simplicitv 
to be undamped [Sec. 9-3, eqs. (9-3-6) and (9-3-7)] is given by 

U = T V = 2mT^v^A^, (g.7_g) 

where m is the mass, v the frequency and A the amplitude of the 
oscillator. As far as classical mechanics is concerned, for a given 
oscillator this may have any value whatever, depending on the 
choice of amplitude. Of course in most mechanical problems the ' 
amphtude must not be too great if the osciUation is to be simple 
harmomc at all — but within this range all values are mechanically 
possible. However, the quantum theoiy prescribes that the 
oscillator may exist only in those states of motion for which the 
space integral of the momentum over a complete cycle is equal to an 
mUgral multiple of the fundamental constant of action viz h 
the so-called Planck’s constant. We may write the quantU 
condition (cf. 3-9-1) in the case of linear oscillatory motion thus: 

2 mxdx = nh, (9-7-7) 


when « is an integer. The factor 2 enters since the integration 
must be extended from z = +A to x = -A and back to x = +A 
Since ‘ 

X = Asin {2Tvt + e) 

we have 


X = 2TrvA cos {2Trvt + e) 


= 2TrvA 




(9-7-8) 


and therefore on substituting into the integral the result is 


4:TPm 


/ -i-A 

^ VA® - x^dx = 2T^vmA^ = nh. 


(9-7-9) 


(9-7-10) 


This at once yields for the allowed energy values 

Un ~ 27r'^mv^A^ = nhv. 

It then develops that the permitted energy values for the simple 
harmonic oscillator are integral multiples of the quantity hv 
which thus appears as a fundamental unit of energy in atomic 
tneory. It is called the energy quantum and plays a role of over- 
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whelming importance in the modern theoiy of atomic st c ‘ 

What we wish to emphasize at this place, however, is the r 

the imposition of the quantum condition leads to the intr f l%n 

of a certain discreteness into the problem of osciUator moti 

creteness which contrasts markedly with the essential com^’ % d 

the possible states of motion in classical mechanics. The 'tf 

for this discreteness arises from the fact that any theory of^T^Nc 

” structure must account for the essentially discontinuous J f^^of 

atomic phenomena. It is pertinent to remark further tw the 

method of quantization used in the Bohr theoi-y has been r i ed 

recently by a new one, namely that of the so-called wave meh^s 

A brief survey of this is presented in See. 12-4, and the probi of 

the oscillator is there worked out on the basis of the new . - 

View. 

9-8. Oscillations of a System with Several Degrees of Pfo j 
So far in our study of oscillations we have restricted oursel to 
systems with one degree of freedom. There are, however n^r 
interesting features associated with systems of two or mo ^de- 
grees of freedom. The following is a simple example. Consider 


Pig. 9-9 


I.\>v .-.V-/ 


the case of a horizontal string AB (Fig. 9 - 9 ) of negligible ma^ 
lo aded w ith two mass particles at Pi and P2. We let APl == 

= P1P2 = a, for simplicity. The mass of the particle at jg Ini 
while that at P2 is m2. The ends A and B are fastened, the string 
being stretched with tension r? The particles are displaced 
slightly from their equilibrium position and then let go; we have 
to determine their subsequent motion, assumed to lie in the vertical 
plane through the string. Let the displacements at any instant 


^ The student may here refer again to Ruark and Urey, “ Atoms, Molecules 

and Quanta,” for further information on the quantum theory. 

Actually, of course, the weight of the particles will keep the string from 
maintaining an exact horizontal line in the equilibrium position. Neverthe- 
less if the tension is sufficiently great the deviation is for our purposes negligible. 
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r)e and §2 respectively. We have then to write down the equa- 
tions of motion. Consulting the figure, we see that the restoring 
force on the first particle, assuming the tension is unaltered by 
the displacement, is 

pi 

La a 


— - [ 2^1 — ^2], 
a 


m-i) 


while that on the second is 

R2 , h - 


+ (9-8-2) 

Ln u J a V / 


The equations of motion when the system is free are therefore^ 


d — (2^1 — ^ 2 ) = 0, 

a 


^ 2^2 d — (2^2 — fi) = 0. 
a 


( 9 - 8 - 3 ) 


To solve these equations, let us introduce the “ operators ” 


and 


A 


A- 




= ( 


"’ 5 ? + 


(9-fr4) 


the meaning of these being that when Di operates on we get 


and similarly 


Di^i — mill d |i, 

a 

.. 2 t 

= 1712^2 d ^2- 


( 9 - 8 - 5 ) 


If now we write the equations in this form they become 


A^l = 0 , 

a 


= 0 . 

a 


( 9 - 8 - 6 ) 


1 It is to be noted that we are here neglecting dissipation. This is solely 
for the sake of making the analysis simple. For more details consult Eayleigh 
“ Theory of Sound ” (Macmillan, New York, 1929), Vol. I, para. 120 ff. 
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Let us multiply through the first equation by r/a and operate on 
the second by Dx. We then have 


- Dill : ^2 = 0, 

a 


D1D2I2 - -Dill = 0. 

a 


Adding these two equations yields 


D1D2I2 ; I2 — 0 ) 


(9-8-7) 


so that |i has been eliminated. The resulting equation for I2 is 
then 

2 

mim2 & + — (^1 + ^2)^2 + — I2 = 0. 


(9*8-8) 


There is a precisely similar equation for viz.. 


.... 2t , , L - A 

mim 2 ^i+ “7 (wi + ^2)^1 + ^2 

€u 


a 


Let us try the solution 

|i = Aer 

Substitution into eq. (9-8-9) yields 


+ — (wi -f mi)B^ + TV ~ 
a u 


Solution for gives 




2 t /4t2 12t2 

— (mi + ± \/~T ~ /j2 

a > a ^ 


2mimi 


(9-8-9) 

(9-8-10) 

(9-8-11) 


(9-8-12) 


There are thus four values of 6, as there should be since the equa- 
tion (9-8-9) is of the fourth order. They are rather hard to handle 
in the general case where mi 5^ ma. To simplify the subsequent 
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solution, let us at this point assume mi = = m. We then have 

from (9-8-12) 

4Tm ^ 2rm 

a a —St — t 

^ or 

ma ma 

Hence 


e = ±i 



or dzi 


(9-8-13) 

(9-8-14) 


and the solutions for both and J 2 take the form 
• 4 - + Bie~''‘^^’\ 

4- J52e»’vT^-* 

If we reduce to reoZ form (as in Sec. 9-1) we have finally 


$1 = ai cos 


?2 = ^2 cos 


3t 



ma 


^ + € 2 ) + 62 cos 



ma 


t + €2 




(9-8-15) 

(9-8-16) 

(9-8-17) 


where the amplitudes ai, h, a^, h, and the phases 61 , € 2 , ei', 62 ' are 
not all independent. In fact, since we started originally with two 
second order equations, we must have only four independent 
arbitrary constants. If we substitute (9-8-17) back into (9-8-3) 
with Ml = TUi = m, we obtain after some algebraic manipulation 
the following simple results: 

02 = ai, 62 = - bi , 62 = 61, 62' = ei '. ( 9 - 8 - 18 ) 

Physically we may interpret (9-8-17) as follows. Both particles 
have a motion which is the result of compounding two simple 
harmonic oscillations with frequencies 


1 


T 1 tj'i 

n = Vi = -J—- (9-8-19) 

2 ir yma 2% \ma ^ , 

These two frequencies may be called the characteristic iiequmcies 
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of the system, and the latter may be said to have two distinct 
modes of oscillation. It may be remarked that since the two fre- 
quencies vi and V 2 are incommensurable the resulting motion will 
not in general be periodic, i.e., unless one of the two amplitudes 
happens to be zero. The four phase constants and amplitudes 
must be determined by the initial conditions of the motion. We 
have already said enough about these conditions in our discussion 
® of the case of one degree of freedom to render it unnecessary to 
enter on details here. We should, however, stress the fact that 
the final solution for both particles is obtained by adding or 
mperposing separate terms which are themselves solutions. The 
reason for the possibility of this is to be found in the linearity of 
the original equations of motion (9*8-8, 9), i.e., in the fact that 
they contain no second or higher powers of the f^s or any of their 
derivatives. It is the special characteristic of a linear equation 
that the sum of two or more solutions is a solution (see Sec. 10*4, 
where this is demonstrated). The differential equations of 
oscillatory motion for small disturbances from equilibrium are 
always linear equations, as may well be suspected from the simple 
illustration treated here. Hence the solution in each case will 
consist of a superposition of special modes of oscillation. This is 
kno\vn as the superposition principle. We shall have other illus- 
trations of it later. 

As might be supposed the only modification made in this result 
by the introduction of damping factors will be to make the ampli- 
tude of each mode contain a term of the form (X being real) 
which damps out the resulting oscillations as time progresses. 

The general problem (of which ours is a special case) of the 
motion of n equal mass particles attached at equal intervals along a 
finite string stretched with tension r is of great historical interest 
for it was first solved by Lagrange in his famous treatise “ Me- 
chanique Analytique,^^ using the powerful general methods intro- 
duced by him into mechanics. We merely note that as one might 
expect from our special case the motion of each particle is the 
superposition ot n simple harmonic motions each with a charac- 
teristic frequency. There are then n distinct modes of oscillation. 

As other interesting physical illustrations of the oscillations 
of a system of two or more degrees of freedom, we may note: (1) 
the vibrations of coupled resonators, i.e., two resonators joined 
in series; (2) coupled electrical circuits with resistance, indue- 
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tanee and capacity (here the damping can rarely be neglected), 
such as are encountered in every radio set; and (3) coupled oscil- 
lations of charged electric particles, such as the ions in a crystal. 
In each ease the method of attack outlined above may be em- 
ployed and the results interpreted analogously to the mechanical 
case. 

In the case of electrical oscillations an operational method of 
attack originated by Oliver Heaviside has been of great utility 
and can of course be applied to oscillating systems in general.^ 




PROBLEMS 

1. Compare the space average of the kinetic energy of a simple harmonic 
osdllator over the space interval from a: = 0 (the equilibrium position) to 
X — A, where A is the amplitude, with the corresponding average of the 
potential energy and comment on the result. 

2. In the case of a simple harmonic oscillator derive an expression for the 
fractional part of a whole period which it spends in a small interval Ax at 
distance x from its equilibrium position. Construct curves plotting the frae- 

tional time as a function of * for several different ampli- 
tudes and comment on their physical significance. 

3. The schematic diagram shows a mass m able to 
move vertically under the action of two massless springs 
with stiffness coefficients /i and /a respectively. Find the 
resonance frequency of the system if it performs simple 
harmonic oscillations. Find the percentage change in the 
resonance frequency if /i and /s change by A/i and Ah re- 
spectively (where |a/i| «/, and jAhj « h). 

4. A mass of SO grams is attached to the center of a 

. homontal string 20 cm long stretched with a tension 

equivalent to 2000 gram wt. Assuming that the mass 
strmg is negligible, find the resonance frequency of 
+1,0 • I system as a simple harmonic oscillator. Calculate 

the equivalent stiffness of the system. If it is observed that the amphtude 
of mbration is reduced in the ratio 1 to e (Napeiian base) in 5 seconds find 
the damping coefficient and the logarithmic decrement. 

natiLi^ren™^ damping coefficient to calculate the 

qu ncy of oscillation and the frequency for maximum amplitude. 

•For details see, for example; R. V. ChurchiU, “Modem Operational 
Mathematics m Engineering ” (McGraw-HiU, New York 1944V H S 

SSItT V’ “Operational Methods in Applied Mathemate’-' 

(OxfoM Univ Press, New York, 1941); N. W. McLachlan, “ Modern Oner- 
ationai Calculus (Macmillan, London, 1948). ^ 
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Calculate the mechanical impedance of fh 

«.d (b, . « (.) fh. 

6 . A certain tuning fork of frequencv 7 

ished m the ratio 1/e in about 5900 cyc2 amplitude dimin- 

theloganthmicdecrement. Knd the Slue of Sit*® modulusTd 

m which the mtensity of resonance (i.e. f „ f®®® eo- (9-4-33)] 

. equal naturSfreqSncStte fuSber 

reduction specified is 3300. Discuss the phylLS re^^f f ?k- 
«/«o for this case also. Plot representative curves ZiF Z 

7. A Helmholtz resonator of n + ,, ^ tJie two cases. 

fc^ of a sphere with v^e fobT^ ^ - the 

3 02 cm, calculate the effective length of'thAZ of the opening is 

of the word “ effective ” implies that opening IThe L 

yet there is a plug of ah- vibrating S Zon'^?' neck prieZ 

may be considered to give the i- opemng and the length in oolf- ’ 

n«d..y, "Aoo«„..p"™;'” •! » pi.,. Sefs^ZTS 

8. If the resonator in Problpm 7 

256 which exerts a ma.ximum force of ^ of frequencv 

maximum displacement veloc-itv of the^ opening, comDuteZl 

- •' “ o , !..,«» ’- 

uJ, ot TbIT;'.?!.'*"-'"* ■>■■<“» 1>» ‘mass at tm 

-f-uiu me percentage 

10. Find tlie decay modulus i 
specified in Problem 9 Tf + 1 ^^ganthmic decrement fnr n 

jeles^ec f Zroft tZ oo 

dissipation of energy by the system. ’ *^® average rate of 

11. Find the e.xpression for the natural r 

...d. .p 

current ZaZZtldlSn^^^ 

m senes is called the pouter factor. Sg^Z capacitance 

the power factor in a ease where the wskt and calculate 

^henrys (a henry is the inductance of a cZ?’/* ^ “ductance is 4 

one volt causes the current to grow at the raf “^n impressed e.m.f. 

fte capacitance is 3 microfarads (t farad il 111" T P®" ®®®) ^nd 

fS:; 
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13. The figure shows two electric circuits coupled together. Find the 
characteristic resonance frequencies of the system. 


Li 


Cl- 


L2 


:C2 


14. Consider two masses mi and m 2 joined together by a light rod whose 
longitudinal elasticity is so very large compared with its mass that the latter 
may be neglected. If the masses are displaced in the direction of the rod, set 
up and solve the equations of motion of the system. Show that the frequency 
of the motion is 

-}- m 2 ) 


^ -L //(^i + ^ 

2 Tr \ W1W2 


where / is the stiffness coefficient of the rod (i.e., / = YS/l where Y is Young's 
modulus, S = cross-sectional area of the rod, and I is its length). What will 

frequency if the mass of the rod (say 
mr) is not neglected? Why in this problem is there but 
one natural frequency instead of iwo'l 

16. In the schematic diagram mi and m 2 are masses 
suspended by springs with stiffness /i and /2 respectively. 
Assume that a harmonic force of frequency a)/27r acts 
on mi. Find the steady-state displacement of each mass. 
What happens when the resonance frequency of m 2 by 
itself is equal to a)/27r? (This is the principle of the 
Frahm vibration absorber.) 


mi 




m 2 


16. According to classical electrodynamics an acceler- 
ated electron radiates energy at the rate where e 

^ is the charge on the electron, c the velocity of light, and / 

is the acceleration. Assuming an electron in simple har- 
monic motion with frequency calculate the amount of energy radiated 
during a single period. Find the number of periods it would take to reduce 
the energy of the motion to one-half its original value. 

17. The string of a simple pendulum is gradually shortened at a rate very 
slow compared with the period of the pendulum. Calculate the average work 
that IS done m the shortening over a single period. Derive the expressions for 
the kinetic and potential energies of the pendulum and show that during the 
shortening process the value of E/v remains unaltered, E being the total 

energy. Prove that Ejv = j-p dx, Tvhere p is the momentum of the pendu- 
lum bob, {E/v is called an adiabatic invariant^ and its invariance in such a 
process as indicated is of great importance in atomic theory. N.B. £'p dx is 
the integral taken over one complete cycle of the motion.) 
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18. In the diatomic molecule of hydrogen chloride the masses of the hydro- 
gen and chlorine atoms are respectively: 

mn = 1-66 X 10”^ gram and mci = 5.9 X gram. 

The vibration frequency has been found to be 8.721 X 10^® cycles/sec. What 
is the effective stiffness of the system? If the force curve is fitted with a func- 
tion like that shown in (9- 7-1) with p = 2 and g = 3, and it is known that 
^ ro = 1.28 X 10^ cm, find the constants a and h. Find the force associated 
with a displacement 10*"® cm from equilibrium. 



CHAPTER X 

DEFORMABLE BODIES AND WAVE MOTION 

10-1. Strain and Stress. Hooke’s Law. In our work so far 
we have studied the motion of particles, both singly and in groups. 
But our only treatment of the behavior of large scale solids such 
as are actually met in physical experiments has been the discussion 
of the motion of rigid bodies, the constitution of which has been 
supposed to be such that the distance between any two points of 
the body remains forever unaltered no matter what forces act on it. 
This means that such a body can never be deformed. It was 
pointed out in that connection that the rigid body is a highly 
idealized concept, even though valuable for the description of 
many phenomena. However, there are enough illustrations of the 
deformation of bodies, changes in size and shape, to make it 
necessary to deal with these problems at some length and by meth- 
ods differing in some important respects from those already used 
in treating particle motion. For we shall now effectively consider 
a larp scale body as a continuous medium, rather than as made up 
of (discrete particles, and the continuity thus assumed will play 
an important role in our theoretical considerations. We shall 
have occasion to note the great theoretical importance of the dis- 
tinction between particle and medium motion. 

For the moment, however, let us confine our attention to the 
possible changes in size and shape which a finite portion of a con- 
tinuous material medium can undergo. Such alterations are 
called strains, and we may classify them under a relatively few 
simple t3T>es. » 

Perhaps the simplest is change in volume without change of 
shape. Suppose we have a body of volume V and by the applica- 
tion of appropriate forces the volume is changed by an amount 
A K. this may be either positive or negative, corresponding to an 
expansive or compressive strain. It is advisable to fix upon a 

definite measure of volume strain, and for convenience we shall 
agree to call 


Sv 


F 


J 
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the measure of the volume strain. It is the change in volume per 
unit volume, and implies the possibility of a change in the average 
density, p, of the body. It need not be the same for all parts of 
the body; if we divide the body into volume elements the by for 
each element will not necessarily be the same. In this case the 
strain is said to be non-uniform. For the present we shall concern 
ourselves primarily with uniform strains. Since the mass m of the 
^ body is not changed, and since 

m = pF, (10*1“2) 

we can also write for the volume strain 

AF Ap 

= "vv = » (104-3) 

y p 

a relation which will later be useful. There is a special case of 
volume strain which we ought to notice, viz., a linear strain. Sup- 
pose the distance between any two points in the unstrained body 
is I Under strain the distance becomes I + Al The linear 
strain is then defined by 

Al 

- y (104-4) 

It is seen at once that there is a relation between linear and volume 
strains. For consider a cube of side 1. The volume is F = P. 
If the alterations are small enough so that they may be treated 
approximately as differentials we have 

AV = BPAl, (104-5) 

so that on dividing through by F there results 

dy = S8i. (104-6) 

Hence a small uniform volume strain 5y may be considered as re- 
placed by three equal linear strains in three mutually perpendicu- 
lar directions of magnitude 8y/3. It must be emphasized again 
that this implies strains small enough so that 8y^ and dy^ etc., may 
be neglected compared with dy. It is with strains of this order of 
magnitude that we shall deal exclusively in this chapter. Liquids 
and gases can undergo volume strain as well as solids. On the 
other hand linear strain is confined to solids. 


300 DEFORMABLE BODIES AND WAVE MOTION 


A particularly interesting case of linear strain is that of a long 
cylindrical wire. If the wire is stretched in the direction of its 
length a positive linear strain ensues. There is a concomitant 
lateral strain^ i.e., the diameter of the wire is decreased. If we 
denote the lateral strain by 5d = AD/D, where D is the diameter 
of the wire, then 

Sd 

= T (10-1-7) 


Its significance will be discussed 


is known as Poisson’s ratio, 
in the next section. 

Volume and linear strains are often grouped together under the 
caption, dilatational strains. 

The last type of strain to be discussed is the so-called shear. 
Consider the cross section of a cube, ABCD (Fig. 104). Holding 
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Fia. 10-1 


Fig. 10-2 


fixed the plane of which AB is the trace, allow all the other parallel 
planes in the cube to be shifted toward the right parallel to them- 
selves, each one an amount proportional to its distance from AB, 
so that the square cross section ABCD becomes the rhombus 
ABFE. In this case the cube is said to have been sheared and the 
strain is known as a shearing strain. More particularly it is a 
uniform shearing strain. Now what shall be chosen as the measure 
of the strain? It is customary to take for this the value of the 
angl e 6, which for small shears will be approximately equal to 
DBfAD, i.e., tan 0. An important thing about a shear is that no 
volume change is involved, it being wholly a change in shape, as 
far as the body as a whole is concerned. Of course length altera- 
tions are involved, and it is clear from an inspection of Fig. 101 
that all lengths originally parallel to the diagonal AC are increased 
while an those originally paraUel to the diagonal BD are decreased 
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by the shear. As simple experience amply indicates it is not pos- 
sible to subject most liquids and gases to shearing strain. Never- 
theless the shear does have meaning for very viscous liquids as 
well as for solids (cf. Sec. 11*1). 

We shall now prove a significant theorem about shearing strains. 
For this purpose consult Fig. 10-2, which is like Fig. 10-1, except 
that the diagonals AC and BD have been drawn, as well as the new 
diagonals AF and BE. Let us draw EP perpendicular to RD, 
and CQ perpendicular to AF. Now since the shear is small the 
angle CFQ is still approximately 45°, and hence, approximately. 


QF = 


CF 

V2' 


( 10 - 1 - 8 ) 


while to the same approximation 

IC = IQ. 

Hence the positive linear strain along the one diagonal i 


is 


W 

w. _ ^ 

” V2AD 


1 DE d 

2 ZD “ 2 ’ 


( 10 - 1 - 9 ) 


since 6 is so small that, as we have said before, B = tan We 
can show similarly that the negative linear strain along the other 
diagonal has the same magnitude, viz., approximately, 

We have thus shown that a shear strain 6 may be considered as 
equivalent to a positive linear strain 6/2 at right angles to a nega- 
tive linear strain 6/2, both being at 45° to the sheared planes. 

We have been considering so far only the geometry of deforma- 
tion. The strains just defined are always associated with forces 
which are applied to the body in question, and the equal and op- 
posite reaction forces with which the body acts on the external 
influence. These forces may always be considered as distributed 
over some area or areas of the body, and the force per unit area is 
denominated the stress. Corresponding then to different types of 
strain, we have different types of stress. For example, with volume 
strain will be associated what may be called compressive stress 
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(or sometimes hydrostatic stress or pressure. See Sec. 11-1). 
Suppose we consider once more a cube of side 1. If on every unit of 
area of every face of the cube the same force acts normal to the 
surface, it is said to be under the action of a compressive or expan- 
sive stress, depending on the direction of the force with respect to 

the outward drawn normal. 
As we shall have occasion to 
note in Sec. IM, the former is 
true when a body is submerged 
in a fluid — in so far as the 
action of the fluid on the body 
is concerned. 

The idea of compressive 
stress gains increased signifi- 
cance from the fact that if 
we draw any plane whatever 
through the cube just consid- 
ered, the normal stress on this 
plane will be the same as that 
on the faces of the cube. To show this consider (Fig. 10*3) a cube 
placed with one vertex at 0, the origin of a system of rectangular 
coordinates. Let the plane be the one which has intercepts OZ, 
OB, OC on the x, y, z axes respectively. We shall represent its 
equation by 

ax ’\-hy -{■ cz — d, (lO-i-H) 

where 




Fig. 10-3 


( 10 - 1 - 12 ) 


OiV represents the normal to the plane through the origin. We 
know from analytic geometry that the direction cosines of the 
normal are 

o- b c 

Va^ + ¥ + Va^ + ¥ 

We wish to calculate the stress on the plane ABC. Let the stress 
on each face of the cube be denoted by p. Then the force on the 
area OBC m the yz plane is in magnitude pSoBo (where Sobc stands 
for the magmtude of this area), and its direction is along the 

Its com- 
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ponent normal to the plane will then be (recalling the significance 
of the direction cosine) 


pSo£ 


Va2 + &2 


(10-1-14) 


If now we proceed with the other faces similarly we find for the 
total normal force on the plane ABC due to the compressive stress 
^ on all the faces of the cube, 

/ ^ - ■ [ctSoBC "f" hSoAC + cSoA^> (10-1-15) 

V 


But to find the normal dress we must divide the force by the area. 
Hence the stress is 


P ClSoBC + bSpAC ~l~ oSqaB 

- Sabc 


(10-1-16) 


Now, however, since Sobc is the projection of Sabo 
Sobc o, 

Sabo V ^2 + 52 ^ ^2 


on the yz plane 
(10-1-17) 


and similarly for the others. 

V 

+ 52 ^ ^2 


Hence the normal stress reduces to 

“ 


-Va^ + b^ + 


(104-18) 


as was to be proved. 

Corresponding to linear strain we may set tensile stress, which 
is the force per unit area acting on every cross section perpendicular 
to the direction of the strain. Finally corresponding to shearing 
strain we have shearing stress, which is the tangential force per 
unit area parallel to the shearing planes. 

The next and very important question is: What is the relation 
between each strain and the corresponding stress? The answer to 
this is found in the celebrated to of Hooke. For a great many 
bodies actually observed in nature the ratio of the stress to the 
strain is approximately a constant for a certain range of variation of 
the stress. Such bodies are termed elastic bodies and the study of 
their behavior is often called elasticity, for when the external stress 
is removed these bodies resume more or less approximately their 
original size and shape in distinction to plastic bodies, which to a 
large extent retain their deformation. It must be emphasized 
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that there is ao hard and fast line between elasticity and plasticity, 
for a body may be elastic with respect to a certain type of stress 
and plastic with respect to another. For example, a viscous fluid 
is plastic with respect to shearing stresses but approximately elastic 
with respect to compressive stresses. We shall have occasion in 
Sec. 10-3 to discuss this aspect of the nature of deformable bodies 
in a little more detail. (Recall also the discussion of relaxation 
phenomena in Sec. 9 '2.) 

We now wish to introduce the expressions for Hooke’s law for 
the different types of stress-strain combinations. First consider 
volume strains. Denoting as before the compressive stress by p, 
with 5r as the corresponding volume strain, it is found that the 
ratio p/Sf bas a value which for many bodies over a wide range of 
values of p is constant. Thus we set 

^ = -k. (10-1-19) 

§7 


Table of Values op Elastic Moduli^ 


Substance 

Y 

Young^s 

Modulus 

(dynes/cm^) 

Shear 

Modulus 

(dynes/cm^) 

Bulk 

Modulus 

(dynes/cm^) 

cr 

Poisson^s 

Ratio 

Aluminum 

7 X 1011 

2.5 X 1011 

12 X 1011 

0.40 

Brass (cold rolled) . . 

9 

3.5 

7 ' 

0.29 

Copper 

12 

4.3 

20 

0.40 

Glass (window) 

7 

2.7 

5.8 

0.30 

Glycerine 

— 1 

— 

0.50 

— 

Gold 

8 

3.0 

8.3 

0.34 

Granite. 

5 

1.8 

5 

0.34 

Lucite 

5.6 

2.15 

4.9 

0.31 

Mercury i 

— 

— 

0.27 

— 

Nickel 

20 

7.1 

37 

0.41 

Polystyrene 

3.9 

1.5 

3.6 

0.32 

Silver 

7.5 

2.7 

11.5 

0.39 

Steel 

18 

7 

25 

0.38 

Water 

— 

— 

0.21 

— 

Wood (mean) 

0.5 

— 

— 

— 


^ These values are averages only. The accurate determination of elastic 
constants is a very difficult problem and much depends on the purity and 
heat treatment of the material. The values for Aluminum, Copper, 
Steel, Glass, Lucite, Polystyrene are taken from W. C. Schneider and C. J. 
Burton, J. App. Phys. 20, 48, 1949. Most of the other values are from 
'' Handbook of Chemistry and Physics ” (Chemical Rubber Publishing Co., 
Cleveland, 30th ed., 1948). All values are given for room temperature and 
in the case of the liquids for approximately atmospheric pressure. 
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The positive constant k is called the hulk modulus, or modulus of 
volume elasticity. We may perhaps regard it as the most signifi- 
cant of the moduli of elasticity since it applies to fluids as well as to 
solids. Its reciprocal is called the compressibility of the substance. 
Some characteristic values will be found in the preceding table of 
elastic moduli. It is important to note that since 5v is non- 
dimensional, k has the dimensions of p. 

Considering next linear strains, if we have a substance in the 
form of a wire or rod and the longitudinal or tensile stress applied 
is ft, with corresponding linear strain bi, the ratio 

f = F (10-1-20) 

Ol 

is constant for many solids over a considerable range of values of 
ftj and the constant Y so defined is called Young’s modulus. Like 
k it has the dimensions of force per unit area. 

Finally if the shearing stress be denoted by /« and the corre- 
sponding shearing strain is 8^ we have 

f (10-1-21) 

where u is constant over a wide range and is known as the shear 
modulus or rigidity of the substance. It has the same units as k 
and F. These are the three principal moduli of elasticity for 
homogeneous, isotropic media. We have now to inquire concerning 
the possible relations among them. 

10*2. Relations Among the Elastic Moduli. Consider a rec- 
tangular parallelepiped^Fig. 104) of sides a, 6, c, in the directions 
of the Xf y, z axes respectively, where a < b < c. Suppose that 
the tensile stress ft acts along the z axis on the surface FDEB. 
Then there will be a stress ft acting along the negative z axis also 
on the surface CGAO, since the body as a whole is assumed to be in 
equilibrium. Associated with ft there will be the linear strain in the 
z direction /f/F and the concomitant lateral strain (rft/Y perpen- 
dicular to the z axis, where cr is Poisson’s ratio. Now suppose on 

should be emphasized that we are here confining our attention to homo- 
geneous/ isotropic media whose properties are the same in every part and in 
every direction. This rules out consideration of crystalline media whose elas- 
tic properties are in general very complicated. 
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the other hand that ft acts along the x axis. We then have 
a linear strain fi/Y along the x axis and a concomitant lateral 
strain aft/Y perpendicular to the x axis. Finally suppose that 

ft acts along the y axis; there is then 
a linear strain ft/Y along this axis 
and the concomitant lateral strain 
(xft/Y perpendicular to the y axis. If 
now all these stresses act simultane- 
ously we have total linear strains in 
the X, y, z directions respectively as 
follows: 

5, = 5, = 5, = ^ (1 _ 2<r). (10-2-1) 

But in this case the resulting deforma- 
tion is essentially that due to a uniform stress /« = p on each face 
of the rod. This is equivalent to a compressive stress and the 
corresponding volume strain is 

f 

( 10 - 2 - 2 ) 

Now we have shown (Sec. 10*1) that a volume strain is equiva- 
lent to three mutually perpendicular linear strains each equal in 
magnitude to dv/3. Hence we must have from (10*2-1) 

II — il ft ci \ 

3h Y ^ (10*2—3) 

whence there follows the important relation 

F= 3^(1 - 2a-), (10*2-4) 

connecting F, k, and a-. 

The shear moduksM may now be introduced. We have already 
shown that a shearing strain 6 may be replaced by two linear strains 
6/2 in magnitude at right angles to each other and of opposite 
sign. Hence in the present case if the positive linear stress /« 
acts along the 2 : axis and the negative stress -/^ acts along the x 
axis the result will be a shearing strain at an angle of 45° to both 
linear strains and of magnitude 

0 = |/*(1 4- v). 


(10-2-5) 
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Now it can be shown, however, that a tensile stress in the 0 di- 
rection and a lateral negative stress —ft in the x direction are 
equivalent to a shearing stress of magnitude ft acting at an angle 


of 45 to the other stresses. 
For suppose we consider the 
cross section of the parallele- 
piped in the xz plane with the 
stresses ft as indicated (Fig. 
10*5). Cut the pai'allelepiped 
with a plane parallel to the y 
axis and with trace LC in the 
xz plane making angle 45° with 
AG, Now the resultant of the 
force Sft acting on the area S 
parallel to the y axis (the trace 
of which on the xz plane is GL) 
and Sft acting on the equal 
area (the trace of which is CG) 



will be in magnitude V2Sft and its direction will be parallel to the 
45° plane just introduced. Hence the stress on this latter plane 
will be \/2Sft/V2S = ft, if we recall that the area of the 45° plane 
is A /2 times the areas it cuts off on the faces of the parallelepiped. 
Hence the statement made above is justified. But if the shearing 
stress fs = ft acts, the resulting shearing strain is 





( 10 * 2 - 6 ) 


where y is the shear modulus. This must be the same shearing 
strain as that given in (10*2-5), for its direction is the same and it 
corresponds to precisely the same set of external stresses acting on 
the body. Hence we may equate and get 

i = |(H-cr), (10-2-7) 

y Y 

or 

Y = 2y{l + (r), (10*2-8) 

an important relation connecting F, ja and cr. By means of 
(10*2-4) and (10*2-8), the bulk and shear moduli k and y respec- 
tively may be expressed in terms of Young^s modulus and Poisson^s 
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ratio. By the elimiaation of the latter between the two equations 
we may also obtain the relation connecting F, k, and /j. 


Y = 


(10-2-9) 


showing that the three moduli are not independent; from a knowl- 
edge of any two, the third may be derived. If now we eliminate 
Y between the eqs. (10-2-4) and (10-2-8), we obtain some in- 
formation about <r. Thus 


3A;(1 2v) — 2,u(l -|- v). 


( 10 - 2 - 10 ) 


It is to be noted that k and n are essentially positive quantities. 
Hence in order that both sides of (10-2-10) may have the same 
sign, (7 must not be greater than |. On the other hand it must not 
be less than — 1, since otherwise the term I + a would be negative 
while 1 — 2(7 would be positive. Hence we may state the im- 
portant inequality relation for o- 

-1<<7<a. (10-2-11) 

It is interesting to notice in the table at the end of the preceding 
section that a- for many substances has values ranging around i or 
i. Poisson devised a theory of elasticity according to which o- 
for all elastic solids should be exactly The theory is however 
not particularly well substantiated except as far as order of magni- 
tude is concerned. 

It may be well to mention here briefly some of the experimental 
methods for determining the elastic moduli. The evaluation of 
Young’s modulus is doubtless familiar to the student as it forms a 
part of almost every elementary laboratory routine. The length 
of a long vertical wire of the substance to be examined is measured 
when stretched by a weight. A known weight is then added and 
the elongation very carefully measured with a micrometer micro- 
scope. This enables the linear strain Si to be calculated, and the 
stress having been computed from the extra weight and the area of 
cross section of the wire, F follows from the formula defining it. 

The determination of or is a more difficult matter. Usually 
ti is the quantity investigated, whence k may be calculated by 
means of eq. (10-2-9). We shall discuss only one method of getting 
the shear modulus, the theory of which is interesting on its own 
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account. This is the torsion of a right circular cylinder. Con- 
sider (Fig. 10*6) such a solid in the form of a wire of radius a and 
height h fastened vertically at the upper end. Suppose now that a 
torque in the form of a couple is applied to the lower end of the 
wire twisting the wire at this end through an angle B about its 
axis. Any cylindrical element or sheet of the wire of radius r 




and thickness dr will suffer a shear. The magnitude of the shearing 
strain will be understood from the following figure (Fig. 10*7) 
where an enlarged version of a portion of the cylindrical sheet (of 
unit height, let us say) is presented. Consider a part of this ring 
enclosed between two diametral planes. This is marked in dotted 
lines in the figure {A-BCDE) and is approximately a parallele- 
piped. Now when the wire is twisted and the ring sheared, the 
part just considered assumes the shape shown by the M lines 
{A-FGHJ). The shearing strain is then approximately BF since 
AB has been chosen of unit length. But BF = rcj), where <j) is the 
angle of twist per unit height of the element. It follows that since 
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the twist is e for the cylinder of height h, the shearing strain for the 
ring element of radius r but height h will be 


h ' 


Then the shearing stress/* will necessarily be given as 

ixrd 

T’ 


/a = 


( 10 - 2 - 12 ) 


(10-2-13) 


where m is the shear modulus of the material composing the wire. 
The shearing stress is the force per unit area on the base of the 
cylindrical element, and hence the torque or force moment per 
unit area about the axis of the cylinder due to the shearing stress is 


* 

h 


(io-a-14) 


while the torque for the whole base area of the element is 

2Tfir^d dr 
h 


2xr dr • r/^ 


(10*2--15) 


The total torque on the base area of the complete cylinder is ob- 
tained by integrating the preceding expression from 0 to a. Fi- 
nally for the shearing torque we have 


M = 


wjua’ 

IT 


d. 


(10-2-16) 


Suppose now tha,t a heavy disc or rod is rigidly attached to the 
free end of the wire, and that its moment of inertia about the axis 
of the wire is 1. If the disc is turned through an angle 5from its 
equilibrium position there wiU be exerted on it a restorino' torque 
of ma^tude M given by eq. (10-^16). Hence the equation for 
the rotational motion of the disc after its release will be (see Sec. 
7 - 5 ) 


Id 


Trim* 

IT 


e. 


(10-2-17) 

But from our previous study we observe that this is the equation of 
S/Hgiilar simple harinonic motion, with freQ[uency 




I 


V 


(10-2-18) 
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The experimental measurement of v, h, a, and I suffices to deter- 
mine fx, the rigidity, from the above expression. 


10*3. Elastic Limit. Fatigue and Heredity. Our treatment of 
the first two sections has implied the validity of Hooke's law. For 
the most interesting applications of the study of deformable bodies 
this law will generally be assumed, together with the existence of 
the elastic moduli and their relations. However, it is well to 
recognize that this law is valid 
only within limits. Suppose we 
take a piece of wire and strain it, 
plotting the tensile stress against 
the linear strain. The result in 
general will be somewhat as 
shown in Fig. 10*8. From 0 to 
A the stress is very closely a 
linear function of the strain, i.e., 

Hooke's law holds. As long as 
we remain within this region of 
stress and strain the ware behaves 
as an elastic medium, i.e., resumes its original length on the 
removal of the stress. However, after the strain indicated by A 
has been reached, further stress does not lead to a corresponding 
strain in accordance with the relation 



stress 

strain 


(10*3-1) 


where if is a constant- Rather the stress-strain curve becomes 
bent as in the region from A to H : a small increase in stress leads 
to a much larger increase in strain than the above relation (10*3-1) 
would indicate. On release from stress in this state the wire does 
not recover its original length at once and sometimes not even 
after a very long time. The point A may be said to mark the 
elastic limit oi the original specimen while the point B represents 
what may be called the yield point, because beyond it the elonga- 
tion increases very rapidly and the wire becomes plastic in that the 
strain depends on the time a given stress acts: if the stress is 
maintained the wire may and in many cases does break. However, 
in some cases the specimen appears to regain its elasticity after the 
point B has been reached and for such the curve begins to mount 
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again. Suppose in this process, say at point C, the load is removed. 
It is then found that the original stress-strain curve is not followed 
at all, but that the change follows a curve like CC, more or less 
straight, so that the complete removal of stress now leaves a 
permanent strain, of magnitude OC. This is known as a perma- 
nent set. The further application of stress leads to a new stress- 
strain curve following CC and also more or less straight, i.e., 
effectively the elastic limit has been raised by the stretching and is 
now beyond the yield point of the unstretched specimen. It 
should be noted that the interval between the elastic limit and the 
breaking point varies greatly from substance to substance, being 
greater for ductile substances as one might expect. 

The stress-strain curve in Fig. 10-8 is a static curve, i.e., the 
values of the strain there shown are the equilibrium values attained 
after the stress has been applied. We have already commented in 
Sec. 9-2 on the fact that the strain never builds up to its full value 
immediately on application of stress, but that time is taken for this 
process. This served as an illustration of the concept of relaxation 
time. The temporal change of strain in a solid subjected to stress 
has been called “ creep ” by metallurgists and is obviously of con- 
siderable practical importance in materials which have wide com- 
mercial use. Much attention to this phenomenon has recently 
been paid by physicists.^ 

Within the elastic limit a wire will return to its original length 
on release from stress but this process also shows a relaxation effect. 
Substances differ greatly in the rate at which the original length is 
regained and with some a considerable time is required. For 
example while quartz shows almost no delay, that for a glass fiber 
may amount to several hours, as may readily be shown by a simple 
experiment (more easily perhaps for torsion than for extension). 
This is known as the elastic after-effect or lag. Its magnitude ap- 
pears to depend on the amount of non-homogeneity in the structure 
of the substance. This is probably why it is so small in quartz, for 
example, since quartz is very homogeneous. This is trae of crystals 
in general. Glass on the other hand is a composite mixture of 
fairly large aggregates and hence less homogeneous. It is possible 

1 Cf. for example, F. Seitz, “ The Physios of Metals ” (McGraw-Hill, New 
York, 1943). This book discusses in considerable detail both the elastic and 
plastic properties of solids, particularly metals, both polycrystalline and the 

single crystal state. 
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to give a rather good purely mechanical analogy of the after-effect 
phenomenon by means of the model indicated in Fig. 10-9. A 
weight B is attached to the horizontal support A by means of the 
spring Si and by means of the spring S 2 to the weight C which is 
immersed in a very viscous liquid (molasses, for example). Now 
suppose that B is moved down a little. If it is held for such a short 
time that C in the meantime has not had a chance to move per- 
ceptibly, when B is released it will spring back to its original 
position (oscillating slightly about it). But if B is kept in the 
displaced position long enough, C will 
move down slowly, and when B is re- 
leased it will not oscillate about its 
original position at once, since this 
would correspond to a stretching of 
the spring ;S 2 . After a time C regains 
its original equilibrium position 
whereupon B does the same. An- 
other thing we should notice is that 
the oscillations of B die away the 
more rapidly the greater the viscosity 
of the liquid in which C is immersed, 
i.e., the greater the elastic after-effect. 

We should therefore expect that 
when wires w^hich show a large after- 
effect are set vibrating either longi- 
tudinally or torsionally the vibrations 
will become rapidly damped out. 

This is a veiy striking effect and may Fig. 10*9 

be thought of as due to a kind of 

internal viscosity of the metal very similar to viscosity in fluids. 
There is an interesting property of this viscosity of metals which 
was discovered by Lord Kelvin. Suppose a wire is forced to 
vibrate for a considerable length of time; it is then found that the 
rate of damping for free oscillations is much greater than for the 
same wire before it was vibrated. The wire acts as if it were tired. 
On being allowed to rest, recovery ensues and the rate of damping 
decreases again. This effect is known as elastic fatigue. Another 
illustration of the same effect is found in the fact that repeated 
application of a stress may so weaken a metal that it breaks at 
less than the normal breaking point. 
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In the phenomena of elasticity we find an interesting illustration 
of a new physical concept. It has been seen that the ordinary 
stress-strain relation holds only over a limited range and even here 
the phenomena of relaxation, elastic after-effect, and fatigue pre- 
sent themselves. It is just as if the elastic state of a wire at a 
given instant does not depend on the strain at that instant but on 
the whole previous strain history of the wire. The question then 
appears to be one of heredity: the inheritance of the previous 
states is a controlling factor in any present state. The problem is 
particularly interesting because it introduces a new type of 
mathematical method into physics. We shall illustrate this 
briefly. Strictly speaking, even within the elastic limit, we ought 
to write Hooke’s law in the form 


5 = A-/ + ^, 


(10-3-2) 





where/ is the stress, 5 the strain, K a constant, and is a quantity 
which depends on all the values which / has taken on from the time 

when the first stress was apphed 
to the specimen up to the time t 
being considered. A quantity of 
this sort which depends on a 
whole range of values of another 
quantity is kno^vn as a functional. 
The simplest illustration is pro- 
vided by the area under a curve 
between two ordinates. Thus 
consider the curve y - f(x) (Fig. 
10-10). The area included be- 
<^''’een the curve, the x axis and 
e two ordinates at a; = o and x = b is a functional oif(x), for 
it clearly depends on the whole set of values of 2/ = f(x) between 
a and d. We may write 

A = £ m dx = F\[fJ>(x)]\, (10-3-3) 

to indicate this type of quantity. 

Let us illustrate briefly by a definite problem, the torsion of a 
wire. Letting 0 be the angle of torsion and M the magnitude of 
tne applied torque, we can rewrite eq. (10-3-2) as follows, 

e = KM + 4 ,, (10-3-4) 


Pig. 10-10 
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where M is a function of time, viz., M (t). We shall now assume 
that unit torque applied to the wire during a time interval of dr 
from r to T + dr not only produces a certain torsion in the wire 
at this moment but also contributes a torsion at the future time i 
of amount <j> (t, r) dr. Hence the resultant torsion angle 8 at the 
time t will be given by KM (t) plus the sum of all the residual terms 
4>(t, r)M (r) dr. This sum of course must be an integral over all 
the time elapsing from the initial treatment at time U to t. So we 
now write for the angle the “ generalized ” Hooke’s law 

eit) = KM (t) + f (kit, t)M (t) dr. ( 10 - 3 - 5 ) 

If we knew the previous torque at every instant and also knew the 
function r) we might compute the resultant torsion. The 
function r) is known as the coefficient ofheredity, and the eq. 
(10*3“5) is known as an integral equation because in general know- 
ing ^(0 and r) we are interested in finding M {t)^ which occurs 
under the integral sign. The solution of this problem is too diffi- 
cult for presentation here. We merely wish to emphasize the fact 
of its existence in an endeavor to describe analytically the phe- 
nomena of elastic after-effect and fatigue, with which it might be 
supposed to be rather hopeless to deal in any symbolic way. The 
student interested in hereditary elasticity and in heredity problems 
in physics in general will find some interesting material in Volterra, 

Theory of Functionals^’ (London, 1930). Integral equations 
are becoming constantly more important in the solution of physical 
problems. 

10‘4. Wave Motion. We now wish to discuss the motion of an 
elastic solid. This is in general a difficult subject. However, 
there is a particular type of such motion which is of such impor- 
tance throughout physics that we must give it considerable at- 
tention. This is known as wave motion. Suppose that a strain 
is produced at some point in an elastic medium. What happens 
throughout the rest of the medium? For the sake of simplicity 
(though with no loss in generality as far as the fundamental ideas 
are concerned), in answering this question we shall confine our- 
selves here to the special case of an infinitely long wire or rod placed 
along the a; axis and subjected to a tensile stress which we shall 
denote by X, This is a force per unit area acting solely along the 
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X axis. Consulting Fig. 10-11, where a portion of the rod is 
indicated and represented by a rectangular parallelepiped, we 



consider the motion of a thin section of the rod of length dx. The 
area of cross-section being 8, the stress force on the element by 
the portion of the rod to the left is 

SX, 


while that due to the portion of the rod to the right is 

')• 




,5Z 


Hence the net force in the positive x direction is S dx. 

dx 


The 


equation of motion results from equating this to the kinetic 
reaction pS'^ dx where p is the mean density of the rod material and 
I is the displacement of the section considered to move as a whole. 
We therefore have 

dX 

P? = — • (10-4-1) 


dx 


Now from Hooke’s law there at once results 

X Y, 


dx 


(10-4-2) 


where F is Young’s modulus [Sec. 10-1, eq. (10-1-20)], and — 

dx 

is the linear strain. On substitution from (10-4-2) into (10-4-1) 
we get the equation 

- 
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The analysis leading to (104-3) is faulty in that it neglects the 
fact that the size of the element S dx changes as it moyes. How- 
ever, this turns out to be a very small change if | is small and 
hence the equation is correct for muill displacements. 

In order to understand how the various parts of the rod move we 
must solve to find ^ as a function of x and t. Eq. 104-3 is a partial 
differential equation of the second order and a detailed discussion 
of its solution would require a good deal of mathematics. We shall 
however proceed as simply as possible. Since the equation says 
that the second time derivative of ^ is a constant times the second 
space derivative, it is natural to inquire whether or not a solution 
in the general form 

S = /(a: + ct) (10-4-4) 

is possible, where / is an arbitrary differentiable function and c is a 
constant, whose value is to be determined in such a way as to fit 
the solution. On this assumption then 


where we have set 


| = c/', l = cT, 


dfix + ct) 


(10-4-5) 


d(x + ct) 


and correspondingly for f". Moreover, similarly 


(10-4-6) 


If now we resubstitute into the differential equation (10-4-3) we get 

pcff" = F/", (10-4-7) 

which shows that our choice of a solution works provided we have 


(10-4-8) 


c = ±\/-- 


In other words c may be either positive or negative but must have 
the magnitude VF/p. Since both -fV F/p and — VF/p yield 
solutions, we may have either 

I = Mx - ct), (10-4-9) 


I =Mx + ct). 


(10-4-10) 
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Since moreover 


and 


dHfi+f2) 

dt^ 


'■ fi + h) 


it follows that 


dV/i+/2) _ d% 

dx^ dx^ dx^ ' 


i — Aifi{x — ct) + A 2 f 2 {x + ct) 


(104-11) 


is also a solution where Ai and A^ are arbitrary constants. In 
other words the mm of two solutions of the differential equation 
(104-3) each multiplied by an arbitrary constant is also a solution. 
The same is true of any linear combination of solutions. This is an 
important property of linear differential equations, i.e., those in 
which no squares or higher powers of the dependent variable or 
any of its derivatives enter. 

Let us now inquire into the physical significance of the solution 
(104-11 ). We first consider /i alone. . The value of the function 
/i at the point x xq and the time t = U is 


foo = fl{XQ - cU), 

Its value at Xq at the later time is 

= fi(xo - Cti), 


(104-12) 


(104-13) 


where ioi is in general different from foo. But if we take its value 
at ^1 at the point Xi, where 


we clearly have 


Xi — Xo 


— fi[xo + c(ti 
= Mxo — cto) 
= loo. 


c(ti - to), 

to) - Cti] 


(104-14) 


(104-15) 

In other words the value of ffor .To, to is the same as its value for 
^ 1 ; h, provided the distance from xo to xi is equal to the time elaps- 
ing between i^o and h multiplied by c. It is Just as if the value 
of I had been propagated from To to Xi in the time interval h - to 
with the velocity c. , Hence fi(x - ct) may be taken to represent 
a disturbance (denoted by |) which is propagated in the positive 
X direction with velocity equal to c. We call this propagated 
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disturbance a wave and the type of motion described is wave motion. 
Since ? is a function of t and only, the wave here defined is known 
as a plane wave, corresponding to propagation in one direction 
only. The matter is rendered more evident from an examination 
of the figure (Fig. 10-12) where we have plotted two functions of ic, 
namely /(:r - cU) mdf(x - ch), which are the values of ^ for the 
time instants U and respectively. It is as if we had taken snap- 
shot pictures of the way ^ varies with x at the two instants k and 
The result is the same for both times except that the whole figure is 
shifted bodily so that each point of the first picture is displaced 
through the distance c{ti — U) to make the second picture. The 
reader is urged to investigate 
all this very carefully for him- if 
self in order to form a clear 

notion of what a wave really [ f(x^ t^) t^) 

means. He should note care- 
fully, for example, that while 
to be sure the motion of par- 
ticles or parts of the medium i 1 1 >. x 

is involved, the wave motion ^ 

is not their motion, but rather Fig. 10-12 

the motion through the medium 

of the configuration which they produce. Thus in the physical 
problem under discussion what we have shown is that if the long 
wire is stretched at some place in the direction of its length, thus 
producing a disturbance of the parts of the wire in the vicinity of 
this point and then let go, the disturbance moves along the wire 






with velocity c = VY/p, constituting w^hat is called an elastic wave. 
Moreover the wave travels in both directions, for if fi(x — ct) 
corresponds to wave motion in the positive x direction, fzix + ct) 
will correspond to similar motion with the same velocity in the 
negative x direction. It must be emphasized, moreover, that 
there is nothing essentially periodic about this motion, though, 
as we shall see, periodic or harmonic waves are undoubtedly 
the most important type. We ought also to note that in the case 
discussed the direction of propagation coincides with the direction 
of displacement: the wave is said to be longitudinal (see Sec. 10-5). 

The numerical magnitude of the velocity of an elastic wave in a 
rod or wire is of some interest. If we consider steel, for example, 
with p = 7.8 grams/cm^ and F = 2 X 10^^ dynes/cm^ (varying 
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of course with the special composition), we get c = 5.06 X 10® 
cm/sec = 5060 meters/sec. This indeed is the velocity with 
which sound travels along a steel bar, since the sound is propa- 
gated by elastic disturbance. 

It is now in order to discuss in a general way some of the prop- 
erties of simple harmonic waves. For a wave of this kind progress- 
ing in the positive x direction the displacement may be written 

I = A cos k{x — ct), (104-16) 

where A is called the amplitude of the wave, c is the velocity and k 
is a constant which must have the dimensions of a reciprocal dis- 
tance, since the argument of the cosine must be non-dimensional 

(i.e., a pure number). It is 
seen that (104-16) actually 
has the form of the function 
fi in (104-11). Now let us 
plot J as a function of x for a 
certain instant of time t The 
result is given in Fig. 10*13. 
In wave nomenclature the 
places where ^ is a maximum 
are called crests; those corresponding to minima are called troughs. 
The distance between any two successive crests is called one wave 
length and designated by X. Since the cosine function has a period 
of 2x, i.e., 

cos z = cos (2t + z)y 



Fig. 10*13 


it follows that for any instant t 

k(x — ct) + 27 r = k{x -h X — d)? 

and therefore 

- ?!!:. 

X ’ 


(10*4-17) 

(104-18) 


Moreover at any particular place there is simple harmonic motion 
[recall that cos (—Kct) = cos Kct] of frequency 


so that 


KC 0) 
2t 2t 


a> 27rv 

c c 


(10*4-19) 

(10*4-20) 
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We shall call v the frequency of the wave, but shall often use co = 
2iri' in its place for convenience. Finally the period of the sim ple 
harmonic wave is 


W V 


(10-4-21) 

and we have the important relation for a simple harmonic wave 

(10-4-22) 


KC C 


the period appearing as the ratio of wave length to velocity. It is clear 
that we may write the expression for | in the following equivalent 
forms 

^ . 2Tt 

^ = A COS — (x — ct) 

X 

= A cos (kx — (fit) 


(104-23) 


The choice is a matter of convenience. We shall perhaps use 

^ = 4 cos {(at — Kx), (10-4-24) 

most frequently, reversing the order of the time and space terms. 
This is, of course, purely arbitrary. 

At this place it may be desirable to point out the value of the 
complex notation in expressing displacement in wave motion. 
Thus analogously to eq. (94-5) in Sec. 94 we set 

? = (10-4-25) 

where the amplitude A is now in general to be considered complex. 
In operating with wave displacements, particularly in differentia- 
tion and integration, this form of expression is very advantageous. 
Of course it should be emphasized that in general only the real or 
the imaginary parts separately have physical significance. 

The wave dealt with in the last few paragraphs has been one 
traveling in the positive x direction. Naturally all that has been 
said will apply equally well to the wave in the negative x direction, 
where the displacement is denoted by 

f (10-4-26) 
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In most cases where solid media are in question there will be 
waves traveling in both directions simultaneously and the resultant 
displacement vdll then be the sum of (104-25) and (104-26). 
We shall discuss special cases in Sec. 10-5. 

The quantity oit ± kx is called the phase of the wave, provided 
the amplitude is real. If the latter is complex, we can always 
write it 4 = 4oe“, where Aq and e are real quantities. The phase 
now takes the form cof dz /cc + «, and e is caUed the initial phase " 
at the origin. 

When a medium is traversed by a wave, a certain amount of 
energy is associated with the motion in each unit volume. In the 
case of a harmonic wave the kinetic energy may be easily calcu- 
lated. Suppose such a wave travels in the x direction along a rod 
of cross-sectional area S. Then the kinetic energy m a length Ax 
of the rod comprising a volume S Ac is 

(104-27) 

for pS Ax is the mass involved, if p is the density of the rod. Hence 
the kinetic energy per unit volume at any place x at a. given time 
instant < is A = |p|^. Now for | we have, consulting eq. (104-24) 
and supposing the initial phase zero, 

I = -Aw sin (wt - Kx), (104-28) 

so that the kinetic energy per unit volume or kinetic enei^y density 
becomes 

K = IpA^w^ sin^ (pot — kx). (104-29) 

This is of course a function of x and t. At any place it varies 
periodically with time and at any instant it varies periodically 
from point to point. Rather more important is the average kinetic 
energy density. Thus for any value of x we have for the time 
average 

K = IpA^coVt • sin^ (wt — Kx) dt, (104-30) 

where r is much greater than one period of the wave. Since x is 
considered constant, the evaluation of the integral gives the same 
result as (9-3-13). Thus 

t 

R = ipA^w^. 


(10-4-31) 
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Keeping the time constant, let us find the space average of the 
kinetic energy density over a distance long compared with the 
wave length, viz.. 


K = ^pAWJxq • f sin^ (at — kx) dx, (104-32) 

t/0 


where xo ^ X, the wave length. The form of the integral is pre- 
cisely the same in the two cases and hence 


if = Z. 


(104-33) 


Therefore w^e may speak merely of the average kinetic energy den- 
sity as ^ 

K = (104-34) 

Since the medium is strained by the passage of the wave there 
will also be potential energy associated with the wave. This will, 
however, obviously depend on the character of the strain corre- 
sponding to the wave and hence must be specially investigated in 
each particular case. In this place as a simple illustration let us 
consider again the solid rod of density p and Young^s modulus Y. 
The potential energy associated with the element Ax of the rod 
is the work done by the variable force due to stress, viz., SX^ in 
changing the length Ax from (Aa:)i to (Ax) 2 , i.e., by A(Ax). Thus 
we have 

f Xd(Ax). (10-4r-35) 

(Aa;)i 

Now the change d(,Ax) is the differential of the linear strain 
times the original length. Hence we may write 


Consequently (104-35) becomes 

as 


(104-36) 


v.sA. 


uo 


35 


J fbx. Qt 
O dX 


(104-37) 
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using (10-4-2). We finally obtain 

For the plane harmonic wave (104-24) we get for the potential 
energy density 

y 

V = — - — sin^ (cot — Kx). (104-39) 

It is of interest to observe from a comparison with (104-29) that 
for this type of wave motion 

V = K, (104-40) 

identically. Hence the total energy density is 

U = pco^A^ sin^ (cot — Kx). (104-41) 

The average total energy density is therefore 

tJ = yco^A\ (104-42) 

We must be careful not to conclude that the relation (104-40) is 
true for all kinds of waves. Nevertheless the special case here 
discussed is rather important in practice. 

Another important allied concept which deserves mention in 
this place is that of the intensity of a wave. This is defined as the 
average rate of flow of energy per unit area perpendicular to the 
direction of propagation. If we consider any cross-section of the 
rod, for example, as the wave passes this cross-section it may be 
thought of as carrying energy with it and the amount of energy 
carried per unit area per second is clearly (for a plane wave at 
least) the product of the energy density and the velocity of the 
wave. Hence we have the following expression for the intensity 
in the case of a plane harmonic wave traversing a rod [from eq. 
(104—42)] 

/ = IpcAW. (104-43) 

It may perhaps be worth while to express this in terms of the maxi- 
mum stress in the rod, Zmax, associated with the wave. Since 
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and 


(10-4-44) 


(104-45) 


The intensity is thus proportional to the square of the maximum 
tensile stress produced in the rod. This is a very significant 
equation. 

10*5. Transverse Waves in a String. In our study of wave 
motion in a solid rod in the previous section we were concerned 
with waves in which the direction of propagation coincides with 
the material displacement. Such waves are known as longitudinal 
waves and are of great importance, particularly in acoustics 
(Sec. 11-6). However, there is another type of wave, of equal 
significance, in which the displacement is perpendicular to the 
direction of propagation. Such waves 
are known as transverse waves. As a ^ 
matter of fact both types of waves are 
set up in every disturbance of an elas- 
tic solid, though in a fluid only the 
former can exist. The mathematical 
discussion of transverse wave motion 
in a general elastic solid is rather in- 
volved and we shall not enter upon 
it here. However, we encounter a very interesting illustration 
of transverse waves in the problem of the vibrating string. 
Imagine a perfectly flexible string (Fig. 10*14) stretched with 
tension T. Let the equilibrium position of the string be the x axis 
(we neglect its thickness, of course), and denote the transverse dis- 
placement of any point by We suppose that all displacements 



Fig. 10*14 


we have 


— = Ak sin {ost — Kx), 




AkY 


Therefore 


and 


= 4 - pc^ = Aot)pc. 
c 


AW = 




pW 


I = 




2 pc 
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take place in the same plane. We shall also assume that the tern 
sion T is constant and may be considered to a sufficient degree of 
approximation as unchanged when the string is deformed. This 
in turn implies that the displacement ^ is to be very small compared 
with the length of the string. We now discuss the motion of an 
element of the string from A to 5 of length ds, whose projection 
on the X axis is dx. Let us find the restoring force acting on the 
element AB in the direction of the displacement. The upward 
component of r at A is 


ds ^ ^dx 2 \dx/ 


+ 


(10-5-1) 


which we get by expanding 

ds 


dx 


1 + 


\dx/ 


(10*5-2) 


recalling that both d^/ ds and d^/dx are small. As a matter of fact, 
it will be a sufficiently good approximation, if we write for the 
upward component at A 

d^ 


dx 


(10*5-3) 


What is now the upward component of the tension at R? It must 
be, to a first approximation. 


Jx dx \dxj 


(10*5-4) 


whence the total upward force on the element AB is the sum of 
(10*5-3) and (10*5-4) namely 


a /ar 


dx \dx. 


^ dx. 


( 10 - 5 - 5 ) 


Equating the kinetic reaction of the element to the force on it 
yields the equation of motion 

.. a^i 

P^dx = T — dx, 


TRANSVERSE WAVES IN A STRING 


327 


or 


p? “ r 




( 10 - 5 - 6 ) 


where p is here the mass per unit length of the string and assumed 
to be a constant. We have here made the same sort of approxima- 
tion as in deriving (10-4-3) by neglecting the stretching of the 
string element in its displacement. Eq. (10*5-6) is the usual wave 
equation, and hence the displacement | is propagated along the 
string with velocity 




(10*5-7) 


If we recall the discussion in Sec. 10*4, we see that since in general 
there may be waves in both directions the most general expression 
for the displacement at distance x and at time ^ is 

I - fi(ct -x)+ hict + x). (10*5-8) 

Let us, however, confine our attention to the motion of the string 
when the displacement at any point is simple harmonic, i.e., 
consider only harmonic waves. From Sec. 10*4 we then write 

^ (10*5-9) 

where A and B are complex amplitudes, w = 2'itv, v being the fre- 
quency of the wave and /c = co/c, where c is the velocity [eq. 
(10*5-7)]. There are now four arbitrary constants involved, since 
A and R, being complex, each involve two constants. Moreover 
there is nothing to specify the frequency, which is therefore also 
arbitrary. 

We shall now suppose that the string is finite and of length I, 
and is moreover fastened at the ends so that no motion takes 
place there. We then have the boundary conditions that for all t 


f = 0 for X — 0, L 
Substitution into (10*5-9) then yields 
(A+Ry"'-0, 

+ 5e") = 0. 


From the first of these two equations we get 

A = -B, 


(10-5-10) 


( 10 - 6 - 11 ) 


(10-5-12). 
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and hence from the second 

e~“'-e“ = 0. (10-5-13) 

Expressing eq. (10-5-13) in terms of trigonometric functions gives 

sin/c^ = 0, (10-5-14) 

which leads to 

d = nw, (10*5-15) * 

where n is any integer. This immediately limits the possible fre- 

quencies of the harmonic waves in the string to the set given by 


Vn 


nc 


” 2Z V7 


( 10 * 5 - 16 ) 


The lowest frequency of the set, viz., vi = c/2Z, is called the 
fundamental The higher frequencies V 2 , , Vn, ... are called 

the harmonics. It is interesting to see that the imposition of the 
boundary conditions (10*5-10) in addition to removing some of the 
arbitrary constants from the solution has also introduced a certain 
discreteness into the problem. This is a significant result, for it is 
the fii’st element of discreteness we have encountered in the motion 
of a continuous medium. Corresponding to each frequency Vn 
there is a definite mode of oscillation, viz., 




i(2iri> „t —Kn^) 




(10-5-17) 


For practical purposes we shall put this into its real form. Letting 
2An — Un "h 


Un 


real = “ [cos (25n'„< — Knx) — COS (2-irv„t + (c„a:)] 


- ^ [sin {2Trvnt 


KnX) - sin (2irVnt •+■ KnX)]. (10-5-18) 


If we expand the trigonometric expressions and simplify, there 
finally results 

. I«,real = siu K^xlttn siu 27rv„t + bn COS 2TrVnt], (10-5-19) 

with Kn = 2irj'„/c. For any integral value of n, eq. (10-5-19) 
represents a solution of the wave equation (10-5— 6) and a possible 
displacement propagation for the string. Now the wave equation 
(10-5-6) is a linear partial differential equation, and we have 
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already seen (Sec. 104) that the individual solutions of such an 
equation are additive, giving new solutions. It would therefore 
follow that the most general expression for the displacement when 
harmonic waves of all frequencies Vn travel along the string, is 
given by 

00 

freai = sin KnX[an sin 2'in>nt + bn cos 2TrVnt]. (10 '5-20) 

n =0 

What does this solution mean physically? It means that if we 
bring about an initial transverse displacement of any point on the 
string the resulting displacement in time of all other points is 
given by the infinite series (10 •5-20). 

It must be emphasized that (10*5-20) no longer represents a 
single progressive wave. Rather as the superposition of pro- 
gressive harmonic waves in opposite directions along the finite 
string it represents what is called a standing or stationary wave. 
Thus each point of the string is executing harmonic motion of 
frequency given by the bracketed terms of (10*5-20) and with 
amplitudes proportional to sin KnX (not a function of time). This 
introduces a feature not present in the usual progressive wave. 
For we see that for any particular mode of oscillation characterized 
by the integer n there exist n — 1 equally spaced points of the 
string (exclusive of the end points) at which the displacement is 
always zero. These are given by the condition 

sin KnX — 0, 

and measured from one end of the string the corresponding values 
of X are 

X == l/Uj 2l/nj • * • (ri — l)l/n. 

The points in question are called nodes or nodal points. The 
reader should show that the distance between successive nodes is 
one half the wave length of the corresponding standing wave. A 
knowledge of this and the frequency of excitation sufl&ces (from 
10*4-22) to permit the evaluation of the velocity of the wave. The 
midpoints between successive nodes are referred to as loops since 
there the displacement reaches its maximum during each period of 
the motion. 

Our next task is to discuss the evaluation of the constants an 
and bn- Let us denote the initial displacement of any point on 
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the string by ?o- This is a function of x, of course. We therefore 
have from (10-5-20), (dropping the subscript “ real,” since this is 
now understood) 


^0 — ■ bn Sin Kn.X. 


n =0 


(10-5-21) 


Moreover, let us denote the initial velocity of any point on the str ing 
by lo, also a function of x. Since 


I = L sin K„x - 2Trvn[an cos 2TVnt — bn sin 27rr„t], (10-5-22) 

n =0 


we have 


lo = ZI ^TTVnan sill KnX. 


n =0 


(10-5-23) 


We now have to evaluate and bn from the eqs. (10-5-21) and 
(10-5-23). This might appear to be rather difficult. Let us, 
however, multiply both sides of eq. (10-5-21) by sin k,x, where s 
is a particular integer, and integrate the result as x goes from 0 to 1. 
This gives 

X I 00 pi 

lo sin K^dx = ^ bn sin KnX - sin k^x dx. (10-5-24) 
From (11-5-16) 

2TrVs STT 

— = y » (10-5-25) 


and 


UTTX , 

sin -y- dx 


. SWX . 

sin — • SI 
I 

/ sin (g — n)Trx/l ^ sin (g + n)Tx/t O'^ 
\ 2(s ifh)'K f\ 2(s “f" ) 


(10*5-26) 


so that if n 9^ Sj the integral vanishes. On the other hand if 
n = s, we have 




X 

sin^ sir - • dx 

i 


2s7r \ I 


ST . stx stx 

X — sin cos 


): 


* - 1 
o~ 2' 


Hence of all the integrals in the sum on the right-hand side of 
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(10*5-“24) only one is different from zero, namely that for wHch 
n = s. Its value is 1/2, We therefore have 

2 

= y Jo (10*5-27) 

which enables us to calculate bs if we know ^o. A precisely similar 
procedure with eq. (10*5-23) leads to 

2 . 

as = — I lo sin KsX dx, (10*5-28) 

What the two eqs. (10*5-27, 28) really mean is this: if we know 
the actual displacement and velocity of every point on the string at 
a single definite instant we can compute the configuration of the 
string, i.e., the position and velocity of every point, for every 
future instant, tracing out its whole subsequent history. There 
is an interesting bit of mathematics connected with this result. 
The initial position of the string can be anything compatible with 
the conditions imposed, i.e., it can be mathematically speaking 
any continuous function of x. What we have then shown is that 
any such function of x can be expanded in a certain bounded in- 
terval into an infinite series of circular functions of x, viz., (10*5-21), 
and we have shown how to calculate the coefficients. Such a 
series is called a Fourier Series, and is of very great importance 
in many physical problems such as are encountered for example 
in the theory of the conduction of heat, oscillations of media, 
orbits in celestial mechanics and atomic structure theory. The 
student at this point should obtain a reasonable degree of familiar- 
ity with this type of series. We have not discussed it here with 
any rigor, since we have not taken up, for example, the conditions 
for its convergence.^ But we have at any rate pointed out some 
of its physical significance. 

Further discussion of the motion of a stretched string lies really 
in the province of acoustics.^ 

10*6. Types of Elastic Waves in Solids. We have discussed in 
the last two sections the special cases of longitudinal waves in a 

iSee E. B. Wilson, ‘'Advanced Calculus’^ (Ginn & Co., Boston, 1911), p. 

■■ 

2 See H. Lamb," Dynamical Theory of Sound 'V (Macmillan, 2nd ed., New 
York, 1925), Chap. II. 
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transverse waves in a string. As has already been 
indicated the problem of the general motion of an elastiJ solid 
isturbed from equihbnum demands rather more extensive analy- 
sis than we wish to embark on here. This is particularly true of 

directions' properties in different 

directions However, we ought to note the principal results for 

pendent of properties are inde- 

Af i 1 ^ former involves distortion 

of the mednm and hence implies the existence of transverse waves 

nbswLS tS- ""T “^atlrematical analysis 

Jibstantiates^this expectation and shows that the longitudinal 

ave m an extended sohd medium travels with a velocity 


Cl 


k + ^ 




while the transverse wave has a velocity 






( 10 - 6 - 1 ) 


( 10 - 6 - 2 ) 


10 iT" w .r f"'*' «g-iflo»nce as elastic moduli 

Sw iat teat ' »" t. 




(10-6-3) 

rSefrf .!Ssf “ >”<56 

soUds manbneteSS^bnff^^^ constants of 

the corresponlt;yp:fo&^^^ 1 

to thie St T7® ™ “ »»<> ®™lar 

piea,.elec.ri„ c^^itala 
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placed across an alternating high voltage. The fact that the 
modes are very sharply defined by the dimensions of the specimen 
(cf. the length I in Sec. 10-5) makes it possible to maintain oscil- 
lations of very specific frequency and indeed to stabilize the 
frequency of high frequency electric (radio) circuits in which the 
vibrating crystals are placed. 

^ 10*7. The Elastic Meditxm Theory of Light. The student will 

recall from his study of elementarj^ physics that there have been 
two principal theories for the propagation of light. The first, 
championed by Newton, is the so-called corpuscular theory accord- 
ing to which light travels as very small particles moving in straight 
lines through space in all directions from a given source. The 
second is the wave theory suggested by Huyghens, which considers 
the transmission of light as a wave propagation in a medium. 
Of the two theories the latter has been the more successful if we 
leave out of consideration the phenomena connected with the 
emission and absorption of light, which seem to demand a particle 
description based on the ideas of the quantum theory. 

Now in our discussion of wave motion we have seen that in 
every case it is a disturbance in a medium which is propagated as 
a wave. Hence if the transmission of light is a wave propagation, 
what is the medium which is disturbed? This is a problem to 
which physicists gave considerable attention during the nineteenth 
century, beginning with Fresnel, who was the first to put the wave 
theory on its feet mathematically speaking, and continuing with 
the work of Green, Neumann, MacCullagh, Lord Kelvin and 
Lord Rayleigh, all men of outstanding eminence. Let us consider 
briefly the nature of the problem as an illustration of the me- 
chanical theory developed in this chapter. It was only natural to 
assume that the light-bearing medium is analogous to an elastic 
medium of some kind. Now we have noted that in an elastic solid 
any disturbance is in general propagated by both transverse and 
longitudinal waves. The only elastic medium through which waves 
of but one type are propagated is a fluid, as we shall see in the next 
chapter (for a fluid has volume elasticity only and is unable to 
support shearing stress). In this case longitudinal waves only 
are transmitted. The fact that a light wave can be polarized 
shows definitely that it must be a transverse wave. Hence the 
light-bearing medium cannot be a fluid, but must be an elastic 
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the problem at once arises: how shall one 
get rid of the longitudmal wave that accompanies the transverse 
wave. We hav e seen th at the longitudinal wave travels with 
1 jk “f- 

ve oci y Ci = y — - , -syme the transverse wave has the 

velocity ct = V^. Therefore it is impossible to get rid of the 
former type of wave merely by imagining the medium to possess 
no jolume elasticity, vi.., = 0. To overcome this diSculty ' 

Green made the assumption that k= cc, so that is infinite 
fiJtv *®gitudinal wave is not propagated at all, 

d?ffip!?r satisfactoiy enough. Unfortunately 

difficulties anse when the theory is applied to the specific problem 

n extended to the case of 

anisotropic media ^e crystals. Hence it would seem that Green’s 

whirr^ 1 /f ^ in 

^ ^/3 so that Cl - 0. Such a medium has negative 

will lead to expansion mstead of contraction. Of course one 
might imagine such a medium as filling the whole universe or as 

brnda!? y s ^ “ containing vessel acting as its 

j T ^ ^ hardly necessary to say that the mathemafipfll 

eve opment of any one of these theories is extremely complicated 
Nevertheless Lord Kelvin worked aU his life in the endLvor to 

Sat ae r^utt ^ ^ must be confess^ 

inclined to believe that eSom^etTc" ^eo^' omai^^^^ 

theory of li^y ^ jnstified in considermg the generally accepted 

problems 

dyne$/cm>. CMoolat, a.e vulue of’th. bSlk*Sj “ X MX 

Also compute Poisson^s ratio Dn +K niodulus for this substance. 

X . MTqU Myx ffl» for wuoh 

any interesting feature of the result. dynes/oms. Comment on 

2. The value of Young’s modulus for steel is 9 v 1012 j 
oo.ffici.nl of W (a™,.,, cnp^don f„, a. Z, Ib,S;“’rix'‘iS 


PROBLEMS 


335 




per degree centigrade. What compressive force must be applied to the ends 
of a steel cylinder 2 cm in diameter to prevent it from expanding longitudinally 
when the temperature is raised by 40°C? 

3. A body suffers tensile strains along the x, y, and s directions 

respectively. Show that the resultant strain is equivalent to a uniform volume 
dilatation equal in magnitude to (a* + + 8^) plus two shears, one in the xy 

plane of magnitude f(a» + a ^ 83) — 28y and the other in the xz plane of 
magnitude | (Sx -j- 5^, + 63) — 283. 

4. A steel wire 100 cm long and 0.1 cm in radius is suspended from a rigid 
ceiling. A homogeneous horizontal disc of mass 1000 grams and radius 10 cm 
is attached at its center to the free end. How much twisting force must be 
applied at the periphery of the disc to turn the latter through an angle of 10°? 
If the disc is released and allowed to move freely, what will be the period of its 
motion? 

5. A circular cylindrical wire spring is said to be flat if, when the spring is 
stretched, each turn of wire is approximately parallel to a plane perpendicular 
to the axis of the cylinder. One end of such a spring of radius a is attached 
to a rigid ceiling while the other is stretched by the imposition of a vertical 
force F. Show that the equivalent stiffness of the spring is given by the 
expression (when r <5C a) 

2aH 

where y = shear modulus of the wire, r = radius of the wire, and I ~ total 
length of the wire in the spring. Discuss the significance of the condition 
r<^ a. 

6. Calculate the potential energy per unit volume in a solid rod subjected 
to a longitudinal stress of magnitude X. 

7. A homogeneous solid beam of square cross-section with side a is bent 
into the arc of a circle of radius B. If x denotes distance measured normally 
to the central axis of the beam and L is the magnitude of the bending torque 
at any point about an axis normal to the plane of bending and passing through 
the central axis, show that the ratio of change of L with x is given by 

dL ^ 2Yax^ 

dx R 

where Y is Young^s modulus for the material of the beam. Hence find that 
the total bending torque necessary is 

L = Ya^/12R 

8. A possible dynamical variant of Hookers law to take account of the 
“ relaxation effect (see 9-2) may be written in the form 

X “ A5 -[- 

where X is the stress and 6 the corresponding strain, while A and B are elastic 
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constants. Suppose X = OforO < I < U, X = Xo = constant for U <t <h 

and X = 0 for i > h. Find the way in which S varies with the time (choosing 
arbitrary but reasonable values for A and B). Discuss elastic after-effect on 
this basis. 

9. Show that | - f{x ct) represents a wave in the negative x direction 
with velocity c. Investigate by graphical methods or otherwise the physical 
character of the wave /(a: - ct) — fix ct). Do the same for the expression 
fix - ct) +f(x + ct), 

10. A wave | = /(re — ci) progresses in the positive x direction with velocity 
c. At the point re — rco a rigid barrier is interposed. Describe the character 
of the motion of the medium to the left of the barrier. 

11. Use the relations among ju, k, and Y to compare cl, ctj and c = 'x/Y I p 
(Sec. 10-6). Discuss the physical significance of the difference between cl 
and c. 

12. A plane sinusoidal acoustic wave in air of frequency 512 cycles/sec has 
a displacement amplitude 10”® cm. If it progresses along the x axis with the 
velocity of sound at 20°C, and the origin is taken at the point where the dis- 
placement ^ is zero at i = 0, plot to scale the wave form at i = 1 sec for a 
distance of a wave length or so. Also plot the variation of | at a; = 5 cm as a 
function of t for two or three periods. 

13. In the preceding problem, find the displacement velocity, i.e., d^/dt 
at rr ~ 5 cm and i = 1 sec. Find the acceleration, i.e., d^^/dt^ under the same 
conditions. Plot both quantities in the same way in which you plotted ^ in 
Problem 12. 

14. Show that the intensity of a compressional wave in a rod may be repre- 
sented by Xxkf where the bar indicates the time average. Compare this ex- 
pression with (10*4-45). 

15. A flexible string 80 cm long with a mass of 4 grams is stretched with a 
tension of 84 X 10® dynes. Find the fundamental and first two harmonics 
of the string. The string is pulled aside at its midpoint a distance 0.5 cm and 
let go. Find the amplitudes of the fundamental and first two harmonics in 
the resulting standing wave pattern. Prove that all harmonics of even order 
are absent from the motion of the string. 

16. The string in Problem 15 is struck at its midpoint (while in its equilib- 
rium position) with such force as to give it an initial velocity there of 10 
cm/sec. Find the amplitudes of the fundamental and first two harmonics in 
the resulting standing wave pattern. 

17. Calculate the average kinetic and potential energies for the first two 
harmonies in the motions of the string discussed in Problems 15 and 16. 

18. Show that the differential equation for wave motion through a dissipa- 
tive medium may to a first approxinciation be written in the form 
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Obtain a particular solution of this equation in the form of a damped harmonic 
wave. Obtain the expression for the distance which a disturbance will travel 
before its amplitude is diminished in the ratio 1/e, Suggest possible physical 
characteristics which make a medium dissipative. 

19. A narrow solid rod of length I and line density p is clamped rigidly at 
its two ends. What are the natural frequencies for longitudinal vibration of 
the rod? Obtain also the expression for the natural frequencies for the case 
of a rod clamped at one end and free at the other. Work the same problem 
for a rod free at both ends but clamped at the center. 

20. Two harmonic waves of the same amplitude but slightly different fre- 
quencies V and p + Ap move in the x direction with velocities c and c + Ac 
respectively. It is assumed that c depends on the frequency (dispersion) so 

dc 

that Ac ^ Av, Show that if the two waves are superposed the resultant 

may be considered a harmonic wave of frequency v but with an amplitude 
which varies with time with frequency Av/2. Show that the varying amplitude 
travels with velocity U such that 

1_ __ d(p/c) 

U'' dp ^ 

U is called the group velocity of the compound wave system. 


CHAPTER XI 
MECHANICS OF FLUIDS 


114. Fluids at Rest. Fundamental Principles of Hydrostatics. 

In Chapter X we introduced the idea of a deformable body and ^ 
discussed its behavior. We saw there that the most general kind 
of deformation may be considered to be a combination of a dila- 
tation (change of volume) with a shear (change of shape). In 
the case of physical solids the application of stress yields in general 
both kinds of strains, but there is a class of substances of such a 
nature that the application of stress gives rise to dilatation only 
and never to shears. Such substances are called fluids or better 
perfect fluids, for they represent limiting ideal cases of the actual 
fluids encountered in nature. The line between actual solids and 
actual fluids is sometimes hard to draw. Under very great stresses 
most solids at ordinary room temperature begin to act like fluids, 
and a solid like pitch, for example, flows at room temperature 
under the stress produced by its own weight, though for impulsive 
stresses (i.e., those of short duration) it may behave like other 
solids in manifesting both shears and dilatations. Naturally all 

substances become fluids at 
sufficiently high tempera- 
tures and appropriate pres- 
sures. 

From what we have just 
said it should be possible to 
deduce the principles govern- 
ing the behavior of fluids 
from the fundamental rela- 
tions for deformable bodies 
in general. The rigorous 
derivation demands the use 
of more general stress-strain 
analysis than we have given in the previous chapter. Fortunately 
we are able to visualize the deduction in a rather simple way. 

Let us imagine a volume element of fluid as given in the figure 
(Fig. 114), and consider further any plane surface element in 
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this box. Suppose that the fluid is at rest, i.e., in equilibrium 
under the action of external forces. There will still be a stress 
on the surface element; and this stress will be a compressive 
stress, i.e., one tending to produce dilatation only, since by 
definition a perfect fluid can not be sheared. Now if the com- 
pressive stress on the area (to which we shall hereafter refer 
as the pressure) were to be inclined to the area at any other 
angle than 90^, it would have a non-vanishing component 
along the surface. But this would lead to shearing and, since 
a perfect fluid can not support a shear, motion would have 
to ensue parallel to the surface. This contradicts the initial 
assumption of equilibrium. Hence we reach the important con- 
clusion, amply verified by simple experiments, that in a perfect 
fluid at rest the stress or pressure on any surface element whatever 
is normal to the surface. To state the same result in slightly 
different form, at any point in a perfect fluid the pressure is normal 


yk 




to any surface element passing 
through this point and inde- 
pendent of the direction of this 
element. This statement in- 
cludes the famous principle of 
Pascal. 

Let us now examine the con- 
dition that a fluid may be in 
equilibrium under the action of 
an external force F acting on 
unit mass. Let Fy, Fz de- 
note the X, z components 
of F respectively. Consider an 
element of fluid contained in the parallelepiped with sides 
dx, dy, and dz (Fig. 11*2). Let the pressure at the midpoint P 
of the volume be p. Then the normal force on the face parallel 

dp dx'^ 
dx 2 , 

f dl) dP\ 

farther parallel face is ( p — — ) dy dz. Hence the fluid in the 

element is acted on by a force due to pressure whose component in 
the ir direction is 

^—dx dy dz, 
dx 


Fig. 11-2 


/ dxi\ 

to and nearer the yz plane ^ 


(IM-l) 
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The analogous components in the y and z directions are 


dp 


dp 

dy 


dx dy dz and — — dx dy dz. Now if the element is to be in equi- 
dz 

librium under the influence of the external force, the total force 
components on the element in the y, and z directions must vanish. 
That is, we must have (recalling that F represents the force per 
unit mass) 

dp 

pFx dx dy dz ~ — dx dy dz = 0, 


dx 
dp 

pFy dx dydz dx dy dz 

dy 

dp 

pFz dx dy dz — dx dy dz 


dz 


0 , 

0 , 


(lM-2) 


or more compactly, 
p dx 


1 ^ 
P dy 


P - 1 

p dz 


(lM-3) 


where p is the density. These are the fundamental equations of 
hydrostatics. We see that if we write the change in pressure 
between two closely neighboring points in the fluid at rest as d-p, 
we have the total differential ’ 


dp — pFxdx pFy dy + pFz dz. 


(lM-4) 


The problem of ascertaining the distribution of pressure in the fluid 
is the problem of solving this total differential equation. We 
may express the general solution in the form 


p = ^{x, y, z) + C, 


(lM-5) 


where (7 is a constant of integration whose value depends on the 
pressure at some specified point in the fluid. If in some way the 
pressure were to be increased at this point, eq. (11-1-5) states that 
the pressure is increased by the same amount at every other point 
in the fluid. This is sometimes referred to as the law of the 
transmissibility of pressure. It is usually considered a part of 
Pascal’s principle for fluids at rest. 

We shaU consider one special case, namely that in which the 
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external force is gravity. Suppose that it acts downward along the 
z axis, i.e., 

= 0, = -g. (lM-6) 


Then p varies with z alone and we have 

dp 


(lM-7) 


The integration can be carried out only if we know the way in 
which p depends on z. If the fluid is incompressible (i.e., an ideal 
liquid) p is constant, and we have 


P = -pgz + C, 


(lM-8) 


C being an arbitrary constant which may be put equal to zero if 
the origin is taken at a point where the pressure is zero, viz., at 
the surface of the liquid (assuming that there is a vacuum above 
the surface). It is to be noted that the negative sign enters 
(11-1-8) because the positive direction of is upward and p de- 
creases as one goes up. In practical applications it is usually 
more convenient to measure z downward and use the positive 
sign. (See, for example, Sec. 11*2.) In words, (114-8) states 
that in an incompressible fluid at rest under the action of gravity 
alone the pressure varies directly as the depth. This is well 
substantiated by experimental investigation of liquids in which the 
variation of p with depth is negligible for moderate depths. 

11-2. Principle of Archimedes — Stability of Floating Bodies. 
We can apply the results of the preceding section very appro- 
priately to the problem of the cal- 
culation of the resultant force ex- 
erted by a liquid on an object 
immersed in it. Let us first take a 
special case for the sake of simplicity. 

Imagine a rectangular parallelepiped 
with dimensions a, 6, c immersed so 
that one pair of faces is parallel to 

the surface of the liquid. In Fig. 11-3 

the cross-section is shown, where AB = a, and BC = c. Suppose 
that ZR is at a distance za below the surface. To calculate the total 
force exerted by the liquid on the parallelepiped we must find the x, 





Fig. 11-3 
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y, and z components. The x component of the force, for example, 
will be found by multiplying the element of area at every point by 
the X component of the pressure at that point and then summing 
up over the whole surface of the body. The procedure for the other 
components is analogous. Now from the way we have chosen our 
special case it is clear that the x and y components will be zero 
since the forces on opposite faces cancel out in pairs. The z com- 
ponent, however, is not zero. Let us suppose that the pressure at " 
the surface of the liquid is po. At the top of the body (AB) it is 
then by eq. (11-1-8) 

Pi = Po + pgzo, 

while at the bottom (DC) it is 

P 2 = Po + pg{za -f c). 

The areas of the top and bottom are the same, viz., S = db, so that 
there is a dovmward force on the top face of magnitude 

S(po + pgzo), 

and an upward force on the bottom face of magnitude 
'^(po pg{za -l- c)). 

Hence the total force in the z direction is an upward force of mag- 
nitude 

F. = pgcS. (11-2-1) 

Now since cS is the volume of the body and pgcS accordingly the 
weight of the liquid displaced by the body, it follows that the 
liquid exerts on the immersed body a buoyant force equal to the weight 
of the displaced liquid. This is the principle of Archimedes. We 
have derived it here for a very special case. In the general case 
of a body of any shape we should have for the component of force 
in the z direction (gravity alone being assumed to act) 

F* = ffp cos 7 dS, (11-2-2) 

where p is the pressure acting on the area element dS and y is the 
angle between the normal to dS and the z axis. The integration is 
to be carried out over the whole surface of the body. Since gravity 
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acts vertically along the ^ axis we see that even in the general 
case the x and y components are zero, i.e., 

F, = F, -0. (1L2-3) 

In order to calculate Fz it is convenient to transform the surface 
integral into a volume integral. Suppose we consider again an 
elementary parallelepiped dx, dy, dz cut out of the body as shown 
in Fig. 11-2. We have already seen in the preceding section that 
the net force on this element in the z direction is 

— ^^dxdydz, (11-2-4) 

Consequently we can get the resultant force on the whole body by 
evaluating the integral 

the integration being extended over the whole volume of the body; 
this must also give us F^. In other words the volume integral 
(11-2-5) is equivalent to the surface integral (11*2-2). We have 
here a special simplified case of the so-called divergence theorem 
or, more generally, Greenes theorem, which the student will en- 
counter in all advanced work in physics, and of which we shall give 
a more extensive account in the next section. Now we know from 

dv 

eq. (11*1-7) that in the present case — == —pg, where p is the 
density of the liquid. Hence for the resultant force we get 

Fz = pg J'J'J' dx dy dz 

= pgV, ( 11 - 2 - 6 ) 

where V is the volume of the body. The result is then the same 
as for the special case. It should be noted that although in our 
discussion we have used the word “ liquid/’ everything we have 
said is true of fluids in general. 

We have thus seen that a liquid exerts a buoyant force on an 
object immersed in it. This force is directed vertically upward 
and is in magnitude equal to the weight of the displaced liquid. 
We can also see that it must pass through the center of gravity of 
the body; for if we imagine the body to be removed, the force 
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which the rest of the liquid exerts on the portion of liquid taLmg 
the place of the body must remain the same. But if this force 
did not pass through the center of gravity this particular portion 
of the fluid would not be in equilibrium with regard to rotation, and 
hence the hydrostatic conditions of the problem would be violated. 

Let us next give our attention to the special case of a body float- 
ing on the surface of a liquid. In this case the buoyant force must 
clearly be muherically the same as the weight of the body. Hence ^ 
by the principle of Archimedes a floating body displaces its own 
weight of liquid. We have just seen that the buoyant force acts 
upward through the center of gravity of the displaced liquid. 



This is called the center of buoyancy of the body. The weight of 
course acts through the center of gravity of the body itself. Hence 
a floating body is acted on by a couple, whose moment vanishes 
only when the center of gravity and the center of buoyancy lie in 
the same vertical line. 

If a floating body is slightly displaced from its position of equi- 
librium, while the center of gravity G of the body (I and II, 
Fig. 11 '4) remains fixed in the body, the center of buoyancy C will 
necessarily move with respect to it, since the shape of the immersed 
portion has now altered. Suppose that it moves from C to C" (II, 
Fig. 11-4), tracing out the curve CC in the body. The center 
of curvature of this curve, M, is called the metacenter and its 
height above the center of gravity is called the metac&ntric height. 
We shall denote it by h. For not too great angles of roll, M 
may be considered as t^ point of intersection of the vertical 
through C and the line CG extended. The metacentric height is 
the important criterion for the stability of a floating object, e.g., 
a ship. If this height is positive, i.e., if M lies above G, the rolling 
produces a couple which tends to right the ship; while, if it is 
negative {M below G) the resulting couple tends to produce further 
rolling. The equilibrium is therefore stable in the former case and 
unstable in the latter. If Jf coincides with G, the equilibrium will 
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be neutral; which is just as bad as instability as far as a ship is 
concerned. It is clear that the higher the metacentric height the 
greater the stability. However; it can be shown^ that the period 
of the roll varies as the inverse square root of the metacentric 
height. Hence a ship with a large h, generally known as a stiff ” 
ship; will roll more rapidly and hence not be so comfortable as a 
slowly rolling ship for which h is smaller. The latter is known as 
a crank ship. The tendency in ocean ships is to build them 
with as small a metacentric height as is consistent with safety. 


11*3. The Equation of Continuity in Fluid Motion. As in the 
discussion of the motion of the vibrating string (Sec. 10*5); we 
shall carry through our analysis of fluid motion by concentrating 
attention on a small element of volume and observing its behavior 
over a short interval of time. We shall find that there are two 
fundamental ideas involved. The first is the expression of the 
fact that the body in question acts like a continuous medium 
and not merely as a discrete aggregate of particles.^ We must 
consider once more the elementary parallelepiped dx dy dz (Fig. 
11-2) with the point P as its midpoint. Assume that this element 
is stationary and that the perfect fluid whose motion is being in- 
vestigated flows through it. We shall suppose that the flow of the 
fluid is such that at time if, the components of the velocity of flow 
at z) are % v, w in the three coordinate directions respec- 

tively. The X component of the velocity of flow at the face 

du dx 

parallel to the yz plane and nearer to it will then be u 


dx 2 


du dx 


while that on the farther parallel face will be 'w + t“ ";r ' Hence 

dx Z 

the rate of flow of fluid, i.e., the mass per second into the one face 
and out of the other will be 


and 


/ d(pu) , , 

r- a* J**, 

(11-3-1) 

/ , d(pu) dx\ , J 

17' 2 7 

(11-3-2) 

'Dynamics,” p. 474. 



^ The second, the idea involved in the equations of motion, will be treated 
in the next section. 
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respectively/ if the density of the fluid at P at time t is p. There- 
fore the excess of outflow over inflow will be given by the difference 
of (11-3-2) and (1L3-1) or 

d (pw) 

— - - dx dy dz. (11 •S-S ) 

ox 


Excess flow in x direction 


Similarly we find for the excess flow in the y and ; 2 ; directions, 
d (pv) d (pw) 

dxdydz and —^dxdydz respectively. Hence the total 


By 

excess outflow is 


Bz 


+ dx dy dz. 


/ ^ (pm) ^ djpv) I d(fyw) 
\ dx 


dy 


dz 


(11-3-4) 


But since the fluid is a continuous medium and can neither be 
created nor destroyed the excess outflow must be compensated by 
a decrease in the mass of the fluid contained within the element. 
If the density at time t is p, the rate of change is dp/dt, a,nd hence 
the rate of decrease of mass in the element is 


dp 

— —dx dy dz. 
Bt 


Equating (11*3-4) and (11*3-5) we have the equation 

0 . 


. , B{pu) B(pv) , B(pw) 
P + “T r -T h 


Bx 


dy 


Bz 


(11*3-5) 


(11*3-6) 


This is known as the equation of continuity ^ one of the most im- 
portant equations in the physics of continuous media. It may 
be worth while to point out that this equation holds for any 
deformable continuous indestructible medium, though it plays 
perhaps its most significant role in connection with fluids. If the 
fluid is incompressible and homogeneous, the equation of continuity 
reduces to the simpler form 


Bu Bv Bw 


0 . 


(11*3-7) 


I Note that, strictly speaking, the velocity is not u 


^ dx du dx 

■ — TT or w -} — 

^^2 dx 2 

over the whole face in each case, as it may vary with y and However, our 
assumption is equivalent to neglecting differentials of order higher than the 
first. Or, if the student wishes, he may equally well consider the velocities in 
question as over the faces concerned. 


EQUATION OF CONTINUITY 


347 


We can understand the physical significance of this equation more 
clearly if we consider the flow of fluid through any closed surface 
of arbitrary form. It is clear that if we divide the surface into 
a large number of area elements dSj we can get the total rate of 
flow (in mass per second) out of the surface by multiplying the 
density by the component of the velocity normal to each area 
element and further by dS (in each case the outward normal is to be 
considered positive), and then integrating over the whole surface. 
Denoting the magnitude of the normal velocity (a function of a:, 
z, t) by gv, we have for the total outflow 

JJ pqtfdS. (11-3-8) 

But we have already seen that we can represent the total outflow 
through an elementary parallelepiped by (11*3-4), and hence the 
flow through the whole portion of the fluid contained inside the 
surface considered is given by the volume integral 


Now (11*3-8) and (11*3-9) represent the same thing and there- 
fore may be equated. If the normal to the area element dS has 
the direction cosines cos a, cos jd, cos y we can at once write 

gjsr = u QOS a + V GOB ^ + w cos 7 , (11*3-10) 


and on the equating of (11*3-8) and (11*3-9) we finally have 



cos a + V cos -{’W cos 7 ) dS 


This is a form of the divergence theorem or Green’s theorem already 
mentioned in Sec. 11*2. If we look upon u, v, and w as the compo- 
nents of a vector q, the velocity of the fluid, then 


du 

dx 


dv dw 


is called the divergence of q, written div q. 

djpu) d{pv) d{pw) ^ 

dx dy dz 


Similarly 
div pq. 


(11*3-12) 
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There is an interesting consequence of the vanishing of the diver- 
gence of pq, which as we have just seen [eq. (11-3-7)] is the case 
for a homogeneous incompressible fluid. At every point in space 
the velocity q has a definite magnitude and direction. We can then 
construct curves whose tangents at every point are in the direction 
of q at that point. These curves are called lines oj flow. Let us 
suppose that q does not change with the time so that the lines 

maintain a definite permanent ' 
shape. They are then called 
stream lines. It is clear that a 
group of them may be considered 
as generating a surface; this is 
called a tube of flow (see Fig. 

11-5). Now suppose we have such 
a tube of flow and terminate it 
by the surfaces Si and Si respec- 
tively. Assume that the fluid is 
incompressible so that the diver- 
gence is zero. The total mass of 
fluid flowing per second out of the 
element of volume formed by the 
bounded tube is therefore likewise zero. But since there can be 
no flow either out or in through the sides of the tube (which are 
parallel to the lines of flow), it must foUow that the total normal 
flow in through Si equals the total normal flow out through Si. 
This may be applied at once to the flow of a liquid through a tube 
or pipe with a constriction (Fig. 11-6). Letting the cross-sectional 



Fig. 11-6 


area at the unconstricted part be Si and that of the constriction 
be Si, if we consider the flow through a portion of the tube with 
boundaries Si and Si, it immediately follows from the above that 

Siui = SiUi, ( 11 - 3 - 13 ) 

where Wi and Ui are the velocities at Si and Si respectively. For 
the flow through a constricted pipe the velocity at any point 
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varies inversely as the area of cross-section. We shall have oc- 
casion to note a practical application of this in Sec. 11«5. 


114. The Equations of Motion of a Perfect Fluid. In order to 
discuss further the motion of a perfect fluid we must consider its 
acceleration. Suppose at the point P(x, 2 /, z) the velocity compo- 
nents are u, v, w at the time while at the nearby point + dx^ 
"" y + dy, ^ + dz) the corresponding quantities at the time t + dt 
are u + du^ v + dv, w + dw. Since dUj dv, dw depend on x, y, z, 
and t, we have 


(114-1) 


du = ^dt + Ydx + Ydy + ^dz, 
ot dx &y dz 

dt dx dy dz 

Now if the particle of fluid which was at P at time ^ is at Q at 
time t + dt^ it follows that 

dx = udtj dy = V dt, dz — w dt, 

and du, dv, dw will be the increments in the velocity components 
of this particle in the time dt. Hence 

du 
dt 

dv 
dt 

dw 
dt 

will be the components of the acceleration of the particle which 
was at P at time t and is at Q at time t -f- dt. The reader must 

distinguish carefully between — and — • 

dt dt 

to the rate of change of u with time at a particular place. The 
former gives the genuine rate of change x>f u for a particle moving 
from place to place. 


du 


du 

du 

du 


-j- u 




dt 


dx 

dy 

dz 

dv 


dv 

dv 

, dv 


-b u 

— , 

-j- i,— 




dx 

dy 

dz 

dw 


dw 

dw 

, dw 


-b u 


~b ^ ~ 

+ w— ) 

dt 


dx 

dy 

dz 


(114-2) 


The latter refers merely 
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Now let us concentrate our attention once more on the element 
of volume shown in Fig. 11-2. Suppose that at any instant the 
pressure at P, the center of the parallelepiped, is p. We have 
already seen that the components of the force on the fluid in the 


— dxdydz, ~ -^dxdydz 


box due to pressure are -dxdy dzj 

m the X, y, and z directions respectively. If no external forces in 
addition to the pressure act on the fluid we may obtain the equa- 
tions of motion by equating the kinetic reaction components for a 
unit volume to the corresponding force components. Thus we 
have, denoting the density once more by p, and dividing through 
by dx dy dz, 

^ ^ _ 1. 1 5p dw 1 dp 

dt~ n ~ ~ Z JZ ' (1U4-3) 


dt 


p dx 


P dy dt p dz 

On the other hand, let us suppose that in addition to the force due 
to pressure an external force F with components F^, Fy, F, acts on 
MmY mass of the fluid. The equations then become ^ 

— = y _ .1, . .X 

dt pdz' 

A first integration of these equations for the case of an incom- 
pressible fluid yields interesting information about the energy 
of the fluid. Let us assume that the external force is associated 
with a potential Q, i.e., such that (see Sec. 4-1) 


dt * p dx’ 


dv I dp 

^ Ji , 

dt p dy 




dx ^ 




dy ' 


F. == 


dz 


(11 •4r-5} 


Let us multiply through the eqs. (11.4-4) by u, v, w respectively 
and add. We obtain 


du dv ^ dw 

dt dt dt 




do . , dQ aa\ 

u- — bw — -fw — ) 
dy dz/ 


dx 


1/ 3p dp dp 

pVlii + ^- + ^ 


dp 

dy 


dz 




(11-4^6) 


B ri T equations of motion in the form due to Euler. 

attention on a given element of 

whT VBzses, we study the 

whole history of wery paHide of fluid as it moves through space, we obtain the 

equations of motion in the form due to Lagrange. For most purposes those of 
Euler are more '^^uable.^ For those of Lagrange see Horace Lamb, “ Hydro- 
dynamics (Cambridge University Press, 5th ed,, 1924), p. 12 ff. 
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dx 

Multiplying through by p, recalling that u === —) etc., and noting 

at 

, , d{u^) a, du . , 

that — — = 2u — i we obtain 
dt di 




I d , ^ ^ . do, / 


(114-7) 

dx dy dz / 


If, assuming that the fluid is homogeneous and incompressible, 
we multiply (114-7) by the volume element dx dy dz and integrate 
over the whole space occupied by the fluid, we have 

d 
dt 


SSI “ p (ii^ 4 - e )2 ^ ^ 2 ) JJJ * pO dx dy &| 


Now is the square of the velocity of the fluid and 

hence 4 - ^2 q_ ^ 2 ) jg kinetic energy per unit of volume. 
Therefore the integral of the latter over the whole space occupied 
by the fluid must be the total kinetic energy of the fluid, which we 
may denote by K. The second integral, viz., that of pO, must 
represent the total potential energy of the fluid due to the external 
forces, since 0 is the potential energy for unit mass in so far as 
these forces are concerned, and pQ is the corresponding energy per 
unit volume. We shall denote the second integral by Vq. The 
last integral may be transformed into a surface integral over the 
surface bounding the volume of the fluid, by means of eq. (11 -S-l 1 ) . 
Let us substitute p for p in that equation; we have 


SSSA 
-///(■ 
=//= 


^ dx dy dz 

dx dy dz / 


dp dp . 

uz — + 'i^~idxdydz 
dy dz 


dx 


p(u cos a + voosfi + w cos 7 ) dS, (114-9) 


Since the fluid is incompressible, we can write 
du dv , dw 

h — d = 0 

dx dy dz 


(11-4-10) 
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dt 


from the equation of continuity. Hence resubstituting into 
eq. (11-4-8) yields 

(A-f 7o) = - Jfp(u cos CX + V cos^ + w cosy) dS. (11-4-11) 

The physical significance of the right-hand side may be seen when 
we recall that u cos a v cos ^ w cos y = qu, i.e., is the ve- 
locity of the fluid normal to the surface element dS. But p dS 
is the force on dS due to the pressure, and the product of force 
and velocity is the rate at which work is done by the force. Hence 
eq. (11-4-11) states that the time rate of change of the total 
energy of the fluid is equal to the rate at which work is being done 
by the pressure forces on the boundary surface of the fluid, or 
alternatively to the rate at which energy flows across this surface. 

This equation takes on a particularly interesting form in the 
case where the pressure p at any place does not vary with the time, 
i.e., dp/dt — 0. We see that we can now write 


Bp dp dp dp 

dx By ' Bz dt 


(11-4-12) 


Therefore if we look upon the quantity JJJ p dx dy dz as the 

potential energy of the incompressible fluid due to the pressure, 
we may write (11-4-8) in the form 

{T + Ffi + Fp) = 0, 


dt 


(114-13) 


where Fq -f = F may now be taken as the total potential 
energy of the fluid. In this case (11-4-13) expresses the fact that 
the total energy is constant, i.e., the fluid now acts like a conserva- 
tive system. 

11-5. Steady Flow of a Liquid. Bernoulli’s Theorem and 
Applications. One of the simplest cases of fluid motion is that in 
which the velocity at any place does not change with the time, 
even though it changes from place to place. This means that 


du dv dw 
dt ~ 'm 


(11-5-1) 


Such motion is known as steady flow and the lines of flow (Sec. 
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11*3) are stream lines ^ as has already been indicated. Let us 
denote the elementary distance along such a stream line by ds. 
The direction cosines of the line tangent to the stream line at any 
doo dy dz 

point will he — y — f-r respectively, and the component velocities 
^ ds ds ds 

of the fluid, if g = Vu^ + denotes the resultant velocity, 

^ will be 





(11*5-2) 


Hence for steady flow the equations of motion (11*4-4) become 


du 

dt 


du dx dy ^ du dz\ ^ I dp 
^dx ds dy ds dz ds/ "" p dx 


(11*5-3) 


with the two similar equations for y and z. They may be simpli- 
fied at once to 





1 dp 
p dx 



I dp dw p 1 dp 
p dy ^ ds ^ p dz 


(11*5-4) 

du 

where — ? etc., denote the gradients (i.e., space rates of increase) 
ds 

of the velocity components along the stream line. A very sig- 
nificant result is obtained by multiplying the equations through by 

the direction cosines and respectively and adding. 

ds ds ds 


We get 


du ^ dv , dw do 1 dp 

u— + v-~-\-w— - » 

ds ds ds ds p ds 


(11*5-5) 


the assumption again being made that there exists a potential 0 
for the force F. If now we multiply through by ds and integrate 
along the stream line we obtain 


P 


or 


{udu + vdv + wdw) = — ^dO 

= -Q- f^ + C, ( 11 - 5 - 6 ) 

«/ p 
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/ d‘p 

— can not be evalu- 

p 

ated until we know the relation between p and p. But if we are 
dealing with a liquid (an incompressible fluid, effectively), p is 
constant and the equation becomes 


ipg2 + pi^ + P = C'. 


( 11 - 5 - 7 ) 


This equation is an expression for the famous theorem of Bernoulli, 
It states in words: the total energy per unit volume along any 
stream line in steady flow is constant, though of course the value of 
the constant will in general change from one stream line to another. 
We note that in the above expression is the kinetic energy per 
unit volume along the stream line, while pQ and p appear as the 
potential energy per unit volume due to the external force and the 
pressure respectively. It is indeed possible to establish Bernoulli's 
theorem from the independent assumption of the conservation of 
energy. (See Problem 12 at the end of the chapter.) 

Bernoulli's theorem is of considerable importance in practical 
hydraulics and we shall discuss a few applications here. Suppose . 
in the first place we consider the steady flow through a horizontal 
tube with a constriction (Fig. 11*6). If we follow a single stream 
line from the place where the cross-sectional area is Si to the place 
where it is 8%, the velocity will change from qi to ^2 and the pressure 
from Pi to p% while the potential energy due to the external force, 
which in this case is gravity, will change very little since there 
is little or no change in level involved. From the theorem we 
have accordingly 

+ Pi = |pg2^ + P2. (11-5-8) 

It therefore follows that at the place in the tube where the velocity 
is greatest the pressure is least and vice versa. We have already 
seen (Sec. 11*3) that in the steady flow through a tube the velocity 
varies inversely as the cross-section. Hence where the cross- 
section is smallest the pressure is least. An interesting practical 
application of this is the Venturi water meter. Substituting q 2 = 

S 

— gi into (11 ‘5-8 ) and solving for ffi gives 


ffl = ^2 


2(P2 - Pi) 

P(-S2^- 


(11-5-9) 



BERNOULLI’S THEOREM 


355 


whence a knowledge of the two areas of cross-section and of the 
difference in pressure at the two places, such as might be obtained 
by a suitably connected manometer, 
will give the velocity and also the 
discharge rate (volume flow per 
second) of the liquid in the tube. 

A rather simple device for measur- 
ing fluid velocity is the Pitot tube, 
illustrated schematically in Fig. 11*7. 

Two tubes AB and CD are placed 
with naiTOwed ends B and D in the 
pipe through which the fluid is flow- 
ing. The tube AB is strictly normal 
to the flow while CD is bent so that 
the orifice D faces the flow. We 
should then expect approximately, 
at any rate, that the pressure of 
the liquid inside AB will be p, the 
same as that in the flowing liquid 
at this place. On the other hand, 
when the steady state is attained the pressure inside the tube CD 
will be where 

p' = p + yq% (11-5-10) 

from Bernoulli’s theorem, noting that the velocity in CD is zero. 
We then have simply 

5 = if' - V), (11-5-11) 

the velocity being given at once in terms of the difference in 
pressure in the two tubes as measured by the difference in height 
of the liquid in the tubes. If this difference is h we have (Sec. 11-1 ) 

p'-p^pgh, (11-5-12) 

and the velocity becomes 

q = V^. (11-5-13) 

It must be emphasized that the application of the theorem of 
Bernoulli to this case is a rather bold approximation since the 
condition of the liquid in the neighborhood of the two openings is 
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hardly compatible with the existence of steady flow. However^ 
eqs. (1L5-11) and (11*5-13) are empirically Justified to a fair 
degree of approximation. 

Another application of the Bernoulli theorem is provided in the 
flow of a liquid out of an orifice in the bottom of a tank. Consider 
the tank in Fig. 11*8 with the orifice B and suppose that the liquid 
in the tank is maintained at the level A by a steady fresh supply. 
If we follow a given stream line from A to B, we have for the 

energy per unit volume in the stream 
line at A, 

+ pgliA + Pa, (11*5-14) 

while that at B is 

+ pghs + Pjs. (11*5-15) 

Since the liquid is open to the air at 
both A and we have approximately Pa — Vb- Moreover, ap- 
proximately, qA == 0. Hence equating the energy at A to that 
at By we have finally 

Qb = V2g(hA “■ fe). (11*5-16) 

The result embodied in eq. (11*5-16) is known as Torricelli's 
theorem. It is, however, only roughly approximate, for this reason : 
observation indicates that the shape of the stream flowing out of 
the hole is not a circular cylinder; rather it narrows down after 
leaving the orifice and becomes narrowest at C, a point called the 
“ vena contracta.^^ Between the opening and C the stream lines 
converge and it is only at C that they become approximately 
parallel and the pressure approximately equal to that of the atmos- 
phere. The more accurate equation to replace (11*5-16) is then 

qc = V2g(hA - he). ( 11 - 5 - 17 ) 

The size of the “ vena contracta ” depends on the type of opening. 

If the latter is merely a hole in a thin wall, the ratio of the area of 
the “ vena contracta ” to the area of the orifice is found by experi- 
ment to be approximately 0.62. 

The discussion of the applications of Bernoulli’s theorem has 
been so far for the case of an incompressible fluid. Application to 


A 
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a compressible fluid like a gas can, however, be handled if we 

revert to eq. (11*5-6) and evaluate the integral f — by the sub- 

J p 

stitution of the appropriate relation between p and p. If Boyle^s 
law is satisfied we have 

P = Cp, (11*5-18) 

ftwhere (7 is a constant at any given constant temperature and 
therefore 

J P J p 

= C (log p - log C) + O', (11*5-19) 

and eq. (11*5-6) then becomes 

|pg2 + pn + pC log p = (11*5-20) 

where C' and C" are further constants. On the other hand if the 
gas law is the adiabatic one, which seems much more reasonable for 
gases moving with considerable velocities, we have, as the reader 
will recall from elementary physics, 

p = Kp\ (11*5-21) 

where K is another constant and y is the ratio of the specific heat 
of the gas at constant pressure to that at constant volume. Then 

^ - JCt r p- Jp - ^ + K'. (11.6-22) 

J p J 7 — 1 

The eq. (11*5-6) now becomes 

+ pO + V = G'", (11-5-23) 

7—1 

where C" is a constant. It is seen that the same qualitative state- 
ment of Bernoulli’s theorem holds for gases as for hquids. Hence 
the Pitot tube method may also be used to measure the velocity 
of a gas stream. Naturally the assumption of steady flow must 
still be made in spite of the fact that the presence of tubes, etc., 
introduces alterations in the flow. Hence the resulting equations 
become quasi-empirical and adjustment of constants necessary in 
the calibration of the appropriate apparatus. 

The student should investigate for himself such qualitative 
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illustrations of Bernoulli's principle as the jet pump or aspirator 
and ship suction (the tendency of ships moving side by side to be 
drawn together), the Flettner rotor ship, the behavior of a ball 
in a jet, etc. 


11 •6. Waves in Fluids. In Chapter X we discussed wave 
propagation through a deformable medium and the general prop- 
erties of wave motion. There are many important cases of waves 
in fluids, of which we shall consider only two, namely: (1) waves 
on the surface of a liquid, and (2) compressional waves through a 
liquid or gas. Indeed we shall still further specialize the first type 
as follows. Surface waves in a liquid are due to two causes, viz., 
the surface tension (see Sec. 11-8), and gravity. The former are of 
relatively short wave length, while the latter are very long. In 
our present treatment we shall confine our attention to the latter 
and particularize by considering the propagation of a gravity wave 
in a long straight canal. 

Let the depth of the canal be h and suppose that it is small 
compared with the wave length. The displacement of the sur- 
face is assumed to take place in the xy plane and to be so small 
that, as in the case of the transversely vibrating string (Sec. 

10*5), we may neglect the 
squares and higher powers of 
it and its derivatives. The 
X axis is taken as the hori- 
zontal bottom of the canal 
(see Fig. 11*9) so that the 
ordinate of the displaced sur- 
face is A + 1 ?, where ^ is the 
displacement in the y direc- 
tion from the equilibrium 


V 


Fig. 11*9 


position. We shall assume that the pressure at any point (x, 
y) below the surface is the ordinary statical pressure. This 
means that we are supposing that the vertical accelerations of 
the particles of fluid are so small that they may be neglected. 
Hence for the pressure in question we have 

V == 9g(h + n - y), 


( 11 * 6 - 1 ) 
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Since from the equations of motion [eqs. (114-4)] gives the 
horizontal acceleration, it follows that the latter is independent of 
y and hence is the same for all particles in the same vertical plane. 
Thus is a function of x and t only. The equation of motion for 
the X direction (the external force being zero) is 

1 dp 
p dx 


du , du 

u — 

dt dx 


(11*6-3) 


du , . . du 

But since u is small, u — is negligible compared with — f and 

dx dt 

(11*6-3) reduces to [using (11*6-2)], 
du 1 dp 


__ d?? 

dt p dx ^ dx 


(11*6-4) 




Now in this case u = f where $ is the horizontal displacement 

OL 

of the particles which were under equilibrium conditions in the 
plane at x. Hence we can write (11*6-4) in the form 


d2^ 


dy) 


dt^ ^ dx 


(11-6-5) 


We must now apply the equation of continuity [eq. (11*3-8)], which 
in the present problem reduces to the two dimensional form 


so that 


du dv 
dx dy 


0, 


V = 




du 

dx 


( 11 * 6 - 6 ) 


(11*6-7) 


since — is independent of y. Hence putting v = ^ (at the mr- 
dx dt 

d^ 

/ace) and w = — > this becomes (if we recall that 2/ = A at the 
dt 

surface) 


dri 

~dt 


dt \dx/ 


( 11 - 6 - 8 ) 


Integrating with respect to the time yields 

d^ 


-h- 


dx 


(11-6-9) 
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leaving off the constant of integration which is independent of 
If we utilize (11-6-9) in (11-6-5) we have finally the equation 


dt^ ' dx^ ' 


( 11 - 6 - 10 ) 


for the behavior of f If we had eliminated | instead of rj we should 
have found 


d^T] d^Ti 


( 11 - 6 - 11 ) 


We recognize at once that (11*6-10, 11) are examples of the one 
dimensional wave equation. Hence the disturbance on the sur- 
face is propagated with velocity 

c = V^. (11*6-12) 

Suppose, for example, that the wave is of the simple harmonic 
variety. Then (Sec. 10*4) 


^ = ^0 cos (0}t — KX)j 


(11*6-13) 


where co = 27rvj v being the frequency of the wave and k = oy/c. 
The vertical displacement at the surface is then from (11*6-9) 


— sin (coi — Kx). 


The elimination of the time between (11*6-13) and (11*6-14) 
gives the path of the liquid particle at the surface, viz., 




+ 


(11*6-14) 


(ll*6-14a) 


This is the equation of an ellipse with semi-major and semi-minor 
axes and &A/c respectively. Recalling that k = 2t/\ where X 
is the wave length, and that A *C X, we see that the vertical axis is 
much shorter than the horizontal. 

It is interesting to note that for A = 10 feet, the velocity of these 
surface waves is approximately 18 ft/sec. 

The above analysis forms the basis for the investigation of 
the dynamical theory of the tides, which attributes the latter to 
wave motion in the water on the earth due to the attraction of the 
moon and sun. The details would carry us too far afield here. 

We shaU now turn to compressional waves in a fluid. These 
are of particular interest since all sounds are transmitted by waves 
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of this type (both in fluids and solids, as we have had occasion to 
notice). In this case the equations of naotion become rather 
simple. Thus suppose within a fluid at rest a disturbance is 
created at some point. This disturbance will involve displace- 
ments of small elements of the fluid from their equilibrium posi- 
tions. We shall assume that these displacements and the corre- 
sponding velocities are small enough so that their powers higher 
than the first and their products may be neglected. Hence the 
equations of motion may be written (for no external forces) 


du 


1 ^ 
p dx 


dv 

~dt 


1 




p 


dw 

It 


1 ^ 
p dz 


(11-6-15) 


We shall now further assume the existence of a function (x, y, z, t) 
such that 

d(l> dcf) d4> 

dx ^ 


u = — — 


dy 


dz 


(11-6-16) 


The function <l> is known as the velocity 'potential, and it is shown 
in more advanced treatises that its existence implies that the fluid 
has no angular velocity about any axis, i.e., its motion is irrota- 
tionaL Substituting from (11-6-16) into (11-6-15) we have 


dt 


\dx/ p dx dt \dy/ p dy dt \dz/ p dz 


Multiplying through these equations by dx, dy, dz respectively and 
adding, there results 

^ ' (11-6-18) 


dt 


d4> 


/d<j>\ 1 

\dt/ p 


where the differentials are, of course, space differentials. If we 
now integrate we obtain 

d(j> 


dt 




(11-6-19) 


where we shall set (7 = 0, since though it may be a function of t it 
cannot depend on x, y, z. Now the change in density is very slight 
in a region of the order of the maximum displacement. Therefore 
we can approximate by removing p from under the integral sign, 

replacing it by po, the mean density of the fluid. The J dp then 


362 


MECHANICS OF FLUIDS 


becomes the variation of pressure at any point from the equilib- 
rium pressure. We shall call it the excess pressure, and shall 
write it Sp to avoid confusion with p which still denotes the abso- 
lute pressure. The eq. (11*6-19) then becomes 


<90 


8p 

Po 


( 11 * 6 - 20 ) 


There is always a relationship between the pressure and density of 
a fluid. We may for the moment ignore its exact nature and set 
merely 

dp = c^Sp, ( 11 * 6 - 21 ) 

where 5p denotes the excess density in the fluid and c is at present 
a proportionality factor. We can then write (11*6-20) in the form 

50 


dt Po 


dp. 


( 11 * 6 - 22 ) 


There is considerable advantage to be obtained in our present 
study by introducing a new quantity called the condensation, 
defined as the ratio of the excess density to the mean density. 
Thus we have, denoting the condensation by s, 

bp 

s — • 

Po 


(11*6-23) 


One relation between condensation and velocity potential then is, 
from (11*6-22), 

d0 

— = (11*6-24) 

Another relation between 0 and s comes from the equation of 
continuity. If we write the latter in the form [eq. (11*3-6)] 


^ 4_ , d {pv) d{pw) 

dt dx dy dz 


0, 


and substitute for p the expression po(l + s), we have 
ds / 


du dv dw 
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Now experiments indicate that dp is always very small compared 
with po- Hence s 1, and the variation of s in space is also very 
small. Therefore, from this and the approximations previously 
mentioned, the left-hand side of eq. (11-6-25) reduces to 


f 


ds du dv dw 
dt dx dy dz 


= 0 . 


(11-6-26) 


If now we substitute from (11-6-16), the above becomes 

^ _L ^ r - A 

dt dy^ dz^J 


(11*6-27) 


This is the other relation between 4> and s. We eliminate s be- 
tween (ll*6“-24) and (11*6-27) and finally have 


di^ ^ dy^ dzy * 


(11*6-28) 


It is shown in more advanced treatises that this is the differential 
equation of wave motion.'^ The velocity potential is propagated 
throughout the fluid with velocity c. Indeed when <#> is independ- 
ent of y and 0 , (11*6-28) reduces to precisely the same form as 
(10*4-3) which, we saw’, corresponds to the propagation of plane 
waves in a rod. It is interesting to note that the wave equation 
(11*6-28) here results from the combination of the equation of 
continuity and the equation of motion for small displacements from 
equilibrium, the first of which expresses the fact that a continuous, 
indestructible medium is involved and the second gives the slight 
motion from equilibrium of a small part of that medium conceived 
to move as a whole, viz., as a particle. There are other illustrations 
of this duality which emphasize its fundamental signifi.cance in 
wave motion,^ 

The waves of acoustics are all included in the above analysis. 
The two types of such waves which are most important in practice 
are respectively plane and spherical waves. In the former <^> is 

^See, for example, Jeans, ^^Electricity and Magnetism’^ (Cambridge 
University Press, 1925), p. 521. Also Love, ^^ Mathematical Theory of Elas- 
ticity ” (Cambridge University Press, 1920), Art. 210. 

^ See, for example, B. B. Lindsay, Proc. Nat. Acad. Sci., 17, 420, 1931. 
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(11-6-29) 


a function of t and one space variable, say x, only, and eq. (11-6—28) 
reduces to the form 

d^<j) d^<j) 

dt^ “ ^ dx^' 

If we confine our attention here to plane harmonic waves as the 
most significant, we may write 

= A cos (co< - Kx), (11-6-30) ' 

where « and k have the usual meaning and A is the velocity po- 
tential anaphtude. The corresponding expressions for the par- 
ticle velocity u, the particle displacement the excess pressure and 
the condensation may at once be obtained. Thus 

^ — u = — — — sin (o)t — Kx)j 


dx 


- 1 ^ 
^ ~ dt 


Ak . 

— sm (ost - Kx), 

■ cos (cot — KX)j 


(11*6-31) 

(11-6-32) 

(11*6-33) 


8p - poc^s = —ApoCK sin (cot — kx), ( 11 * 6 - 34 ) 

If we differentiate J with respect to x we obtain the important re- 
lation for acoustic wave transmission 




dx 


(11*6-35) 

Its physical meaning is as follows. If ^ increases in the positive 
X direction, 5 is negative corresponding to what may be called a 
rarefaction; similarly, decreasing | in the positive x direction 
corresponds to positive s and hence to a condensation. We ought 
to note that if ^ is always measured in the positive a; direction then 
tor a wave m the negative x direction, eq. ( 11 - 6 - 35 ) will become 

From ^s. (11-6-31, 32, 33, 34) we see at once that it is not 
only 0 which satisfies the wave equation, but that u. s,'and f are 
also solutions. Thus we have, for example 

£1 dH dH 

c - - - — > and — 




dx^ dt^ 


(11-6-36) 
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From the definition of phase (Sec. 104) we note that u, s, and are 
in the same phase, that is, when has a positive maximum, the 
same is true of u and s. However, while ^ and are in phase with 
each other, they are both out of phase with u, s, and bp. 

Examining now the expression (11*6-21) we see that the general 
formula for the velocity of an acoustic wave in a fluid is 

(11*6-37) 

The exact form of this will depend, of course, on the relation be- 
tween p and p. If Boyle’s law holds we have 



This formula (derived originally by Newton) does not, however, 
agree with the experimentally observed result, giving values which 
are too low. It seems more reasonable to assume that the relation- 
ship between p and p is adiabatic (as suggested by Laplace), 
viz., such that [eq. (11*5-21)] 



We then have 


bp yp 
bp p 



(11*6-39) 


which agrees very well with the experimental values.^ 

All the general discussion of wave motion in Sec. 10*5 finds 
application in acoustic waves. But we may perhaps here refer the 
reader to some standard text on acoustics^ where, for illustration, 
the interesting features of spherical waves in fluids are also dis- 
cussed in detail. 

11*7. Viscous Fluids. Our treatment of fluid motion has so far 
been confined to perfect fluids in which shearing strains never 

^Tiie stMent should check this by the substitution of numerical values. 
He may also show that in the case of a liquid the expression for the velocity is 
c = where fc is the bulk modulus. 

2 For example, P. M. Morse, Vibration and Sound (McGraw-Hill, New 
York, 2nd ed., 1948). 
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occur. It is hardly necessary to re-emphasize the ideal nature of 
the perfect fluid, and the fact that all fluids found in nature depart 
from this to a greater or lesser degree by displaying viscosity. 
Indeed in our short discussion of the kinetic theory of matter 
(Sec. 6*7) we noted that if a fluid is assumed to be composed of 
molecules in rapid motion there must be a tangential drag exerted 
on any layer of moving molecules by the contiguous layers. We 
there defined the coefficient of viscosity j? as the tangential force ’’ 
per unit velocity gradient, and proceeded to find out a few inter- 
esting things about it in the case of a gas. For many problems of 
fluid flow like those treated in the pi’evious sections the effect of 
viscosity is so slight that it may safely be neglected. However, 
there are some problems in which it is of considerable importance 
and we ought to mention one or two of these. 

First let us observe that there is a connection between viscosity 
and the steady flow of a fluid. It will be recalled that in flow of 
this kind there exist stream lines which maintain their position as 
long as the flow lasts. Now in the flow of actual fluids it is found 
that while it is possible to have steady flow of a hquid through a 
tube for reasonably small velocities, in general as the velocity of 
flow increases there is a breakup of the stream lines and the motion 
may be said to become turbulent. There appears to exist for each 
fluid a certain critical velocity below which steady motion is possible 
but above which turbulence ensues. This may be readily shown, 
for example, by allowing a small amount of coloring matter to 
be transported in a flowing liquid. For small flow velocities it 
win be observed to foUow a regular stream line, while eventually 
a velocity is attained for which the stream line is broken up and the 
coloring matter distributed generally throughout the tube. Now 
experiment indicates that for a viscous fluid this critical velocity is 
directly proportional to the coefficient of viscosity and inversely 
proportional to the density. Any theoretical investigation of th e 
corresponding formula is beyond the scope of this book. We shall 
merely note that in any case this is a somewhat remarkable result, 
for it indicates that steady motion is possible for fluids of small 
viscosity only at very low flow velocities unless the density is also 
very small, while steady floiv is possible over a considerable range 
of velocities for a very viscous fluid. We have an illustration of 
tnis m the steady flow of lava from a volcano. 

Let us now discuss the steady flow of a viscous fluid through a 
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circular tube. We shall assume that the radius of the tube is R and 
that its axis lies along the x axis. We also suppose that the fluid 
is flowing with velocity u in the positive x direction. Consider a 
coaxial cylindrical shell whose inner surface has the radius r while 
the outer surface has the radius r + dr. Due to the viscosity there 
will be a tangential stress per unit area of the inner surface of mag- 
nitude 

du 

z, = (11.7-1) 


d'Ut 

where tj is the coefficient of viscosity and — is the velocity gradient 

normal to the axis of the tube. This follows at once from the 
definition of 77. Then the tangential force on the whole inner sur- 
face for a length I of tube is 


27rrZ?7 


du 

dr 


(11-7-2) 


The corresponding tangential force on the outer surface of the shell 
will then be 


« . du d 
2rrl7} — + j- 
dr dr 


(c . du\ , 
\ 2 Trl 7 j — 1 dr. 


(11-7-3) 


There will thus be a net tangential force on the shell in the positive 
X direction of 

dr’ 




The flow is supposed to be steady. Hence the above force must be 
equilibrated by a force due to the difference in pressure pi — po 
at the two ends of the tube. The force due to the latter will be 
(pi “ po) 27 rrdr; equating the two equal forces gives the differential 
equation 

= fe-po)27rr. (11-7-4) 


A fii*st integration yields 


du 

2 rrlii — = (pz - po)«-2 + Ci, 
dr 


(11-7-5) 


368 


MECHANICS OF FLUIDS 


while the second gives 

{pi — Po)r^ 


+ 2rvl 


(11*7-6) 


We must now suppose that at the boundary of the tube the vis- 
cosity causes the fluid to be at rest. Hence m = 0 for r = R. 
Moreover, the value of m for r = 0, i.e., along the axis, must be 
finite. Hence the coefficient of log r must vanish. This means 
Cl = 0. From the previous condition we get 


C2 = 


{pi - po)R^ 
Arjl 


and we finally have for the velocity u at any distance r from the 
axis 


u = 


iVi - Vq){t^ - R^) 
4l7]1 


(11*7-7) 


We may at once calculate the rate of volume flow per second pass- 
ing any cross-section of the tube by integrating 2'n-udr from 
r = 0 to r = E. We get 

r® „ tR^ (Po — pi) 

Jo = ~ (ii.7_8) 


I 


This IS known as P oiseuille’s formula. In words it states that the 
volume rate of steady flow of a viscous fluid through a cylindrical 
tube varies directly as the fourth power of the radius and directly 
as the pressure gradient, while inversely as the coefficient of 
viscosity. For very small tubes the velocity may thus become 
very small. Poiseuille verified the formula by experiments on the 
flow through capillary tubes. Incidentally the formula may be 
used to determine the coefficient of viscosity. 

^ As might be expected, the passage of an acoustic wave through a 
viscous fluid is accompanied by an attenuation of the intensity of 
the wave. This is particularly marked in the case where the trans- 
mission takes place through a very narrow tube. ^ 

Some of the most important problems in applied physics are 
connected with the resistance experienced by a solid object in 
mo^ung through a viscous fluid. We shall mention but one illus- 

* See, for example, Stewart and lindsay, “ Acoustics,” p. 67 if. 
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tration. By means of analysis beyond the scope of this book 
Stokes showed that the resisting force on a sphere of radius a 
moving through a medium of viscosity rj with constant velocity 
V is given by 

F = Qirrjavj (1I*7~9) 

which the reader may be willing to accept as physically plausible, 
^ at any rate. This formula is fundamental for the work of Millikan 
on the measurement of the charge on the electron by the behavior 
in electrostatic fields of very small electrically charged drops of oil. 
Thus consider an oil drop of radius a (actually in the neighborhood 
of 10"^ cm) and of density po falling under the action of gravity in a 
fluid of density p at rest. There are then three forces acting on the 
drop, viz., gravity^ of magnitude 

i-7ra%g; 

the buoyancy j of magnitude (by Archimedes^ principle) 

h^ci^pg; 


and the resistance of the fluid given by the law of Stokes above. 
In the steady state when the velocity is constant, the balance of 
forces requires that 

i-ra^ipo — p)g = &Tr]aVj (11-7-10) 

so that the velocity of fall is therefore 


2 2 (^0 



p) 


(11-7-11) 


In the experiment to determine the charge on the electron, a charge 

is given to the drop by illuminating the region in which it moves 

with X-rays or ultraviolet light. Suppose that this charge is e, 

the smallest possible charge, i.e., that of the electron. An electric 

field is then applied to the space where the drop is moving and in 

the vertical direction. If the intensity of the field is E, i.e., E 

dynes per unit charge, the total force on the charged drop due 

to the field is eE and if E is adjusted until the drop comes to rest 

we must have for equilibrium 
• 

eE = iira^ipo - p)g- (11-7-12) 


If we could measure aU quantities here we could then solve for c. 
How^yer, a is very difficult if not impossible to measure accurately. 
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Fortunately we can solve for it from eq. (11 •7-11) and then sub- 
stitute into eq. (11-7-12), finally obtaining 


18t 


(yij) 


3/2 


V2E Vg{po ^p) 


(11-7-13) 


As a matter of fact the values of e obtained by this formula^ though 
of value as first approximations, are found to depend on the pres- 
sure of the air and hence can not be exact. The drops are so small 
that the molecular constitution of the air must be taken into 
consideration. That is, Stokes’ law, which is based on the assump- 
tion that the fluid in question is perfectly continuous, must be 
modified. We shall not enter into further discussion here.^ 


11-8. Surface Phenomena. Capillarity. It would hardly be 
appropriate to leave the subject of fluids without some elementary 
reference to the phenomena associated with liquid-gas and liquid- 
solid interfaces. These phenomena are of great importance in 
applied physics and physical chemistry. 

It is a common observation that the surface of a liquid exposed 
to the atmosphere appears to act like a more or less tight skin or 
membrane covering the body of the liquid. This property is 
manifested in a variety of ways. It is very evident, for example, 
in the apparent violation of the laws of hydrostatics shown in the 
floating of a needle or particles of sand on the surface of water. 
It is also displayed in the characteristic form of liquid drops, all 
tending toward the spherical shape, the sphere having the smallest 
surface enclosing a given volume. It is as if the surface tries to 
contract as much as possible. The student will recall other illus- 
trations of the same nature from elementary physics. 

Another common observation is the rise of certain liquids in 
tubes of small bore, called capillary (i.e., hair-like) tubes. Indeed 
it is this name which has become associated with the whole sub- 
ject under discussion. 

In beginning our survey of these phenomena we shall assume that 
if a straight line is drawn in the surface of a liquid the portion of 
the surface on one side of the line exerts on that on the*other side 
a force which is directly proportional to the length of the line. 

i See R. A. Millikan, “ Electrons (+ and -), Protons, Photons, Neutrons, 
Mesotrons, and Cosmic Rays '' (Ghicago, Rev. Ed., 1947), p. 90 ff. 
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The coefBcient of proportionality or force per unit length is called 
the surface tensioUj whidh we shall denote by the symbol It is 
dependent on the nature of the liquid and the substance above its 
surface, and also on the state of the surface and the temperature, 
decreasing with increase of the latter. It is, however, independent 
of the size of the surface, differing therein from the superficial 
tension in an elastic sheet or membrane. For the latter, being 
due to the action of external forces, increases with the further 
stretching of the surface. 

Perhaps the clearest way to visualize the meaning of surface 
tension is to consider a simple experiment which, if done carefully 
enough, is competent to give an approximate value of Ts for the 
ease of several liquids. A piece of 
perfectly clean thin metal wire (e.g., 
platinum) is bent into the form of a 
rectangular framework (Fig. 11*10) 
and suspended in the liquid from 
one arm of a balance. As the metal 
frame is pulled out of the liquid 
with a two faced film attached to 
the sides of the frame it is necessary 
to balance the tendency of this film 
to contract by placing weights in the balance pan. When 
equilibrium is attained it will be found that the counterpoising 
weight is independent of the magnitude of the surface film 
formed. The value of the surface tension may then be com- 
puted from the simple equation 



Fig. IMO 


21 Ts = mg, 


( 11 * 8 - 1 ) 


where mg is the counterpoising weight and I is the horizontal 
length of the film. The factor 2 enters from the fact that the film 
has surfaces. Of course it must be noted that the extension 
of film surface possible without breaking varies a good deal with 
the liquid used, and the values obtained in this way vary greatly 
with the cleanness of the surface. The slightest contamination, 
as for example with oil from hair or fingers, suflSices to reduce the 
value of Ts materially. 

An understanding of the nature of surface tension may be gained 
if we examine the phenomenon in terms of the molecular theory 
which considers the liquid to be composed of a large number of 
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molecules (much like those of a gas — Secs. 6*6 and 6-7) moving 
about with considerable velocity, but also exerting on each other 
attractive forces which are rather small when the molecules are at 
ordinary distances, but which become extremely large when the 
molecules are very close to each other. Certain evidence makes it 
probable that this sphere of molecular action, as it is called, is 
usually of the order of 10"^ cm, hence about ten times the order of 
magnitude of molecular dimensions. In the interior of a liquid a 
given molecule will be surrounded by other molecules on all sides 
and hence be under the influence of a force which is approximately 
the same in every direction. This, however, is not the case with a 
molecule in the surface of the liquid, for the attraction of the gas 
molecules above the surface will be far outweighed by the attraction 
of the molecules of the liquid. Hence there will act on such a mol- 
ecule a resultant downward force, and it is this force which we may 
look upon as producing the effect of a tight skin on the surface. 
That this is indeed only an approximate picture of the phenomenon 
will be recognized from the observed fact that on the molecular 
theory it is necessary to assume that conditions on the surface of 
a liquid in contact with a gas containing vapor of the liquid are by 
no means static, since rapidly moving molecules of the liquid are 
continually escaping into the region above the liquid, and con- 
comitantly vapor molecules are flying back into the liquid. The 
reader will recall that when the average number traveling in each 
direction per unit of time is the same the vapor above the liquid 
is said to be saturated. If the number escaping is greater than the 
number regained there is a net evaporation of the liquid into vapor 
form, while if the tendency of the process is in the other direction 
we speak of the condensation of the vapor. By reason of this state 
of affairs it is perhaps better to consider the surface phenomena 
from the standpoint of energy. The kinetic energy of a molecule 
moving entirely in the interior of the liquid is affected only by 
collisions with its neighbors, but when such a molecule approaches 
the surface it must lose kinetic energy because of the effective force 
tending to pull it back. It will then gain potential energy, so that 
the molecules in the surface will have on the average greater po- 
tential energy than those in the interior. Now we have already 
had occasion to notice that the most stable equilibrium of an 
aggregate of particles corresponds to the least potential energy 
compatible with the constraints, etc., (Sec. 5-8) , Hence the sur- 
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face will so behave as to keep the total potential energy as small as 
possible. This may be brought about, however, by keeping the 
area of the surface as small as possible. Hence the tendency which 
gives the effect of a tight membrane over the surface. This more- 
over accounts for the previously mentioned tendency for drops to 
assume the spherical form. The foregoing molecular discussion 
also accounts qualitatively for the observed fact that the surface 
tension decreases with increase of the temperature. 

The considerations above may also be applied in an interesting 
manner to the stretching of the surface of a liquid. This involves 
the transfer of molecules from the interior to the surface with 
consequent increase in potential energy and decrease in the kinetic 
energy. But, as we have seen, the temperature depends on the 
average value of the latter. Hence if the temperature is not to 
fall, heat must be absorbed by the surface during the stretching. 
This is in addition to the mechanical work done against the surface 
tension during the process of expansion. The mechanical equiva- 
lent of the heat absorbed plus the mechanical work done per unit 
increase in area will be called the total surface energy of the liquid. 
The reader will find no dijfficulty in showing that the mechanical 
work per unit increase in area is numerically equal to the surface 
tension. At any temperature 
(at which the liquid exists 
as such) the surface energy 
is always numerically greater 
than the surface tension. 

When a solid object is 
brought into contact with a 
liquid so as to be partially 
immersed, it is observed that 
one of two things will happen: 
either the liquid will appear 
to run a certain distance up 
the side of the object as in A (Fig. 11*11) or will appear to be de- 
pressed somewhat in the vicinity of the object as in R. In the 
first case the liquid is said to wet the object, while in the second 
case it cfoes not wet the object. To put the matter somewhat 
crudely we may say that there is an attraction between the liquid 
molecules and those of the object, which in the immediate neighbor- 
hood of the object (in case the latter is wet) outbalances the 
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mutual attraction of the liquid molecules. This^ for example, is 
true when the liquid is pure water and the solid is glass. On the 
other hand, in mercury which does not wet glass, the mutual 
action of the liquid molecules is greater than the attraction of the 
mercury-glass molecules and hence the mercury surface is depressed 
in the neighborhood of a glass plate. The angle between the sur- 
face of the liquid and the surface of the solid is known as the angle 
of contact — represented by a in Fig. 1141. It varies with the ^ 
cleanness of the surfaces, but experiment indicates that it is fairly 
definite for a given pair of clean surfaces. For example in the 
case of mercury in contact with glass it is about 140°, while for 
water in contact with glass it is practically zero. 

These considerations are very approximate, and we must em- 
phasize that capillary phenomena have been the subject of much 
theorizing extending from the time of 
Laplace and (later) Gauss down to the 
present period. The subject is still incom- 
plete owing to our ignorance of the precise 
nature of the cohesive forces between mol- 
ecules both of the same and different kinds. 

Nevertheless we can derive a few more 
elementary results. Consider first the rise 
of a liquid in a capillary tube as indicated 
in Fig. 1142. Let the radius of the tube 
be a and suppose it is placed in a liquid of 
density p which wets it. Let the angle of 
contact be a (an acute angle) and as- 
sume that the surface tension of the liquid 
in contact with air is Ts. Where the 
liquid is in contact with the tube there will then be a force whose 
vertical component acts upward and has the magnitude 

27raTs cos a. 

The liquid will therefore rise in the tube until this force is balanced 
by the weight of the column of liquid above the surface of the 
liquid into w^hich the tube has been placed. Since the upper 
surface of the liquid in the tube is not level, the height of the 
column is not a definite quantity, but we can nevertheless take for 
it the average height (i.e., that which it would have if it were 
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level) and call this h. The weight of the column then becomes 

pghm^, 


and hence equating this to the former quantity, we get 


or 


2iraTs cos a = pghira^, 


( 11 - 8 - 2 ) 


, 2Ts cos a 

h f 

pga 


(11*8-3) 


for the height, which thus proves to be inversely proportional to the 
radius of the tube. If cos a is negative there is no capillary rise, 
but a depression instead. This occurs in the case of mercury in 
glass, where a = 140°, as has already been mentioned. The law 
given by eq. (11*8-3) is known as Jurin’s law. It can be used to 
determine Ts by an alternative method to that described in the 
first part of the section. The reader may show that the same 



law applies to the capillary rise between two vertical plates placed 
in a liquid which wets them, provided that a now refers to half 
the distance between the plates. 

The form of the liquid surface at rest under gravity in the 
neighborhood of a solid object can under certain conditions be 
determined very readily by an elementary method due to MaxwelL 
This is the case, for example, when the object is a vertical flat 
plate of gi;eat breadth. We assume that the object is wet by the 
liquid. Let us take a section of the surface (considered as a 
cylinder) in the a:?/ plane (Fig. 11*13). It is understood that for 
y — Q the surface is plane and the section parallel to the x axis. 
Consider the infinitesimal slice of unit thickness whose projection 
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on the xy plane is the area between the ordinates corresponding 
to X and x + dx. Since this portion is in equilibrium the total 
force on it in the x direction, say, must vanish. First let us 
consider the force due to the surface tension. At the left the 
horizontal component is (since T® is the force per unit length) 

T 

-T, cose > (11-8-4) 


1 + 


dx/ 


where dy/dx is the slope of the curve at the point in question. At 
the right, on the other hand, the horizontal component is 


, ( 


Ts cos 6 + 


d cos I 
dx 


dx 


( 11 - 8 - 6 ) 


The net horizontal component is the sum of (11-8-4) and (11*8-5) 
or 


dx 


wliich from (11-8-4) is equal to 


dx dx^ 




3/2 


( 11 - 8 - 6 ) 


This force must be balanced by the hydrostatic forces against the 
two vertical ends of the element. If we assume for simplicity that 
there is a vacuum above the surface, then the pressure at any point 
in the portion of the liquid which we are considering will be zero 
or negative. Thus for any value of. y, it will be 


-pgy^ 


Hence the total thrust on unit breadth of the end of the element at 
X is 

-pgj^ ydy = ~^y\ (11-8-7) 

r 

At x + dx, the corresponding thrust in the opposite direction is 


2 




P£ 

2 


(y^ + 2y~dx 
\ dx 


) 


( 11 - 8 - 8 ) 
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if we neglect differentials of order higher than the first Hence 
the net thrust due to hydrostatic pressure is 


dy , 

—pgy — dx. 
dx 


(11-8-9) 


Since the surface tension force and the hydrostatic thrust balance 
■’ we must have ’ 


d'^y 
’ dx^ 


1 + 


\dxj _ 


pgy- 


( 11 - 8 - 10 ) 


From analytic geometry we recall that 


d^y 

dx^ 


1 + 


/^y 

\dxj 


3/2 2 ? 



where R is the radius of curvature of the surface at the point in 
question. Hence eq. (11-8-10) becomes 


pgy = 


R ' 


( 11 - 8 - 11 ) 


Strictly speaking there should be a constant of integration added to 
pgy to give the value of T,/R for y = 0. But since we have as- 
sumed that the surface becomes a plane when y = 0 (i.e., at con- 
siderable distance from the immersed plate)^ we have R ^ oo for 
y = 0, and hence the constant will vanish. Therefore (11-8-11) 
is correct in this ease as it stands. It describes the form of the 
surface in terms of the radius of curvature. It is, however, possible 
to put it into more usable foi’m if we multiply through (11-8-10) 
dy 

by •“ dx qbtaining 


dx 


pgydy = -Td 




( 11 - 8 - 12 ) 
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as may be verified immediately. Integration then yields 


= 


‘+(1' 


+ c. 


(11-8-13) 


(11-8-15) 


Now dy/dx - tan <f>, where 4> is the slope of the curve (i e the 

(nSSjr* ®q- ' 

hgy^ = T, cos <^ + c. (11-8-14) 

Now when 2/ = 0, ^ = t and hence C = T,, so that 
ipgy^ = 7's(i + cos 0), 
or if we prefer to use 6, 

hm^ = T,(i-cose), (11.8-16) 

whjch IS a somewhat more convenient form than (11-8-11) The 

complete equation in cartesian notation is rather compHcated 
and wiU not be given here. We may note, however, that tL same 
curve IS encountered m the stretching of a uniform spring. i It 

^ ^orm of the surface is the same 

as that of the top of a liquid drop resting on a flat horizontal plate 
which It does not wet. It should be emphasized that the o-eneral 
Woblem of finding the capillaiy surface can not be handled by 
elementary methods and is extremely difficult. ^ 

ur^fvMu?Ho?h^^® f is nat- 
urally equal to the volume above the plane level multiplied bv oa 

Another expression for the same thing is, however, to be found bv 

evaluating the total component of the forces acting on tS 

ement considered in our previous discussion. This is 


„ d sin0 

= T.aose-dd. 


(11-8-17) 


Hence the total weight is simply 


T.£ cose dB = T,mxe. (11-8-18) 

^Thomson and Tait, “Treatise on Natural PhilosoDhv ” COvfAra tt • 
sity Press, 1867), Vol. 1, p. 455. jrimosopny (Oxford Univer- 
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When two parallel vertical flat plates are placed in a liquid 
the capillary rise or depression produces a force tending to cause 

the plates to attract or repel each 
other. We can evaluate the magni- 
tude of this force in any case by the 
simple analysis just given. Thus con- 
sider the case shown in Fig. 11*14 
^ where the plates are separated by a 
distance I and the angles of contact 
are respectively ai and a 2 . On the 
left the liquid is drawn up to a height 
hi above the low level outside the 
plates and at the right to the height 
h%. Considering first the left plate, 
we see that there is a force per unit breadth of plate acting at 
A tending to pull it towards the right of magnitude 



Ts sin ai + \pghi^, 


as is clear from the immediately preceding analysis. On the other 
hand acting at C there is a force Ts acting to pull it towards the 
left. The net force toward the right is therefore 

T s(s>iii ai — 1) + (11*8—19) 

Now to go back to eq. (11*8-14), it develops that since y — h 
(see Fig. 11*14) for = tt, we have C = Ts + ipgh^ and hence 

ipghi^ = hpgh^ + Ts{l + cos <j>i) 

= + Ts(l - sin ai), (11*8-20) 

Hence the net force toward the right on the left plate becomes at 
once 

( 11 * 8 - 21 ) 

and a precisely similar expression results for the net force on 
the right-hand plate toward the left. Here A is the height of the 
bottom of the meniscus above the level of the liquid outside the 
two plates. In the case where the plates are both of the same 
material and close together ai = a 2 = cc, and we can apply eq. 
(11*8-3) for the capillary tube. Then the force pulling the plates 
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together is approximately 


inn . cos^ a 27/ cos^ a 
^ pga^ ’ ( 11 - 8 - 22 ) 

where here a is half the distance between the plates. The force of 
attraction between two nearby plates immersed in a liquid which 
wets both of them is therefore inversely proportional to the square 
of the distance between them. This is to be sure an approxhnat^ 
result. It will not apply, for example, when one of the plates is 


Fig. 11-15 


Fig. 11-16 


wet and the other not; in the latter case a revulsion rathor rh 

an attraction is observed to take place.* 

From our study of the capillary rise it is clear that the pressure at 
pom unmediately underneath the curved capillary surface in a 
tube .s less or greater than the pressure iu the gas above tte sur 

for the pressure difference ^ ^ 

Ap - , ( 11 - 8 - 23 ) 

i-e., inversely proportional to the radius of the tube Th • 

suggests at once a more general one Pnr, -a 

of radius E (Fig. 11-161 Cl i(°“®^der a sphere of liquid 

wiU mt the spherical surface in a eiCCld W,lfd abl^^^^ 

. Couhbca » •SSgTr.SpS" *” “• 
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the" periphery of this circle there will be a tension, of T, dynes per 
cm or a total force of 2irRTs dynes tending to pull the two hemi- 
spheres (formed by the diametral plane) together. This must be 
balanced by an excess pressure {over the atmospheric) inside the 
sphere, which will exert a force on the diametral plane of magnitude 
Ap ■ ttR^. Equating the two balanced forces we have 

2T 

. Ap = ~ * (11*8-24) 

If instead of a sphere of liquid we have a hollow spherical film, 
such as a soap bubble, a similar result follows, except that since 
there are two surfaces to the film we now have 

4T 

Ap = (11*8-25) 

Jti 

for the excess pressure inside the bubble. Of course, in this case 
the student will need to prove that the pressure, which acts every- 
where normally to the inner surface of the film produces an effec- 
tive force Ap • TtR‘^ across any diametral section (see Prob. 20 at the 
end of the chapter). 

More elaborate analysis than we shall attempt here indicates 
that the pressure at any given point just inside a liquid surface 
due to the surface tension (i.e., the excess or defect over the 
pressure outside) is given by the formula 

Ap = (^ + ^) ’ (11-8-26) 

where i?i and R 2 are the so-called 'principal radii of curvature of 
the surface at the point considered. It is at once evident that 
for the special case of the sphere where Ri = R 2 ~ Rj the radius of 
the sphere, for all points, eq. (11*8-26) reduces to the previously 
derived simple form (11*8-24). 

The accurate determination of the surface tension for different 
liquids under different physical conditions is a very important 
matter for modern physical chemistry.^ We shall stop to notice 

^ See, for^ example, Willows and Hatschek, Surface Tension and Surface 
Energy,’^ (2nd edition, 1919, Philadelphia). A more recent and very com- 
plete study of surface phenomena will be found in H. Freundlich, “ Colloid 
and Capillary Chemistry ” (Dutton, New York, 1926). See also E. K. Rideal, 
Introduction to Surface Chemistry ” (Cambridge University Press, 1930). 
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but one of the many interesting modern problems connected ^fith 
surface effects. Study of the behavior of solutions of chemical 
salts has sho-TO that in most of these there is a difference between 
thxB concentrahm (i.e., the mass of dissolved salt per unit volume 
of the solvent) m the surface layer and in the interior portion of 
the solution This phenomenon is known as adsorption, and we 
may speak of positive adsorption if the concentration is greater in 
• e surface than in the bulk, or negative adsorption if the reverse 
IS tme. Now it is also found that, as might be expected, a dissolved 
substance alters the surface tension of the solvent. Thus for 
.example it is observed that in the case of NaCl the solution of 
each gram-equivalent mass of salt in water increases the surface 
tension by 1 53 dynes/cm. On the other hand some substances 

between the effect of concentration on the surface tension and the 

eau2 C the fnll f Srams/cm^- over the bulk concentration, 
called C, the following formula first derived by Willard Gibbs, 


u = 


c_ ^ 
st' dc 


( 11 - 8 - 27 ) 

holds, where T is the absolute temperature and R is the gas constant 

foundTt ^ “-y chemical rSctirs ^ 

iLar tiat fdso^ T “""f substances it is 

istry. extremely important r61e in chem- 

For further information on modern aspects of surface tension 

ment of Freund hch m the text mentioned in the footnote An 
mtsKstoB expenmeatal study of the properties of soap fita 

PROBLEMS 

■water on the bottom and each side of the vessd Knd thf ^ f ® ^ 
on each side, i.e., the point where the resultant thrust on the^smcte^* 

=““‘ ."d 
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If the X axis is taken as the line of intersection of the surface with one side and 
the y axis is the line perpendicular to this (i.e., parallel to the depth), show first 
that the coordinates of the center of pressure will be given by 


and 


.D> 


— >/y* # 

SS V dxdy^ 

^ X/" yy dx dy 
ff V dxdy^ 


where p == S{x,y) as indicated in the text. The integration is to be carried out 
over the whole area in contact with the liquid. 

2. Calculate the total thrust on an equilateral triangle of side a immersed 
vertically in a liquid of density p with the base parallel to the surface of the 
liquid and at distance \ from the surface. Also compute the position of the 
center of pressure. 

3. A hollow sphere of radius R is completely filled with water. What is 
the resultant vertical thrust on the inside surface? Compare the vertical 
thrusts on the upper and lower halves of the surface. 

4. A cylindrical vessel of length I and radius a with plane ends is filled with 
water and rests with its axis horizontal. Compare the vertical thrusts on the 
upper and lower halves of the curved surface. Also calculate the total thrust 
on each end and determine the position of the center of pressure at each end. 

5. A sphere floats with i of its surface above water. Find its mean 
density. 

6. A cylindrical can 30 cm long and 10 cm in diameter and weighing 100 
grams cannot float stably in water in an upright position. Find the amount 
of mercury (density 13.6 grams/cm^) which must be placed in the can in order 
that it may just be able to float upright stably. How far will the can sink in 
the water? 

7. Assuming Boyle’s law, derive the law of variation of atmospheric pres- 
sure with height above the earth’s surface. 

8. Assuming the adiabatic law, derive the law of variation of atmospheric 
pressure with height above the earth’s surface. 

9. If the density in a certain liquid at rest varies linearly with the depth, 
find the expression for the pressure as a function of depth, 

10. Find the total force that the air exerts on the walls, ceiling, and floor of 
a room 10 nieters by 8 meters by 3 meters. 

11. Prove that if an incompressible homogeneous fluid moves so that its 
velocity components satisfy the relations u == hxlr, v = hy/r and w — hz/r, 
where r ~ -f 2 ^ and ^ is a constant with the dimensions of velocity, 
the equation of continuity is satisfied. Interpret this type of motion physically . 
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12. Derive Bernoulli’s theorem (eq. 11-5-7) by assuming that the fetal 
energy per unit, volume along any stream line is constant (Le.; conservatio n 
energy applied to fluid motion). Hint: RecaU that the potential enereToft 
fluid per unit volume due to pressure is equal to the prLure (Lc. 114 )^ 

If of an orifice at the bottom of a vertical tank (see Fia 

18). If the area of cross section of the orifice is Ss and that of the tank is 8^ 
use Bernoulli s theorem and the equation of continuity to calculate tho tj, 
retical rate of flow out of the orifice and the rate of descent of the freo 
in the tank. (Introduce numerical values to get 

14. Use the result of the preceding problem to obtain the height of tho fr 
surface m the tank above the orifice at any time t after the flow has 
draw a graphical sketch of the dependence of descent on the time. ^ 

oT)“ to” ‘z.t” ‘ ‘ "■ “ 

16. Show how the Ktot tube may be used to measure thp™i^„:+ * 

btot of .ir to , l.b. (sod> u toigbt b. produced bj . bkwer). (fj 

compute the relations between incident and reflected amnR 

1«.. (T.t.b™„toe,„„., Dl.cocepiccSri ’^ 

• acoustic wave as in Sec 10-4 shoroti, + +i, 

intensity of a plane acoustic wave in a fluid may be wSten J the W ^ 

/ sa: 

2 poc 

where pmax is the maximum excess pressure in ffiA . 

uctod ebudfictorce. <to™„eu, on Z 44.,“ T “ 

CM. of th. 

the one but not the other. ^w^thaf (to4o*to4 4 ^ 

Ccnlnto the ntoptot.d. the -.p4t £“4 

heSeerr:x4Xxxxrc““"“-- 
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24. What form does the one-dimensional equation of motion of a perfect 
fluid confined by rigid walls, viz., 

du du 1 dp 

\- U 9 

dt dx p dx 

take if the fluid is incompressible? If the pressure gradient is due entirely to 
gravity, find the acceleration of the fluid at any point and compare with 
Torricelli’s theorem. 

25. The wave length of a long gravity wave on water of depth 20 feet is 100 
feet. If the wave amplitude parallel to the water surface is 2 feet, find the 
maximum value of the total particle displacement. Do the same for the total 
particle velocity and compare with the wave velocity. 

26. A plane harmonic acoustic wave in the x direction has the particle dis- 
placement in the form ^ = A cos (cct — kx), where k — cafe — 2 x ^/0 and v is 
the frequency. Find the expressions for the velocity potential <j>, the con- 
densation and excess pressure. 

27. In Problem 26, if = 512 cycles/sec and the wave is in air at 20° C, find 
A if the excess pressure amplitude is 10"^ dynes/cm^. Also find the condensa- 
tion amplitude. 

28. Prove that the potential energy density in an acoustic wave in a fluid is 
I pqc^^. Show that for a plane wave the average potential energy density 
equals the average kinetic energy density. Show that the intensity of a plane 
wave is given by the product of the average energy density and the wave 
velocity. 

29. In Problem 18 of Chapter X the damping coefficient R in the wave 
equation for acoustical waves in a fluid becomes 4(J^y]/Spo, if the damping is due 
to viscosity (coefficient of viscosity == tj and the other symbols have their 
usual meaning). How far will a 100-cycle wave travel in air before its ampli- 
tude is decreased in the ratio 1/e? Work the same problem for water. Take 
5?air = 1.8 XIO”^ dyne sec/cm^ and vw&tev - 1.14 X 10"2 dyne sec/cmK 


CHAPTER XII 
ADVANCED MECHANICS 

« 

12-1. Hamilton’s Principle. In the previous chapters of this 
book we have based the various applications of mechanics for the 
most part on the principles set forth in Chapter I, namely, the New- 
tonian “ laws '' of motion. We did indeed emphasize in Chapter 
VIII that there exist alternative ways of expressing the funda- 
mental principles and we gave as examples D’ Alembert ^s principle 
and the Gaussian principle of least constraint. It is important to 
realize that certain problems may be handled in a more direct and 
efficient fashion by some one principle than by others. The 
progress of mechanics has been marked by a continual search for 
new points of view. We wish in this chapter to discuss one which 
stresses primarily the use of the energy concept in the solution of 
mechanical problems. This is the celebrated 'principle of H amilton. 
It will serve very usefully as an introduction to what is usually 
referred to as advanced mechanics and about which the reader of 
this book may well expect to learn a little since it is basic for 
theoretical physics in general. We shall state the principle as a 
postulate and then endeavor to illustrate its application. 

Let us consider a dynamical system which may be composed of 
many particles and hence may require a large number of coordi- 
nates to specify its state, i.e., the position of every particle at every 
instant. The total number of coordinates needed for this speci- 
fication is called the number of degrees of freedom of the system. 
Now associated with the system there will be a certain kinetic 
energy K and, if it is a conservative S37'stem, a potential energy F. 
The former will be a function of the velocities of the particles, the 
latter a function of their positional coordinates. Let us form the 
function 

L = K-V. t (12.1-1) 

Hamilton's principle now states that the motion of the system of 
particles between any two instants io and takes place in such a 
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way that the integral 

pLdt 

c/Zo 


( 124 - 2 ) 


has a value which is either less than its value for any other possible 
motion of the system in the interval from k to h or greater than its 
value for any other such possible motion. That is/ the integral is 
-either a maximum or a minimum or, as we may better say, has a 
stationary value with respect to other possible motions. We may 
perhaps render the matter somewhat clearer by using a pictorial 
representation. In Fig. 124 let us represent the state of the system 
at the instant U by A and that at time hhy B. Let the path 
actually followed by the system be ACB, while ADB and AEB 



represent two “ varied paths — possible paths for the system 
and performed in the same time. Now it must be remarked 
that our representation is very general. In certain simple cases of 
the plane motion of a single particle ACB^ ADB, and AEB may 
represent possible geometrical orbits from A to point B in the 
plane with the understanding that to be comparable they must of 
course all be traversed in the same time, viz., in the interval ti — to, 
and must correspond to the same initial and final states respec- 
tivety. On the other hand, the representation can be purely 
schematic, i.e., A may merely represent for convenience the state 
of a system of several particles, etc. But in any case the meaning 

of the principle is that the time integral f Ldt along the actual 

path traversed, ACB, is either greater than that along any other 
paths such as ADB and ACB or it is less than that along any such 
paths. It’is often convenient to state it as a principle, 

pti 

i.e., that / L dt is a minimum along the actual dynamical path. 
While in most problems encountered in practice this is correct, it 
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is not so in general. All we have a right to say is that it has a 
stationary value. The quantity L is termed the Lagfungiau 
function or kinetic potential. 

It must again be emphasized that we are here stating Hamilton’s 
principle as a postulate^ an assumption from which all special mo- 
tions of bodies may be derived. As a first illustration of this view 
let us apply the principle to a simple problem. We shall take a 
single particle whose position is fixed by a single coordinate, foi® 
example, the distance along a straight line from some chosen origin. 
We are thus indeed restricting our attention to linear motion and 
hence our illustration is a very special one. The kinetic energy 
of the particle is then 

K = (124-3) 

if the particle is conceived to move along the x axis. Let us in- 
vestigate the type of motion corresponding to a potential energy 
of the form 

V = kkx\ (124-4) 


where is a constant. The principle of Hamilton now demands 
that the integral 



\kx^) dt, 


(124-5) 


shall have a stationary value for the actual motion. This means 
that if we vary the true path slightly the corresponding variation 
of the integral will be zero. Of course, since in this case the 
geometrical shape of the path may not alter, a variation in the 
path signifies only an altered dependence of x on i.e., an altered 
mode of pursuing the linear path. The reader will remember 
that in the neighborhood of the maximum or minimum of a func- 
tion of one independent variable t, the change in the function cor- 
responding to a change dt in the variable is zero as far as first order 
quantities are concerned. If we denote the slight variation of the 

integral by 5 T (|mr^ — \hx^) d% we have therefore the condition 
$ f {\mx^ — pr^) dt = 0. (124-6) 

Now the variation of the integral will clearly be the limit of the 
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sum of the variations in the integrand over all the infinitesimal 


time intervals between k and U. Hence we have 

r^tl 


f 


— ^kx^) dt = 0. 


(124--7) 


We are thus faced with the task of reducing d{x^) and 6{x^) to 
some common basis. One would naturally try to do this by ex- 
pressing both in terms of dx. Let us consider the curves in Fig. 
12-2. AB represents an element of the course of a; as a function of 
t. CD is a portion of the varied curve. At A, the variation in x 
is It is seen that this is for 
a definite value of t. At jB, the 
value of X is 

X + ^dt, 


and hence we may represent BD 
as either 

8(x + xdt), (12*1-8) 
or 

d 


bx + -T (8x) dt (12*1-9) 
dt 



Consequently (12*1-8) and (12*1-9) are equal and hence 

h{x dt) = h{dx) = -I (bx) dt = d{bx). (12-1-10) 
at 


Therefore the operations of 8 and d are interchangeable. We can 
now write 

8{x^)=^2x8x, ( 12 * 1 - 11 ) 


and 


d 

8(x^) == 2x8x = 2x -r (8x). 

dt 


Eq. (12*1-7) then becomes 

X h 

{mx dx — kx 5a;) dt = 0, 

_ 


( 12 * 1 - 12 ) 
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or using eq. (12-1-12), 

£ [“* It 

Let us now evaluate the integral 


kx dx 


dt = 0. 


( 12 - 1 - 13 ) 


d 

mx “ {Bx) dt 
dt 

by integration by parts. Letting u = mx and dv = d/dt (dx) dt^ 
we have du = mx dt and v = BXj so that 

ph ^ " 1^1 ph 

I mx — (dx) dt = mxdx — I mx dx dt. 

JtQ dt Jio 

But the two paths must have the same end points, hence 5a; = 0 
for t — ^0 and t = h. Therefore eq. (12*1-13) becomes 


£ 


(mx + kx) dx dt = 0,. 


(12*1-14) 


It must be emphasized that this result holds for all dx, i.e., dx is 
perfectly arbitrary except that it be small and equal to zero for 
t == to and ti. Hence the only way for the integral to be zero for 
aU dx is for us to have 

mx kx — 0. (12*1-15) 

This then appears as the differential equation of the motion, and 
we see at once (Sec. 2*2) that the latter is simple harmonic with 
frequency 

. = ( 12 - 1 - 16 ) 

2'k ^m 

Hence from the assumption of Hamilton's principle together with 
the knowledge of the potential energy function we have been able 
to derive the equation of motion independently of any other dy- 
namical assumption except that the kinetic energy shall be of the 
form ^mx^. In other words we have made no essential use of the 
Newtonian laws of motion. Hamilton's principle thus appears 
as an independent basis for the development of mechanics. A 
special case indeed is no proof of this statement. We have merely 
tried to suggest its validity without proving it. Nevertheless the 
general proof has been carried out and may be found in more 
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ad’tf^nced treatises. ^ The power of the principle is more manifest 
in the treatment of the motion of systems with more tha.n one 
degree of freedom. We shall discuss this with some detail in the 
next section. 


12-2. Generalized Coordinates and Lagrange’s Equations. As 

an illustration of a more general application of Hamilton's prin- 
ciple, let us consider a mechanical system composed of a number 
of particles. If these particles are totally unconnected the total 
number of degrees of freedom or number of coordinates needed to 
specify the system will be three times the number of the particles. 
However if the particles are connected or otherwise constrained to 
move in certain ways (see Chapter VIII), the number of degrees of 
freedom will be reduced. Suppose the system in question has n. 
Now it should be clear that the choice of these n coordinates is 
possible in a very great variety of ways. They may of course be 
rectangular coordinates or certain combinations of these, or they 
may contain angles as well as lengths. In order to make our 
application most general we shall not specify the exact nature of 
the coordinates, but merely write them ^2, . . . , qn- All our 
description of the behavior of the system will then be in terms of 
the g^s. In the last analysis, of course, the latter must be trans- 
lated into some definite known set, which appear particularly 
appropriate for the description on the ground of simplicity. The 
coordinates . • • , have been termed generalized coordinates. 
To express the kinetic energy in terms of them we note that 

K = + yi^ + (12*2-1) 


the summation being extended over all the particles. Let us 
suppose that the equations defining the generalized coordinates are 
expressed in the form 

Xi ^ , ^n.), Vi ” Viiqij • • * ? Qn)} 

Zi = Ziiqi, q„), 

for any particular i. We therefore have 


dXi ^dXi , 

■Xi = — gi + ‘ • • + 7 ih 

dqi dqn j=i dq^ 


( 12 - 2 - 2 ) 


( 12 * 2 - 3 ) 


^Cf. Lindsay and Margenau, ^'Foundations of Physics (Wiley, 1936), 
p. 131 for a deduction of Hamilton's principle from D’Alembert’s principle. 


392 


ADVANCED MECHANICS 


with similar expressions for yt and Zi. Substituting now into the 
expression for K, we get finally 

K = J1 dki ik ii, (12-2-4) 

kj 


where the summation is extended over both k and j running from 
1 to n, and the akj are (in general) functions of the , Qn- 

The kinetic energy thus appears as a homogeneous quadratw 
function of the time derivatives of the generalized codrdinates, or 
as we may call them the generalized velocities. 

Now how does it stand with the potential energy? For a con- 
servative system F is a function of the position coordinates of the 
particles. Hence it will be a function of the gi, . . . , Let us 
next apply the principle of Hamilton to such a system of n degrees 
of freedom. We express the stationary character of the time 
integral of the Lagrangian function for the actual motion as follows . 



(12*2-5) 


employing (12* 1-1). Now since 5g» 


— (5gi) from Sec. 12*1, we 
at 


may integrate by parts 


X 


■'1 dL 

TjrSqidt, 

dqi 


precisely as in the special problem in Sec. 12-1. The result is 



Sqi dt 


( 12 - 2 - 6 ) 


since the part integrated out vanishes at the two limits because 
bqi = 0 at both limits. This merely means that all the paths of 
the system have the same termini. Hence the statement of the 
principle becomes 



_dqi dt \dqi/j 


dt = 0. 


(12-2-7) 


Now the n variations Sqi are arbitrary (the q’s are independent) 
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and^ hence in order that the integral may vanish each separate 
bracket in the sum must vanish. This however gives us a set of n 
equations, viz., 



as i runs from 1 . . . n. These are the celebrated equations of 
Lagrange. We see that they are differential equations of the 
second order and that their number is precisely equal to the num- 
ber of degrees of freedom of the system. These equations form 
a very general description of the motion of the system, and their 
solution leads to the expression of each qi as a function of the time. 
There will of course be 2n arbitrary constants of integration in- 
volved; their evaluation depends on the boundary conditions of 
the system. 

Let us note incidentally that for the case of a system of one 
degree of freedom where qi{~ q) becomes simply the geometrical 
displacement and q is the velocity, with K = \mq^^ the single 
Lagrangian equation becomes the usual equation of motion, viz., 




or 


mq = 


dV 
dq ’ 


(12-2-9) 


dV 


where appears as the force acting on the system. 

dq 

Examination discloses that the Lagrangian equations (12-2-8) 
can be written in a form reminiscent of Newton’s second law, 
provided that we define 

fiT 

p, = ^ (12-2-10) 

dqi 


as the generalized momentum associated with the coordinate qi, and 
further call 

dqi 

the generalized force associated with coordinate qi. Then er. 
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(12*2-8) says that the time rate of change of generalized moiiaen- 
tum is equal to the generalized force, which reminds us of eq. 
(1-7-5). The reader might then be inclined to wonder wherein 
the advantage of Lagrange’s equations consists. This comes 
principally from the fact that the Lagrangian equations being 
expressed in generalized form are immune to change in form when 
coordinates are transformed from one system to another: once we 
have expressed L in any system of codrdinates, use of (12*2—8)* 
automatically produces the correct equations of motion for those 
coordinates. It is apparent that this is not true of the simple 
Newtonian equation that mass times acceleration equals force. 
From an esthetic point of view the Lagrangian equations may be 
considered to have the additional merit of employing energy as the 
fundamental concept in their makeup; they make no mention of 
force. 


12 * 3 . Application of Lagrange’s Equations. We shall continue 
our discussion of Lagrange’s equations with the solution of certain 
problems employing them. As the first illustration let us consider 
the motion of a single mass particle in a central field of force. We 
have, of course, treated this problem in the usual mechanical way 

in Sec. 3*6. Our purpose here is 
to show how the general equa- 
tions for such motion in spherical 
coordinates can be written with 
great ease by the Lagrangian 
method. There is often a gain 
in utility through this procedure. 
It will be recalled that the spher- 
ical coordinates r, B, 4> are de- 
fined through the accompanying 
figure (Fig. 12*3), the point P being on a sphere of radius r, and its 
longitude (with respect to Ox) and colatitude being, respectively, 
and B. It is seen that the spherical coordinates are related to 
rectangulars by the relations 



Fig. 12*3 


X = r sin B cos " 
y — rsmB sin / 
z — T cos B, 


(12*3-1) 
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ThS kinetic energy of a particle is then 
K = |m 1:2) 

7Yl 

= 2 sin^ d-4>^), (12-3-2) 


and, if the field is central (See. 3-6), the potential energy 7 is a 

function of r only, so that the Lagrangian function becomes 

'« 

m 

-{f^ + sin^ 6 • - V{t), (12-3-~3) 


the system being one with three degrees of freedom with qi = r, 
g 2 = B, and qz = 4). The Lagrangian equations (12*2-8) are then 


~ (mr) + — mr{B^ + sin^ B • = 0, 

dt dr 


d_ 

dt 


{mr^) — sin ^ cos 0 == 0, 


"7 (mr^ sin^ 6 * =0. 

dt 




(12-3-4) 


From these equations the whole theory of central motion can be 
followed out. It will be observed that the longitude (j> does not 
appear explicitly in any of the equations (12*3-4). This means 
that the generalized momentum component associated with (j) is 
constant. Or we can say that 0 is determined from the third 
equation in terms of r and B^ viz., 


<p = 


C 


mr^ sin2 $ 


(12*3-5) 


where C is a constant. This may be substituted into the first 
two equations yielding 


-- (mr) + — 
dt dr 


mr ( H ^ r ; = 0, 

\ mV sm^ 6 / 


^ (mr^6) 
dt 


cos 6 
mr^ sin® B 


= 0 . 


(12*3-6) 


It is thus seen that the problem is effectively reduced to one with 
two degrees of freedom. We have already noted in Sec. 3*6 that 
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central field motion takes place in a plane. It being most siifiple 
to take this plane as the plane <^) = 0 (i.e., the xz plane), we have 
4> = 0 (i.e., 0 = 0, above) and consequently may write 


d d V 

*7- (mf) + 7 mrd^ = 0, 

at dr 

”7 = 0 . 

dt 

The law of areas, viz., 

mr^d == const.. 


(12.3-7) 

r 


(I2.3-8) 


B 


I 


I 


follows at once from the second equation, and if we substitute 
this into the first we obtain ultimately, on substitution of r = l/u^ 
the eq. (3.6-15) which we used in our 
previous discussion of central field motion. 

A somewhat more elaborate illustration 
of the use of Lagrange^s equations is pro- 
vided by the following problem. Two small 
metal spheres A and B of equal mass m are 
suspended from two points A' and 5' at a 
distance a apart on the same horizontal line 
by insulating threads of equal length I 
(Fig. 12*4). They are then charged with 
equal charges +e. If A is pulled aside a 
short distance qi and B a short distance 
(both small compared with a) in the plane 
formed by the equilibrium positions of both 
threads, we are to determine the resulting motion in this plane. 
This is a system with two degrees of freedom. For the kinetic 
energy we have 

K = |m(gi2 + g2^). (12*3-9) 


Fig. 12-4 


B g. 


The potential energy will be made up of two parts, viz., the 
gravitational and the electrostatic. The former is simply the sum 
of that for each sphere considered as the bob of a simple pendulum. 
Hence (Secs. 4*1 and 8*1) 

xr 1 . 

= 2 z (12-3-10) 

The student will recall that from Coulomb’s law the electrostatic 
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forSe of repulsion, between the two point charges when separated 
by distance aise^/a^. The potential enei^ for this force when the 
charged balls are displaced will then be 


Fe = 


® + 52 — ?i 


(12-3-11) 


Hence for the Lagrangian function we have 


L = -m(gi2 + 


1 mg 

d q2 qi 2 1 


(gi^ + qi^), 


(12-3-12) 


to the approximation which considers the displacements as small. 

We are now ready to write the Lagrangian equations for the 
motion. Thus 


To solve, 


d 
dt 

d 

dt 

let us add the 


(mqi) + 
(m.qi) 4- 




mg 

I ^ (a + 0^2 — ^ 

mg 

I ^ (a + 0^2 — qiy 
two equations. There results 

+ ^ 2 ) = — ^ (qi + ^ 2 ). 


(12-3-13) 

(12-3-14) 


(12*3-15) 


On the other hand if we subtract the two equations we get ulti- 
mately 


dt^ 


(^2 


Qi) + ] (^2 


gi) ~ 


2e2 


m(a + g 2 - qiY 


= 0. (12*3-16) 


Since both qi and q^ are supposed small compared with a, we may 
expand the last term on the left in (12*3-16) writing 

^ (g2 - qi) + {qi - qi) (j + -^) - = 0. (12-3-17) 

dt^ \l mar/ ma^ 

The solution of (12-3-15) is clearly 

« gi 4* g2 ” Ai cos (^Tvit -b Ri), (12-3—18) 



(12-3-19) 


where 
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The solution of (12'3-17) is 
2e2 


32 - 3i 


ft + 

\ I may 


= A 2 COS (2TV2t + B2), (12-3-20) 


ma- 


where 


Pi 


JL h 

2t"SI 


+ 


4e2 


ma^ 


( 12 - 3 - 21 ) 


We finally have for the two displacements 


-/>2 


3i 


\ I ma^, 


+ — cos {2TVit + Bi) 


■ 00 s {2Trv2t A' B 2 ), (12‘3— 22) 


$2 = 


(^+— 3 ) 

\ I ma^/ 


ma^ 


+ ^ cos (2Tvit + Bi) 


A 2 


+ — cos {2‘KVit ■+ Bi). (12-3-23) 

A! 


It may be noted that by shifting the origin for each ball the dis- 
tance 



(12-3-24) 


the constant term may be made to disappear. In this case the 
motion of each ball appears as the composition of two simple 
harmonic motions with amplitudes and phases (Ai, 4 2 , Bi, B^) 
which depend on the boundary conditions. 

As a final illustration of the use of Lagrange’s equations consider 
the situation depicted in Fig. 12-5. 

Here a wedge with projection ABC on the xy plane and with mass 
M is able to slide freely on the horizontal plane. The perfectly 
smooth slant surface AjB of the wedge makes the angle a with the 
horizontal. On this surface a particle of mass m is free to move 
in the xy plane. The problem is to determine the motion of m 


WAVE MECHANICS 


399 


as Well as the wedge. Referring to fixed axes as in the figure, we 
have for the kinetic and potential energies of the total system, 
respectively, 

K = + |m(x + ^/tan aY + (12*3-25) 

y = my- (12*3-26) 

Here x is the distance OA, while y is the height of m above the x 
^axis. The problem is one in two degrees of freedom. Note that 
we might equally well have chosen the x codrdinate of m along with 
y as the second codrdinate, i.e., x + ^/tan a. The Lagrangian 



method does not care what coordinates are used, provided that 
the number is correct for the nature of the system being studied, 
and provided that the Lagrangian function is correctly expressed 
in terms of the coordinates chosen. With the present choice we 
then have 

L = IMx^ + + |w(i + ^/tan aY - mgy. (12*3-27) 

The Lagrangian equations become at once 


Mx + + my/im. a = 0, 

my + m55/tan a + m|//tan^ a + wp == 0. 


(12*3-28) 


The solution of these equations for x and y is left as an exercise. 
Note the interesting limiting case of m/iif 0. 


12*4* Wave Mechanics. We shall conclude the book with a 
brief discussion of the relatively recent application of mechanics 
to the study of atomic particles and atonxic structure. This is 
known as •wave mechanics. It endeavors to apply to the motion 
of particles some of the ideas associated with waves. 

We have already seen (Sec. 3*9) how the Bohr-Rutherford the- 
ory considers a neutral atom to be composed of a nucleus charged 
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with positive electricity about which move electrons equaF in 
number to the number of positive charges on the nucleus. These 
electrons move in orbits according to the laws of classical mechanics, 
but with the significant difference that not all mechanically possible 
paths are allowed, but only those for which certain so-called quan- 
tum conditions are satisfied (recall particularly eqs. 3 * 9 - 1 ). The 
latter serve to fix the possible orbital dimensions and energy values 
of the nucleus-electron system. (Recall also the corresponding-^ 
problem for the electron in simple harmonic motion: Sec. 9 * 7 .) 
Now it is important to note that in this theory the electron is still 
considered as a mass particle whose motion is to be treated largely 
as a classical mechanical problem. L. De Broglie has however 
suggested a quite different method of approach to this problem. 
He begins by assuming that an electron is not an entity localized 
in space but a periodic phenomenon extending throughout all space. 
More specifically, let us consider a free electron, that is, one not 
subject to any external force. De Broglie supposes that in the 
inertial system with respect to which the electron is at rest it is to 
be represented by an expression of the form 

u{xQjyQ,ZQ,to) = ( 12 * 4 - 1 ) 

In this expression we are using x^, 2/0, ^0, U to denote position and 
time in the system in which the electron is at rest. The right- 
hand side represents a simple harmonic pulsation with frequency 
vq and amplitude /(oTo, 2/0, ^0), the phase being the same at aU points 
in space. ^ Both vq and /(xo, 2/0, ^0) must now be looked upon as 
something fundamental for the physical significance of the particle. 
At first sight this point of view appears rather barren of meaning. 
However, let us next refer the electron to a reference system with 
respect to which it is moving with constant velocity say for con- 
venience along the z axis. What will be the mathematical repre- 
sentation of the electron in this new set of axes which may be 
regarded as fixed from the standpoint of a hypothetical observer 
of the electron? Now in the special theory of relativity Einstein 
showed that when a physical event is represented in one set of axes 
by xo, 2/0, 2:0, to (where k is time indicated by a clock fastened to this 
system), the same physical event will be represented in another 
set of axes moving with respect to the first with constant velocity 

1 The use of the complex form is for purposes of convenience only. Either 
real or imaginary part could be used equally well. 
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V aiong their common 0 axes by the quantities x, y, z, t where 



the quantity c being the velocity of light. These are the famous 
Lorentz-Einstein transformation equations. We shall not stop 
here to derive them, but they are so important for modern theo- 
retical physics that the student should familiarize himseK with 
them and their meaning without delay.^ We note only that they 
are a kind of generalization of the Newtonian transformation 
equations discussed in Sec. 1*10 and effectually reduce to them 

V 

when - 1, i.e., when the relative velocity of the two systems is 

c 

small compared with the velocity of light. This is, of course, the 
situation throughout c lassica l mechanics, but in the case of atomic 

I 

particles the radical become very different from unity. 

To solve the problem of De Broglie we must now substitute 
from (12*4-2) into (124-1). However, in so doing we must not 
overlook the fact that pq, being a frequency, depends on the time 
and must also undergo transformation. Thus, if we concentrate 
on a particular value of 2 ;, corresponding intervals of time in the 
two inertial systems from the last of eqs. (12*4-2) will be given by 



1 See, for example, Page, ‘'Theoretical Physics,” p.452. These equations and 
their meaning are now quite commonly discussed in the more recent elementary 
textbooks of physics. Thus see C. W. Miller, “ Introduction to Physical 
Science” (John Wiley, New York, 1932), Chap. XXXIII; A. E. CasweU, 
“An Outliie of Physics ” (Macmillan, New York, 1928, Chap. XXXIX). 
See also the recent interesting intermediate text “An Outline of Atomic 
Physics,” by members of the physics staff at the University of Pittsburgh 
(Wiley, New York, 1933), Chap. XIII. This is an excellent elementary treat- 
ment.* Further consult G. E. M. Jauncey, “ Modern Physics,” Chap. XIX. 
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and therefore pqj which is proportional to 1/ dU, will transform tc^ Vj 
where 



On finally carrying out the indicated transformation we get for the 
representation of the electron in the system with respect to which it ^ 
moves with constant velocity v 

u’{x, y, z, t) = / (x, y, ^ 7 ==) ( 124 - 4 ) 

We recognize this at once (Sec. 104) as a plane progressive harmonic 
wave of frequency v moving in the positive ^ direction with velocity 

F = (124-5) 

V 

The amplitude / is, of course, variable in space and time. Thus in 
the inertial system with respect to which it is moving with constant 
velocity y, the electron appears to he equivalent to a harmonic wave. 

It is interesting to note from (124-5) that the velocity of this 
wave is never less than the velocity of light, since 2^ ^ c for a 
particle, a fact that is one of the consequences of the special theory 
of relativity. The fact that V ^ c might seem to detract from the 
value of De Broglie^s viewpoint. However, he was able to show 
that if one considers the particle to be represented not by a single 
wave but by a whole group of harmonic waves with slightly different 
frequencies clustered about an average frequency j/ and moving in 
the same direction with slightly different velocities, the velocity 
of the point of phase agreement of such a group, i.e., the so-called 
group velocity, is precisely equal to the particle velocity v. The 
reader should work this out for himself. (See Problem 12 at the 
end of the chapter.) 

De Broglie further assumed that there is a fundamental relation 
between the energy of the electron considered as a particle moving 
with respect to the fixed axes and its frequency considered as a 
wave. This relation is the famous quantum theory equl-tion 

E^hv, (124-6) 

where h is the universal constant of Planck (Secs. 3*9 and 9*7). 
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Now on the theory of relativity the energy of a freely moving 
particle is given by the simple relation 

E = mc2, (124-7) 

where m is the mass of the particle with respect to the system in 
which it is moving with velocity v. It can then be shown that 


mo 



(124-8) 


mo being the so-called rest mass of the particle, i.e., its mass in 
the system in which it is at rest or which moves with it.^ The 
combination of eqs. (124-5), (124-6), and (124-7) at once yields 
the important relation for the wave length X of the wave representing 
the electron. Thus 



if by p we represent the 'momentum of the electron with respect to 
the fixed system. Experiments in which electrons are reflected 
from the surfaces of single metallic crystals have verified eq. 
(124-9) and the fact therefore of the wave nature of the electron.^ 

The considerations just presented refer primarily to a free elec- 
tron. The problem of describing in terms of the wave point of 
view an electron acted on by a force is more complicated. Never- 
theless Schrodinger and others have shown how to treat for ex- 
ample the case of an electron moving in simple harmonic motion 
and an electron moving about a positive nucleus as in the atom of 
hydrogen, as well as more elaborate cases. The result of the 
analysis, as in the analogous Bohr method, is to fix: the possible 
energy values of the system in question, i.e., to quantize it. We 
may get some idea as to how this is done by discussing briefly 
the problem of the electron in simple harmonic motion. It will be 
recalled that in Sec. 9*7 we carried through the quantization of this 

1 See again Page, loc. cit, p. 463. Or Outline of Atomic Physics,” he. dt, 
p. 265. 0? Jauncey, ” Modern Physics,” p. 455. 

2 For further elementary discussion of this fascinating development of mod- 
ern physics see ” Outline of Atomic Physics,” he, ciL, p. 142. Also Jauncey, 
‘‘ Modern Physics The more advanced treatment may be found in Ruark 
and Urey, Atoms, Molecules and Quanta.” 
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motion using the Bohr quantum condition. It will be very '"in- 
structive to compare this with the Schrodinger wave mechanics 
method. 

In every problem in wave mechanics it is first necessary to find 
the wave equation that corresponds to the particular dynamical 
system being studied. To treat this problem in a general way is of 
course outside the scope of the present text but it will doubtless 
do no harm if we follow for the present illustration a formal, if^ 
apparently arbitrary, procedure which the reader will find justi- 
fied in treatises on the subject. It will be recalled that the energy 
equation for simple harmonic motion (Sec. 4*1) is 




+ == E, 


(124-10) 


where h is the so-called stiffness ” or “ elastic constant and 
E is the total energy. From eq. (2*2-13) we have 


fc = 


(124-11) 


if vf is the frequency of the motion. Let us write (124-10) in 
terms of the momentum p = mv. It then becomes (124-10) 


2m ^ 2 


(12-4-12) 


The meaning of this equation from the standpoint of elassi n p] 
mechanics is sufficiently clear and need not be further emphasized. 
Wave mechanics proceeds to give it a new interpretation by assign- 
ing a new operational significance to the symbol p. Thus instead of 
interpreting it in the usual mechanical sense, let us say that p is 

h d 


equivalent to the differential operator 


2Tri dx 

any function of x, we shall assume the identity 

27rt dx 


p<P{x) 

This will further be extended to mean that 

- (^,) 


That is, if ^ {x) is 


(12-4-13) 


dx^ 


■(12-4-14) 


‘ It will be recalled that we have already found the operator notion valuable 
in Sec. 9-7 in our discussion of vibrating systems. 


WAVE MECHANICS 


405 


Oul‘ new interpretation of eq. (124-12) then is this: if we operate 

on any function 4/{x) with the operator —( — ) -^ 4 .^, 

2 m \2Tt7 dx‘^ 2 

the result is the same as multiplying >p{x) by the constant E. 
Written down in formal terms, however, this gives us at once the 
second order differential equation 

STT^m _ ^ , 

^2 + = 0. (124-15) 


Comparing this equation with eq. (104-3), for example, we see that 
it may be interpreted as the wave equation for plane harmonic 
waves along the x axis with variable wave length 


X = 


h 

V2m(E — |fcx*^) 


(124-16) 


The eq. (124-15) is then taken as the wave equation (the so- 
called Schrodinger wave equation) associated with the simple 
harmonic oscillator. Now that we have our wave equation, what 
are we going to do with it? In the case of the wave equation for a 
finite stretched string discussed earlier in this chapter we sought 
for a solution giving the displacement of the string as a function of 
X and t subject to certain boundary conditions. Now this is pre- 
cisely what Schrodinger does with the eq. (124-15). He looks for 
a solution giving ^ as a function of x (it is already assumed to be 
harmonic in time) which satisfies the general boundary condition 
that it shall be finite ^ continuous and single-valued for all x and 
shall vanish at infinity. The solution of this type of problem has 
long been familiar to mathematicians under the general name of 
boundary value problem. It is a little too lengthy for us to embark 
on here. It will be sufficient to say, however, that the analysis 
shows that it is impossible to obtain solutions of (124-15) which 
satisfy this boundary condition for all values of the energy E, 
In fact it develops that such solutions are obtained only for values 
of the energy of the following form 

^ iS?. = (n + i)/nv, (12*4-17) 

where = 0, 1, 2, . . . These are then called the eigen-values or 
characteristic values of the simple harmonic oscillator. Physically 
speaking they are the allowed energy values of the oscillator and 
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correspond to the quantization of the motion. It is very interest- 
ing to compare the result of the Schrddinger quantization with that 
of the Bohr quantum condition method — (eq. 9 '7-10). ■ It is 
seen that the two are alike save that n + | in the former replaces 
n in the latter. Experimental applications indicate that (124-17) 
is more in accord with observed facts than (9*7-10). It is however 
important to note that the quantization process in both cases 
results from the imposition of a boundary condition: in the Bohr 
theory this is the quantum condition applied to the classical 
mechanical motion, while in the Schrddinger wave mechanics it 
is a condition analogous to those imposed on the wave equation 
representing a vibrating string. 

The true physical meaning of the Schrddinger wave equation 
can be appreciated only after a comprehensive study of the founda- 
tions of wave mechanics which is really a new method of attacking 
physical problems in the atomic domain. All the problems worked 
out by the Bohr theory (such as the hydrogen atom and atoms of 
more complicated structure) have been solved also with wave 
mechanics and the results have been remarkably successful. Our 
aim in this section has been merely to provide a brief and some- 
what formal introduction to this new discipline and in particular 
to indicate what an essential role a clear understanding of classical 
mechanics plays in its elucidation.^ 


PROBLEMS 

1. Use Hamilton's principle to determine the path of a particle which 
moves freely in three-dimensional space, i.e., under the action of no forces. 


2. Use Hamilton’s principle to derive the equation of motion of a particle 
moving in a straight line with potential energy = K/x^ where x is the distance 
of the particle from some arbitrarily chosen origin. 

3. Using Euler’s theorem for homogeneous functions, show that for a 
dynamical system with n degrees of freedom (Cf. eq. 12*2-4) 


^ . dK 
lu 

i=l dQi 


2K, 


^ The modern version of wave mechanics is known as quantum mechan- 
ics. For further reading in this field the following books are rec€>mmended: 
Lindsay & Margenau, “Foundations of Physics” (Wiley, 1936), Chap. 9; 
G. E. M. Jauncey, “Modern Physics” (D. Van Nostrand, 3d ed., 1948), 
Chap. 17; L. Pauling and E. B. Wilson, “Introduction to Quantum 
Mechanics” (McGraw-Hill; 1935). 
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H. Consider a conservative system. Define 

Pi 


iE 

dqi 




as the generalized momentum associated with qi. Taking the qi’s in turn as 
the rectangular, spherical and cylindrical coordinates of a single particle, 
evaluate the corresponding pi in each case and comment on its physical 
^ significance. 

5. A particle of mass m moves along the x axis in simple harmonic motion. 
Calculate the time integral of the Lagrangian function over the actual dynam- 
ical path a; — A sin cat from t — Oto t = T/ij where T = 2Tr /ca. Consider a 
varied path x — A sin •+• X sin 47ri/!r, which has the same end points as the 
dynamical path at i == 0 and i = T/4, if X is a constant parameter. Find the 
time integral of the Lagrangian function over the varied path from t ~ 0 
to t — T/4: and compare with the previous result. 

Connect this with the fundamental physical signi- 
ficance of Hamilton's principle. 

6. Use Lagrange’s equations to determine the 
motion of the masses in the frictionless pulley set-up 
shown in the accompanying figure. The movable 
pulley P 2 has mass 2m. 

7. Referring to Fig. 12-5, let the surface AB be 
completely rough and replace the particle m by a 
circular cylinder of mass m which can roll without 
slipping down the plane. Determine the motion 
of wedge and cylinder by the use of Lagrange’s 
equations. 

8. For a conservative system consider the expression 



S == tl pS - L; 

where L is the Lagrangian function and pi is to be interpreted as in Problem 4. 
Show that H is a function of the pi and qi alone. Further show that H is con- 
stant in time and that it equals If + V, i.e., the total energy of the system. 
Finally show that 

d'H . dH 

— -Pij IT 
dq i ^Pi 

H{pi,qi) is called the Hamiltonian of the system, and the foregoing equations 
are called the cawonfcaLequations of motion, or the equations of motion in 
Hamiltonian form. They have proved particularly valuable in the application 
of mechanics to atoimc structure problems. 
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9. Show that for the simple harmonic oscillator of mass m and stiffhess 
constant h, the Hamiltonian is 

TT _ ^ 

2m 2 

Obtain the canonical equations. Work the same problem for the central field 
motion in spherical coordinates. 

10. According to Fermat's principle, the ray of light from any point A to 
any other point B in space can be determined by the assumption that the time ^ 
of travel from A to H is a minimum. Show that this leads to the experi- 
mentally observed laws of reflection and refraction of light at a plane surface. 
Show that Hamilton's principle applied to a light particle or photon of energy 
hv is equivalent to Fermat's principle. 

11. If a spherical light wave starts at time ^ = 0 to move with velocity c 
from the origin of a fixed system of axes {x,y^z)j at time t (as measured in this 
system) it will have reached the surface of a sphere whose equation is 

4- 2/2 + 22 - = 0. 

Show that the equation of this sphere has the same form in the system of axes 
{xqj 2 / 0 , «o) moving with respect to the first with constant velocity v along their 
common z axes. (The origins of the two systems are assumed to pass each 
other at time i = i^o = 0.) That is, using the Loren tz-Einstein transforma- 
tion equations (12-4-2), show that the expression above becomes 

Xq^ “h 2/0^ “b 2^0® — = 0. 

Note that the theory of relativity supposes that c is a universal invariant. 
Comment on the physical significance of the result of the transformation. 

12. Consider a group of plane harmonic De Broglie matter waves moving 
in the z direction with frequencies included in the range v — 5*^ to v + 
where v is a mean frequency and bv <SC v. Any particular wave in the group 
may be represented by 

A (. + t) cos 2x(. + .)[«- . 

where + « is the frequency and e ^ The velocity of the wave is F(z^ 4* e) 
and is supposed to be a function of frequency. Consider particularly two 
waves in the group for which e == ei and e 2 respectively. Show that if they 
agree in phase at some point 2 at a certain this point of phase agreement will 
move with velocity 




dv 

the group velocity of the group of waves. Prove that for the case of Be Broglie 
waves U = y, where v is the velocity of the particle represented by the wave 
group. 



SUPPLEMENTARY PROBLEMS 



1. Use the method of dimensions to derive the functional dependence 
of the period P of a simple pendulum on g and the length of the string. Dis- 

^cussion: Recall that with every mechanical quantity there is associated a 
dimensional formula involving the three fundamental dimensions of mass, 
length and time, represented symbolically by ilf , L, and T. Thus the dimen- 
sional formula for velocity is L/T or LT~^; that for acceleration is LT~^; that 
for force, MLT~\ etc. To have physical meaning, every equation in mechanics 
must be consistent dimensionally; that is, both sides must have the same 
dimensions. 

In the present example, if I = length of string, m = mass of bob and 6 == 
angular amplitude of swing, assume that P is represented by the formula 

P = 

P has the dimensions of T and hence the right-hand side must have the same 
dimensions. From this fact find the relations that x, z, u must satisfy in 
order to make the equation dimensionally consistent. Thus show that 
P cc a/ l/g. The factor 27 r in the actual formula is undetermined by the 
dimensional method. It is, of course, dimensionless. For a detailed account 
of dimensional analysis, see the interesting book by P. W. Bridgman Dimen- 
sional Analysis (Yale University Press, 2d ed., 1931). 

2. Derive the functional form of Kepler’s third law by the use of the 
method of dimensions. Do the same for Jurin’s law for the rise of a liquid in 
a capillary tube (Sec. 11-8). 

3. Show that when a mass particle moves in a circular path with a constant 
speed equal to that which it would gain in freely falling under gravity a dis- 
tance equal to one-half the radius of the circle, the centripetal force on the 
particle is equal to its weight. This result is due to Huyghens (1629-1695) 
and is of considerable historical interest since it marks the beginning of the 
clear distinction between mass and weight. 

4. A particle is constrained to fall under gravity from the highest point 
of a vertical circle along a chord of the circle. Prove that the time of descent 
is the same for every chord passing through the highest point. Prove also that 
the time of descent from all points on the circle is the same along the chords 
from those points passing through the lowest point of the circle, 

5. Consider the parabola with equation t/ — a — kx^ with the xy plane 
vertical. A particle moves from rest under gravity from the focus. If it is 
constrained to move along some line extending from the focus to the parabola, 
find the equation of the line along which it will meet the parabola most quickly. 
Show that the length of this line is equal to that of the latus rectum. 
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6. A particle moves in a circle of radius B under the attraction of a fbrce 
varying inversely as the square of the distance from the center of the circle. 
Use the expression for the centripetal force to derive Kepler’s third law of 
planetary motion for this special (i.e., degenerate) case. 

7. In the motion of a comet about the sun in a parabolic orbit, prove that 
the comet crosses the orbit of any given planet with a velocity V 2 times that 
which the planet has at the same place (assuming that the orbit of the latter 
is approximately circular). 

8. The solution of Kepler’s equation [Sec. 3-8, eq. (3*8-25)], viz., 

M = K — € sin Ej 

where E is the eccentric anomaly, e the eccentricity and M the mean anomaly, 
is of great importance, both in celestial mechanics and in the Bohr theory of 
atomic structure. The desired solution consists in finding as a function of 
M and hence of t. This is equivalent to finding the radius vector r as a func- 
tion of t. Indicate how a graphical solution may be obtained by plotting a 
sine curve and a straight line and getting their point of intersection. In this 
way construct graphical plots of K as a function of M for values of e = 0.1, 
0.3, 0.5, 0.8. 

9. A particle moves in an elliptical orbit in a central field of force varying 
inversely as the square of the distance from the force center (one focus of the 
ellipse). Calculate the time average of the radius vector in terms of the major 
axis and eccentricity of the orbit. Apply numerically to the case of the earth 
and sim. 

10. A particle moves in an elliptical orbit in a central field of force varying 
directly as the distance from the force center (the center of the ellipse). 
Calculate the time average of the radius vector in terms of the constants of 
the orbit. What is the expression for the period of revolution in this type 
of motion? Mention a physical illustration of this motion. Cf. Sec. 3*5. 

11. A particle moves in a plane orbit with polar eciuation 

T — — j 

1 — € cos y$ 

where 7 is a dimensionless constant very close to unity. Show that this orbit 
represents an ellipse of eccentricity e and parameter p, whose perihelion slowly 
rotates. Find the rate of perihelion motion and make a sketch of the orbit. 
Assuming that the particle moves in a central force field, find the expression 
for the law of force, and in particular note the deviation from the inverse 
square law. All the planets show this perihelion motion to a certain extent, 
that of Mercury being the largest (574 seconds of arc per century). Classical 
Newtonian mechanics has been unable to account for the whole of this as being 
due to the perturbing influences of other planets. The theory of gtineral rela- 
tivity of Einstein has seemingly removed the difiiculty (cf., e.g., G. E. M. 
Jamicey, Modern Physics,” p. 460). It is interesting to note that the appli^ 
cation of special relativity mechanics to the motion of an electron about a 
nucleus in the Bohr theory leads to an orbit of precisely the form indicated 
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aboVe with y = Vl — ^Tr^e^Z^/k%'^c% where e is the charge on the electron, 
Z is the number of positive charges on the nucleus, c is the velocity of light, 
h is Planck's constant, and k is any integer. See Ruark and Urey, ^'Atoms, 
Molecules and Quanta," p. 132. 

12. A/lbrce F = iFo 4* jkte'^^ acts on a particle, where Fo is constant and 
equals 10/c dynes, a — 1/20 sec”^ and k = 200 dynes/sec. Find the momen- 
tum produced (direction and magnitude) in 1/10 second. Plot the magnitude 
of F as a function of t. 

^ 13. An alpha particle with initial velocity 2 X 10^ cm/sec is shot directly 

at a nucleus of atomic number iV == 80 (i.e., charge on the nucleus is 80 e): 

(a) Assuming that the nucleus stays at rest, find the minimum distance of 
approach. 

(b) 'ViHbat is the potential energy of the alpha particle at the TninimmYi 
distance? 

14. Find the way in which the central force must vary with the distance 
from the force center in order that a particle may describe the equiangular 
spiral 

T - 6 ®^ 

the force center being assumed to be at the pole {a is a constant). Use the 
law of areas to find the expression for the resultant velocity of the particle as 
a function of r. Solve the same problem for the spiral of Archimedes for 
which r = ad (a is again a constant). 

15. A particle of unit mass moves under the influence of no force save a 
resisting force of the form A Bt where A and B are constants. If the 
particle comes to rest in time to, find the total distance traversed and show 

/ to 

t(A Bt) dt. Try to generalize this result, 

16. In a straight rod of length Ij the line density varies linearly from po at 
one end A to pi at the other end B, Find the mass of the rod and the position 
of the center of mass. Also find the gravitational force with which the rod 
attracts a unit mass at point P such that PA is perpendicular to the rod and 
equal to h. Through what point of the rod does this force pass? 


17. Find the law of density distribution in a sphere so that its attraction 
for a particle on its surface shall be independent of the size of the sphere. 

18. A particle of mass m moves in a straight line subject to an attractive 
force directed toward a fixed point on the line and var3ring inversely as the 
square of the distance from the point. It is assumed to start from rest at 
distance a from the fixed point. Discuss the motion and in particular find the 
possible energy values of the motion consistent with the Bohr quantum con- 
dition ^ mx dx - nh (Sec. 3-9 and Sec. 4-4). These paths are the so-called 

pendulum orbits " of the Bohr atomic theory. It should be shown that the 
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quantized energy values agree with those obtained for elliptical motion i^ an 
inverse square field for m + «2 = n. Physically speaking, these orbits are 
ruled out since they involve collision with the force center, i.e., the nucleus in 

the atomic problem. 

19. An electron moves in a quantized elliptical orbit about a positive nucleus 
as in* the Bohr theory of the hydrogen atom. Find the expression for the 
fraction of the whole period of revolution which the electron spends on the 
average in a spherical shell of thickness dr at distance r from the nucleus. 
Hint: Use the expression for the eccentric anomaly, Sec. 3-8. Hence show"" 
that if the electron’s motion is assumed to be equivalent to a spherical dis- 
tribution of negative charge about the nucleus the cLveragc fraction of the total 

er dr 

charge e in the spherical shell dr at distance risde - 

Plot the distribution function. Integrate over r to get the total charge; this 
of course should be e. 

20. Calculate the expression for the potential produced at any point distant 
r from the nucleus by the spherical distribution of the previous problem (Prob- 
lem 19). Note: Electrical potential is calculated in the same way as gravi- 
tational potential. Care should be taken to distinguish between the potentials 
due to a given shell at points inside and outside the shell (Sec. 4*5). Use 
appropriate numerical values and plot the potential as a function of r. 

21. Find the force acting on a particle of unit negative charge at point r in 
the field produced by a positive nucleus and the spherical distribution of 
negative charge described in Problem 19 above. This type of calculation 
has been of value in the Bohr theory of the structure of atoms with more than 
one electron. (Consult Ruark and Urey, p. 200.) 



1 2r 

7ra® i 

1,2 _ 1 + 

V a a- 


22. Use Gauss’ law (Sec. 4*6) to show that Laplace’s equation, viz., 


aw aw aw 

ax^ dy^ dz^ 


in spherical coordinates (x - r sin d cos <l>j y ^ r shx $ sin z ^ r cos B) be- 
comes 

1 a / aF\ , 1 B / av\ ^ i aw ^ 

r^ dr \ arj sm edd\ dB J r^ sm^ 8 


Hint: Apply the law to the volume element in spherical coordinates, viz., 
sin 6 d& d<f> dr, whose surface consists of two spherical elements, two conical 
elements, and two plane elements. ^ 

23. A sphere of radius a contains electric charge distributed throughout 
its volume with constant density p. Use Gauss’ law (Sec. 4*6) to obtain the 
magnitude of the electric intensity due to this charge distribution (i.e., the 
force on a unit charge) at any point distant r from the center of the sphere. 
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Thi>^ show that for a point inside the sphere, the intensity has the magnitude 

- -L - j while outside it has the value • ■ • Hint: Recall Coulomb law of 
3 

force for electric charges and compare with the gravitational analysis of 
Secs. 4*5 and 4*6. 


24. In the preceding problem (Problem 23) calculate the electric potential 
(Sec. 4*3) for a point distant r from the center of the sphere both inside and 

outside. Thus obtain Vi = — |7rp(3a2 — r^) and Fo Prove that 

^ 3r 

these satisfy Poisson’s and Laplace’s equations respectively [eqs. (4*6-13) and 
(4-6-14)]. Hint: Use the latter expressed in spherical codrdinates as in Prob- 
lem 22 above. Work the same problem for the case of gravitational attraction. 


25. A sphere of radius a contains electric charge distributed throughout its 

15Q 

volume with density p - k(a^ — r^). Show that k - - — j where Q is the 

total charge. Find the magnitude of the electric intensity at points inside and 
outside the sphere and do the same for the potential. Check by substitution 
into Poisson’s equation. 


26. Consider a conducting sphere of radius a. A point charge is placed 
at the point F distant w from the center of the sphere, 0, where u > a. Prove 
that if a charge e' == is placed at a point on OP inside the sphere distant 

^ from 0, the potential at all points on the sphere will be zero. The 

charge e* is called the electrical image in the sphere of the charge e. The use of 
electrical images is very valuable in the solution of problems in electrostatics. 


27. A boat with mass 2 tons (including that of the passenger) is moving 
through the water with an initially constant velocity of 20 ft/sec with respect 
to the shore. The passenger throws a 2-lb ball with an initial velocity of 30 
ft /sec relative to the boat in the direction of motion of the boat. How much 
work does the man do in throwing the ball? 


28. A gun and its carriage of mass M rest on a rough horizontal surface for 
which the coefficient of friction is /x. If the gun is ffied horizontally so that 
the initial velocity of the projectile of mass m relative to the gun is F, ffiad the 
distance which the carriage recoils. 

29. A particle of mass m is acted on by a force F = kr'-’h where ^ is a con- 
stant. How much work is done by the force when the particle moves in the 
xy plane in the arc of a circle from the position 

r = ai 


to the position 


rs = < 


Obtatn the answer in two different ways. 

t 


30. Two forces act on a given particle. Prove that if the sum and difference 
of the two forces are perpendicular to each other, the two forces are of equal 
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magnitude. Prove also that if the magnitudes of the sum and dilffer^nce 
respectively of two forces are equal, the two forces are perpendicular. Hint: 
Use the scalar product of two vectors. 

31. Two electrostatic point charges +2e and —e are at a distance a apart. 
Find the neutral point, i.e., that at which a unit charge would be in equilibrium 
under the action of the two given charges. 

32. A particle is constrained to lie on the convex side of a smooth ellipse 
and is acted on by forces of magnitude Fi and directed toward the two foci 
respectively, and a force of magnitude Fc directed toward the center. In what*^ 
position will the particle be in equilibrium? 

33. A particle is placed at point P distant n, r 2 , . . . from the fixed points 
Ox, O 2 , . . . 0„. Forces act on the particle directed along OiP, O 2 P, . . . 0«P 
and are in magnitude proportional respectively to ri, r 2 , . . . Use the 
principle of virtual work to show that the surface on which the particle will 
be in equilibrium in ail positions is a sphere. 

$ 

34. A flexible cord is suspended from two fixed points on the same hori- 
zontal line. What must be the law of variation of the mass per unit length 
in order that its shape may be a semicircle whose diameter is horizontal? 

35. Prove that the resultant of several non-coplanar couples has a moment 
which is the resultant of the moments of the individual couples. 

36. Find the center of mass of a sector of a plane uniform circular disk the 
arc of which subtends an angle of 30°. Also find its moment of inertia about 
an axis perpendicular to its plane and passing through the center of mass. 

37. A plane ABC intersects the three coordinate axes in the points A, B, C 
respectively, forming the tetrahedron 0-ABC. Four forces act normally to 
the faces of the tetrahedron along the three coordinate axes respectively and 
along the normal to ABC passing through 0. These forces are proportional 
in magnitude to the areas of the faces to which they are respectively normal. 
Prove that they are in equilibrium. Generalize the result to the case of any 
tetrahedron. State the connection between the result of this problem and the 
laws of hydrostatics. 

38. A uniform triangular plate with two sides equal to 10 cm and 15 cm 
respectively and the included angle 30° has a mass of 100 grams. It lies in a 
horizontal plane, suspended from a fixed point 25 cm above the plane by three 
strings attached to the corners. Find the tension in each of the strings. In 
particular find the relation between these tensions and the lengths of the 
strings. 

39. A thin uniform rod has a length I and mass m. It is suspended by a 
vertical thread attached to its center 0. A particle of mass ikf is placed at 
point P distant r from 0 so that OP makes the angle 6 with the rod. What is 
the total force moment about the axis of suspension due to gravitational 
attraction? 

40. A bar magnet of magnetic moment M (equal to where m is the 
strength of the poles, assumed to be concentrated at the ends of the magnet, 
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md 5 is the lengl-L of the magnet) is suspended by a wire perpendicular to the 
lines of force of a uniform magnetic field of intensity H (that is, H dynes per 
unit pole or gauss). Whfit torque or force moment is required to hold the 
magnet at an angle 9 with respect to the direction of the field? How much 
work is done in the motion of the magnet from a position parallel to the field 
to a position making angle & with the field? 

If the magnet has moment of inertia I about a perpendicular axis , through 
the center, find the frequency of the vibrations it will make if displaced slightly 
from its position of equilibrium with respect to the field and then let go. 

41. Prove that the analytical conditions for the equilibrium of a rigid body 
retain the same form if oblique axes are used instead of rectangular axes. 

42. Use the theorem of Pappus on centroids to find the expression for the 
volume of a torus or anchor ring. 

43. A uniform brass cylinder of radius 1 cm and length 50 cm is allowed 
to swing in a vertical plane about one end through an angle of 30° each side 
of the plumb line. Find the period of its oscillations. 

44. A heavy block of wood is suspended by a stiff but massless vertical wire. 
A bullet is fired into the block. Indicate how^ the velocity of the bullet may be 
obtained. Derive the formula 

2(M ni)kv^^ sm 0/2 

V = 

mp 


where: m = mass of the bullet; M = mass of the block; k = radius of gyra- 
tion of the block with the bullet in it; v ^ velocity of the buUet; p = the 
distance of the line of motion of the bullet from the point of suspension of the 
block; h = the distance of the center of mass of the block from the point of 
suspension; 9 = the angle through wdiich the block is deviated from the 
vertical. This arrangement is known as a ballistic pendulum. 

45. A uniform thin lieinispherical shell is constrained to move with its pole 
fixed. Find the equation of the mornental ellipsoid. 


46. A particle is projected wdth velocity V on a smooth horizontal plane. 
Show that because of the rotation of the earth the particle will describe an arc 

'F 

„ of a circle of radius ~ — : — - ? where co is the angular velocity of the earth and 


X is the latitude. 


2w sin X 

Work out a numerical example. 


47. The contour of an elliptical plate of unit thickness has the equation 
+ Bxy + C'?/“ 4 - Dx + By -p F = 0. Find the moment of inertia of the 

plate about a diameter parallel to the x axis. 

' * " 

48. A thin circular slieet of radius r and mass m fails from rest in a vertical 
position to a horizontal floor. If the bottom in contact with the floor does not 
slip, with what kinetic energy "wi!! it strike and what will be the velocity of the 
top end? 
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49. What is the kinetic energy of rotation of a right circular cone-with 
height 1 meter and radius of base 20 cm if it rotates at constant angular velocity 
10 rev/sec about its principal axis? What angular velocity would be necessary 
to give it the same kinetic energy if it were rotated about an axis through the 
vertex perpendicular to the principal axis? 


so. Two particles A and B with masses ma and ms respectively move sub- 
ject only to their mutual interaction. What is true of their instantaneous" 
velocities? Specialize to the case where they are initially at rest. 

If A moves in a circle of radius with constant angular velocity, show that 
must likewise move in a circle with the same angular velocity. What is the 
radius of this second circle? Specialize to the lowest energy state in the Bohr 
model of the hydrogen atom and give numerical values. 

_ 51. Two particles 5 and C with masses ms and me respectively move sub- 
ject only to then mutual interaction. Find the expression for the acceleration 
of a rehtwe to B m terms of the acceleration of C in the reference frame. Find 
the relative fractional acceleration of C. WTiat are its maximum and 
possible values? 

What will be the effective relative mass., i.e., the mass of a particle which 
movmg with the relative acceleration, has the same unbalanced force acting on 
it as acts on B and C themselves? 

52. Prove that p dV, where p is the excess pressure and V the volume, 

represente the work required to compress a fluid from volume Fo to volume V, 

Tf ^ an ided gas and the compression is adiabatic, calculate the work' 

modiflus'*''^ ^ ^ expression for the work by the use of the bulk 

53. The energy of a single molecule of a fluid when in a state of compression 
from volume Vo to volume V may be expressed in terms of the series 


E =Eo + (V- Vo) 


/—') , /d^E\ 

Kdvjo 2 


where Eo is the equffibrium energy in the uncompressed state and is 

to refermg to equilibrium conditions. If equflibrium corref^nds 

to ^m^ mdec^r energy, what value must be assigned to the second^term 
on the nght. Denve the foUowmg expression for the bulk modulus of the fluid 


Von(^), 

\dV‘Jo 


where N is the number of molecules in volume F„. Discuss the physical sig- 
nificance of the requirement which the positive nature of k places on . 
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54. If in Problem 52 the change in volume from Fo to F is that involved in 
the change from liquid to solid state, the work done may be expected to be 
approximately equal to the heat of fusion. Test this hypothesis by application 
to the following substances: lead, bismuth, ethyl alcohol, and tin. 

55. The critical temperature of a substance may plausibly be defined from 
the kinetic theory point of view as the temperature for which the average 
energy per molecule equals the energy required to separate the molecules com- 
pletely. The latter may be calculated from the result of Problems 52 and 53. 
^hus get an estimate of the order of magnitude of the critical temperature of 
water on this hypothesis. 

56. A possible equation of state of a liquid has been given in the form 

p(V - Fo) - ZNkT, 

where Fo is the minimum possible volume for the closest packing of the mole- 
cules. The other symbols have their usual significance as in Chapter VI. 
How does the pressure vary with depth for such a liquid under isothermal 
conditions? 

57. From the standpoint of the quantum theory light is looked upon as 
being corpuscular in nature and composed of particles called ‘‘photons,'^ 
which have no mass but carry energy hv and momentum hv/c, where v is the 
frequency of the light, c is the velocity of light and h is Planck's constant 
(see Sec. 124). Thus any change in the energy and momentum of a photon 
involves an alteration in the frequency of the corresponding light. Suppose 
that a photon of frequency pq moving along the positive x axis collides with an 
electron at rest with respect to a certain set of rectangular axes. After collision 
the electron moves off with velocity v in a direction making angle d with the 
positive X axis, while the photon travels in a direction making angle <^> with the 
same axis. The mass of the electron at rest is mo, while the mass in motion 
with velocity w is m = mo/Vl - (from the theory of relativity. See 
Sec. 124). The kinetic energy of the electron, which in this case is its total 
energy, on the theory of relativity is (m -* mo)c^. Set up the equation which 
expresses the conservation of energy for the system consisting of the photon and 
electron, and the two equations expressing the conservation of momentum of the 
system along and perpendicular to the x axis. Solve the three equations for 
Vj and B in terms of vq, Wo, and 4>. In particular find 



^ 1 + hpo/mac^ • (1 — cos <i>) 

Hence find for the change in wave length of the photon (X - c/p) due to the 
collision: 

# c c h V 

* AX — (1 — cos<^). 

p pq moc 

The so-called CoOTpioft effect in the scattering of X-rays by light elements^ is 
described by the theory here indicated (see Ruark and Urey, Atoms, Mole- 
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cules and Quanta/’ p. 84 £F.). It is interesting to observe that in this collision 
problem we invoke the conservation of energy as well as of momentum, in 
contrast to the assumption used in the study of collision problems in classical 
mechanics. 


58. Discuss the motion of the bob of a simple pendulum in a medium which 
resists the motion with a force varying directly as the velocity. Also discuss 
the case where the resisting force varies as the square of the velocity. ^ 

59. A bead moves on a smooth circular wire of radius a; the plane of the 
wire is inclined at an angle (j} to the vertical. Find the frequency of the small 
oscillations of the bead about the lowest point of the wire. 

60. The motion of the bob of a simple pendulum when first observed has 
an amplitude of 6 cm. Eight minutes thereafter the amplitude of swing has 
decreased to 4 cm. Find the decay modulus. How long a time must elapse 
before the amplitude has diminished to 2 mm? If the length of the pendulum 
is 50 cm, calculate its natural frequency and compute the error involved in 
neglecting the effect of the dissipation. What is the logarithmic decrement? 

61. In a special arrangement of Atwood’s maeliine both particles have the 
same mass, so that the system is originally in equilibrium. One of the particles 
is then pulled aside a short distance in the original plane of the system and 
allowed to swing in this plane as a simple pendulum. Discuss its motion. 

62. A perfectly flexible string of length I and line density p is stretched with 
tension r. Show that when it is displaced transversely, the total kinetic 
energy and total potential energy (neglecting dissipation) may be expressed 
in the following way 

T = I p|2 dx, 



Here ^ represents the displacement at distance x along the string from one 
end chosen as origin. Taking the solution for a progressive wave along the 
string, i.e., ^ = A cos (co^ - kx ) (from Sec. 10-5), evaluate T and F. 

63. Consider a perfectly flexible circular membrane of radius a which is 
fixed at the periphery. Imagine it depressed by a uniform pressure p. If the 
superficial tension, i.e., force per unit length (Sec. 11-8), is r (assumed to 
rei^m constant under the displacement), show that the displacement of a 
point on the membrane distant r from the center is given approximately by 



Hint: Discuss the static equilibrium of the ring element 27 rr dr. What is the 
maximum displacement |o and what is the shape of the deformed membrane? 


SUPPLEMENTARY PROBLEMS 


419 


64* Find the expression for the total kinetic energy of the membrane in 
the previous probiem (Problem 63) if it is depressed and let go, assuming that 
fis always given by the expression above, and that the instantaneous velocity 
of the center is |o. In this way prove that the effective mass of the membrane 
is one-third of the actual mass. N.B. The effective mass, me, is that for which 
is equal to the total kinetic energy. 

65. Referring again to Probiem 63 show that the potential energy of the 
circular membrane to the approximation there assumed is 


__ Sttt / o2\ 


^0^ 
— J 
2 


so that the effective stiffness coefficient of the membrane is / ~ 2Tr. (N.B. 
The effective stiffness coefficient is that such that is equal to the total 


potential energy.) 
membrane is vq = 


Hence show that the natural frequency of vibration of the 
1 / 6r 

' where p = density of membrane material. It 

27r \ par 

should be noted that the last three problems refer to an approximate theory 
of the circular membrane. According to the more exact theory, the membrane 
has a whole set of natural frequencies (recall the stretched string) of which pq 
is a first approximation to the fundamental. (See Stewart and Lindsay, 
Acoustics, p. 202.) 

66. A perfectly flexible string of length I is stretched in a horizontal line with 
tension r and loaded at equal intervals a with 7i particles of mass m, so that 
(n + l)a = One of the masses is displaced slightly in the vertical plane. 
Using the general method of Sec. 9-8 write the equations of motion of the sys- 
tem, assuming that the mass of the string itself is negligible. Show that if the 
vertical displacements of the particles are denoted by gi . . . respectively, 


Qi 


= £ -^^sin 

k^l 


(J — l)k7r ^ 
-f- 1 


cos (cOkt -f €Jfc), 


Ci 


where j runs 
provided that 


from 1 to n, satisfies the equations, 




r . kir 

— sm ‘ — ' 

ma 2{n -f 1) 




m2 


The latter are known as the characteristic frequencies of 
the loaded string. Compare with the special case of 
Sec, 9*8. Take a special case and calculate numerical 
values., ■" 

67. In the diagram mi and m 2 are masses joined to the 
rigid suppo|ts Cl and C 2 respectively by the two springs 
with stiffness fi and A respectively. Moreover, the 
masses are joined with a spring of stiffness /. Assum- 
ing that the motion of the masses is confined to the vertical direction, write 
the equations of motion of the system when it is given a slight displacement 
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from equilibrium. Neglect the mass of the springs. Determine theij fre- 
quencies of the motion. 

68. The diagram indicates a massless, inflexible rod, 1 meter in length 
hinged at one end and carrying a mass m = 500 grams at the other end. The 
rod is supported by a vertical spring of stiffness 1 kilogram wt per cm attached 




If 




25 cm from the hinge. When the mass m is displaced vertically a miall dis- 
tance and let go, the amplitude of motion is found to be reduced to l/eth of its 
original value in 10 sec. 

(a) What is the natural frequency of the vibrations of w? 

(b) What is the logarithmic decrement of the motion of m? 

(c) If the system were to be driven at its resonance frequency by a periodic 
force with a maximum value of 100 grams wt, at what rate would it dissipate 
energy? 

69. Consider a pair of coupled oscillators like those described in Sec. 9-8 
and for which the displacements are given by 

1^1 = A cos ((tilt -}- € 2 ) +5 cos (cti 2 t -f* € 2 ), 

I 2 == A cos (ctiii -f € 1 ) - B cos (cti 2 i + € 2 ). 

Suppose the system is started from rest by giving the first component the initial 
displacement fio while the second has zero displacement. Show that the 
resultant motion can be expressed in the form 

r _ f ("1 + “ 2 ) , (mi — ua) 

Jl = €10 cos ( ■ cos — - 1, 

t !■ • (“1 + “ 2 ) , . (ui — ws) 

h = -iio sm i t . sin 


Discuss the physical significance of this result. 

70. The pomt of suspension of a simple pendulum moves with constant 
velocity m a circle m the plane of the pendulum’s motion. Write the equa^ 
tions of motion and solve them for the case in which the circle is very small. 

71. A condenser of capacitance C is charged through a resistance iJ by a 
constant source of e.m.f. Find the relaxation time, i.e., the tiine required 
for the charge on the condenser to rise to within 1/e of the static value. 

72. Write the relaxation equation (Cf. eq. 9-2-47) corresponding to the 
imposition of a constant excess pressure p. on a fluid of mean density po. This 
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is th^ differential equation for the excess density pe. Find the expression for 
the relaxation time. 

Do the same problem when the excess pressure is a harmonic function of the 
time and solve to find pjpe in terms of the relaxation time. What physical 
significance can be associated “with this ratio? (Of. eq. 11-6-37.) 

73. A uniform steel cylindrical rod of length k and radius a is suspended 
horizontally at its mid-point from a steel wire of length h and radius 6. Find 
the ratio of the number of oscillations per second of the bar (eq. 10-2-18) 
^t temperature Ti to the number at temperature T 2 . Consult physical 
tables for necessary numerical data. 


74. Given t'wo homogeneous media separated by a plane boundary. Let 
us suppose that ail particles move in the first medium in straight line paths 
with constant velocity Vi and in the second medium with constant velocity 72 . 
Find the path of a particle between point A of the first medium and point B 
of the second medium satisfying the condition that it shall be traversed in the 
minimum time. (Note : This is the famous principle of Fermat for the propa- 
gation of light. It should be shown that Snell’s law of refraction follows from 
the condition cited.) 

75. A cubical box of side a is supposed to be filled with electromagnetic 
radiation in the form of plane harmonic waves which, however, must satisfy 
the boundary condition that the displacement is zero on ail faces of the box. 
Show that the allowed frequencies are given by 

V - ^ V ni^ -b 712^ + 713^ 

2a 

where c = velocity of the waves, and ni, 712 , ns form a set of any three 
integers. Hint: Use the expression for the characteristic frequencies of a 
stretched string (Sec. 10-5). 

76. Referring to the previous problem (Problem 75) prove that the number 
of possible modes of oscillation inside the cubical space having frequencies 
included in the frequency region v iov A- Ay is given by 4iraVc® • v^Av. Hint: 
Represent each possible frequency by a point in a three-dimensional lattice 
space with coordinates the integers ?^l, ?^ 2 , nz. The number of such points 
lying in any given volume of this space will be numerically equal to the volume, 
approximately. If each mode of oscillation has attached to it the amount of 
energy kT (where T is the absolute temperature and k is Boltzmann’s gas 
constant), show that the energy density of the radiation in the frequency inter- 

^TCV^kT 

val y to y -h Ay is AEy Ay. Express this in terms of wave length. 

This gives tjie Rayleigh- Jeans law for the frequency distribution of energy in 
the radiation from a perfect radiator of electromagnetic radiation (i.e., a black 
body). Unfortunately the result does not agree with experiment. This dis- 
crepancy was instrumental in the introduction of the quantum theory by 
Planck in 1900. 
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77. The displacement in a plane harmonic acoustic wave progressip.g in 
the X direction may be written in complex form as § — where A is 

the amplitude, w = 27rz^, where v is the frequency and k — oy/c, where c is the 
wave velocity. Find the expression for the ratio p/i, where p is the excess 
pressure in the wave and J? (the so-called volume current) = Sii S being the 
area of cross-section of the wave front. This ratio is called the acoustic imped- 
ance of the wave. Hint: Use the definitions and theory in Sec. 11*6. 


78. A plane harmonic acoustic wave ^ == Ae^Cc^t-Kx) progresses through a 
cylindrical tube of cross-sectional area Si in the x direction (i.e., from left tq 
right). At a certain point there is an abrupt change in the area of cross-section 
from Si to S 2 . Show that the fraction of the incident energy at the boundary 

• For this purpose utilize the boundary con- 


ditions that at the boundary there exists continuity in pressure p as well as in 
volume current A, Assume that there is no wave in the negative x direction 
in the tube to the right of the boundary. 


79. Show that the wave equation for spherical acoustical waves diverging 
from or converging to a point may be written in the form 




, dHr0) 

dfS 


where <}> is the velocity potential and r the distance from the point in question. 
Hence show that the general solution has the form 


4> IMct - r) i-Mct A r)]. 

T 


Considering the velocity potential for spherical harmonic waves in the form 

r 

deduce the expression for p/A (see problem 77), i.e., the acoustic imped- 
ance, and compare with that for a plane wave. What is the limiting value 
of the acoustic impedance of the spherical wave as r — > co ? 

80. A torsional wave travels along an infinitely long uniform cylindrical 

solid rod. Show that the velocity of propagation is 's/jj./'pj where p is the shear 
modulus and p is the density. 

81. A conical horn is in the form of the frustum of a right circular cone with 
slant height h. If both ends of the horn are open, show that its characteristic 
or resonance frequencies for spherical acoustic waves are given by v = ncl2h 
where n is any integer. Compare with the case of the stretched transversely 
vibrating string and with the cylindrical organ pipe. 

82. Harmonic acoustic waves pass through a tube with rigid wails and of 
varying cross-section S (i.e., a horn). The diameter is supposed to be every- 
where smaller than the wave length. Show by setting up the equation of 
motion and the equation of continuity for the fluid (e.g., air) in the tube and 
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by making the usual acoustic approximations (Sec. 11-6) that the approxi- 
mately valid differential equation for the acoustic excess pressure in the tube Is 


S dxdx 


-f K^p = 0, 


where k = 27 r/X — 2'irp/c in the usual notation. Solve this equation for the 
special case of a conical tube. This differential equation is basic for much of 
modern acoustical horn theory. 

^ 83. A semi-infinite solid rod of cross-sectional area S is traversed by har- 
monic compressional elastic waves of frequency p in both directions. Show 
that the complex volume current Jt (i.e,, product of particle velocity | and 
area S) and the complex excess stress T (due to the waves) at any point may 
be represented by 


Jt = I*! 


cos KX H sm Kx 

poc 


where and Ti are the complex volume current and excess stress at a; = 0 
respectively, po =*= mean density of the material of the rod and c =» velocity 
of the waves. As usual, k = 2x/X = w/c = 2'Kvfc. 

84. The solid rod in the preceding problem (Problem 83) is loaded at equal 
intervals of length 21 with concentrated weights of mass m. By setting up the 
usual boundary conditions (see Problem 78 above) involving continuity of 
pressure and volume current, and making use of the recurrent nature of the 
structure show that, if Xn and Tn are the volume current and excess stress 
halfway between the (n — l)st and nth loads, we have the relations 


where cos W = cos 2d 


Hence show that the structure be- 


haves Mke a low frequency pass filter for compressional waves, allowing the 
free transmission only of those waves whose frequencies satisfy the condition 

—1 ^ cos IF ^ 1. 


85. The accompanying schematic diagram represents an infimte succession 
of cylindrical tubes of cross-sectional area Si and Si respectively and lengths 


li and h respectively. If plane harmonic waves travel along this structure in 
both directions, show by the use of boundary conditions as in Problem 78 that 
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the structure is a low pass jfilter and find the conditions for transmission and 
attenuation bands. 

86. The accompanying figure represents a section of an elastic fluid medium 
extending in the x cfirection. Consider the two elements of length AB and BC 
both equal to Arc. If the medium is given a small displacement so that the 


A A' B B' C C' 

“T — i 1 1 — i r" 



Ax Ax 


layer at A moves through show that there is a change in density such that, 
in the displaced element A'B', the density is to a first approximation 


Po 


1 + 




where po is the mean equilibrium density. Find dp and (by the use of Hooke’s 
law for longitudinal extension) deduce the equation of motion in the rc direction 
in the form 


l‘ = F/po- 



To what form does this reduce when 
icance of this. 


dx 


« 1 ? 


Discuss the physical signif- 


87. Two waves of intensity Ii and Jo respectively are said to differ by D 
decibels if 

D — 10 logic Ji/ Jo. 

When the intensity of a wave diminishes through absorption by the medium, 
the intensity J at distance r from the place where the intensity is Jo is given by 

J - 


Find the loss in decibels per cm (db/cm) in terms of a. Apply to Problem 29 
of Chapter XI. 


88. The surface of a liquid is in the form of a cylinder of length ^ and radius 
R, Show that the internal pressure necessary to keep the liquid cylinder in 
equilibrium is T^r/iS, where is the surface tension. 
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89. <^An air bubble is formed in water by forcing air through a vertical tube 
whose open end is 2.91 cm below the water surface. The radius of the tube 
orifice is 0.025 cm. If the excess pressure in the bubble at the moment of its 
breaking away, as measured by a manometer, is 9.15 cm. of water, find the 
surface tension of the water. 

90. A thin circular disk of radius a is suspended so that its lower surface 
touches a liquid which wets it. Show that the force with which it is necessary 
to puli upward to remove the disk from the liquid is given by 2TaWpgT\, 
T^iere p is the density of the liquid, g is the acceleration of gravity and Ts is the 
surface tension. Carry out the numerical calculation in the case of water for 
a disk of radius 10 cm. 

91. According to Rayleigh Theory of Sound, par. 353) the velocity of 
surface waves of moderate amphtude in an ideal, incompressible fluid under 
gravity and surface tension is given by 


c = V {g/k -b Tsk/p) tanh kl, 

where I = depth of fluid, == surface tension, p = fluid density, k - 27r/X, 
where X = wave length, and g == acceleration of gravity. 

If the fluid is water, find the expression for the group velocity for the follow- 
ing special cases: kl<Kl; and )>> 1. Specialize the second case to both large 
and small X. Introduce numerical values where possible. Conament on the 
physical significance of the results. 

92. Show that the differential equations of the stream lines of a fluid in 
steady flow are 

dx dy dz 


where u, Vj w are the rectangular components of flow velocity. If one confines 
one^s attention to two-dimensional flow in the xy plane, find the stream lines 
corresponding to u Cy and v = —Cxj where (7 is a constant. 

93. How will the Poiseuille formula for steady flow of a viscous fluid through 
a cylindrical tube (eq. 11*7-8) be modified if the viscosity is a linear function 
of the flow velocity, i.e., = 770 -b Cu, where (7 is a constant? 


94. Starting with the Newtonian equation of motion for the case of one 
degree of freedom and assuming that the force is conservative, derive Hamil- 
ton’s principle, i.e., show that 

5 I (!r~ 7) df-0, 

■ ■ JtQ 

the variation having the meaning of Sec. 12*1. 
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95. Show that Hamilton's principle for a conservative system imy be 
stated in the following form: A conservative dynamical system moves in such 
a way that the time average of the potential energy over any time interval 
differs least (or most) from the time average o£the kinetic energy over the 
same interval. Find the expressions for T — V in the special cases of the 
harmonic oscillator, motion in a uniform field and motion in a central inverse 
square field. 

96. The Hamiltonian for a simple harmonic oscillator of mass m and stiff- 
ness h is (see Sec. 12*2 and Problems 8 and 9 at the end of Chapter XII) 



+1,’. 


where q is the coordinate and p the conjugate momentum. Introduce the 
transformation from the coordinates p, q to P, Q where 



p = V2?^ V P cos Q. 


Here w is a parameter. Find the form of the Hamiltonian in the new co- 
ordinates, and show that the canonical equations of motion 

dH dH . 

dq ~~ dp ^ 

now become 

P — Q = cot 

where a and ^ are arbitrary constants and w = \/k/m. Hence show that the 
solution to the problem is 

^ mo) \^i m / 

The transformation here considered is called a canonical transformation and is 
of much importance in problems of atomic mechanics, 

97. From the theory of relativity show that the total energy of a free 
particle can be written in the form 

J^2 — ^ moV, 

where p = the momentum w, and m is the variable mass. What is the 
momentum of an electron with 2 X 10« electron volts energy? (The electron 
volt is the energy gained by an electron in falling through a potential difference 
of 1 volt.) 

98. Write and solve Lagrangeh equations for a particle which moves in a 
plane subject only to a constant force in the x direction. 
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99? Mass particles mi, m2, m3 are attached to a vertical flexible string as 
indicated in the diagram. If the particles are displaced arbitrarily from the 
vertical equilibrium position (in the same plane) and ' 
released, write Lagrange’s equations for the sub- ^ 
sequent motion. jV 


100. Show from the discussion in Sec. 124 that 
the wave mechanical Schrodinger equation for a 
j>artiele moving along the x axis in a constant poten- 
tial field (i.e., no resultant force) is of the form 


where F = constant potential energy and E = total 
energy. Solve this equation and find the values of 
E which are allowed by the condition that ^ — i 
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CHAPTER I 


1. (a) V (X 2 — + (^ 2 ^- ^3^; (b) Vn^ + 

(c) V (a ;2 — + (y 2 


• 2 f ir2 cos (^1 — 02) ; 


yi) cos 60 . 


yiy + 2ix2-xi)(y2' 

2, x' == X cos 6 + y sin 6; y' — y cos 0 — x sin 0. 

5. 47 r^^l + g^^ meters/see^ approximately. 

7. Angie with the north is 27^41'. 

10, 50 cm/sec; 100/\/2 cm/sec. 

12. 4.1 X 10^® rad/sec. 

100 

15. Velocity after collision = cm/sec in direction making angle 

0 = arc tan I* with y axis. Initial kinetic energy = X 10® ergs. 
Final kinetic energy = f X 10® ergs. 

16. Acceleration of mi relative to m 2 = ai(l + mi/m 2 ), where ai is 
acceleration of mi in the fixed reference system. 


CHAPTER II 


3 . ~ V2gh; AMhm/h. 
k 


6. If particle starts from rest at the origin, 

X = VW/k log cosh t; v = V¥/k tanh t, 
if A == resisting force c oefiicien t. 

a. Simple harmonic; tt VS/4:7rGp; where p is the density of the sphere 
and 6^ the constant of gravitation. 

10. A VsA 

12. 4.8 Vi^ X 1 0^ cm /sec. 

15. Time is Vm/I. 

CHAPTER m 

1. 78 sec; 1.7 X 10® ft. 

Total length of path 

COS^ 0 r / T— ^ , r » /m T.ltme-^gRMcoBie 

_CC^ j-^ VI + + log {u + V 1 + 


3. t;o/2g sin a. 


2g 


m 



430 


ANSWERS TO SELECTED PROBLEMS 



5. Mass of sun: 2X 10®^ grams (approximately); mass of earth.: 
6 X 10^^ grams (approximately). 

6. Ellipse with, center at force center. 

7. Inverse cube. 

10. 2 X 10^° grams. 

IS. Inverse 5tb power attraction. 


CHAPTER IV 


1. i(M + pl/S)^M^ where is the velocity of the particle. 
■3* ^max ~ 20 cm; ~ 200 V^To cm/sec. 


6 . 


7. 


9 . 


Curve is an ellipse with center at origin. 

zr — ^ . jjr _ 1 

'max ^ 'min 

where Jc = area constant = ac(l ~ e^)/m, where a = semi-major 
axis and e = eccentricity, c = Ne^ for electron moving about 
nucleus with charge Ne, or G7nM- for gravitational attraction to 
mass M, 

54 electron volts (it is assumed that the atom is in its lowest energy 
state to begin with). 

Energy states corresponding to principal quantum numbers 6 and 
4 respectively. 

1.3m X 10^^ ergs; 3.1m X 10^^ ergs. 

Potential at P = —5.1 X 10^^ ergs. 

Potential at center of earth = — 9.5 X 10^^ ergs. 

(b) Fo6~“""(1 — 2ar^); (c) It will not reach the origin; (d) zero- 
(e) simple harmonic motion. ^ 


10. 2GM log v/a Fa> where Fa is the potential at the surface. 

12. (ay 4: + f + ar cos e)-y^ - (aV4 + r 2 _ 

where C is a constant, and polar coordinates r and 6 are employed 
with the origin taken mid-way between the charges. These are 
the traces of the family on any plane through the line joining the 
charges. The surfaces are obtained by revolving these traces about 
the line. 


16 . V = MGe-" j^l + 1 j - ^ ; 
M = total mass = Srpo/o^, 


CHAPTER V 

1. Infinite. 

3. mg Bind; mg cos 
5. Approximately 0.9. 

7 . cos di - cos 02 = c = constant. The angle is the angle which 
the hne from any point on the line of force to the north pole of the 
magnet makes with the magnet. Similarly for 1 ^ 2 * 

9. Approximately 2.52 cm. 
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12 . If (Xi is the angle which Dmi makes with CA and the angle which 
Drui makes with CB, equilibrium holds for the values of ai and aj 

satisfying the relations 

mi sin di / cos ai = m 2 sin ^ 2 /cos 0 : 2 , 

sin sin ai + sin ^ 2 /sin a 2 = l/h, 

where I = total length of string and <^>i = ZDCA, 02 = Z DCB. 

44 . p = i whoi’e C = constant horizontal tension and a is 

gVa^ + x^ 

parameter of parabola, i.e., > = x^/2a is equation of parabola. 

17. Approximately 1 ft. 


CHAPTER VI 


2. The distance of the center of mass of the system at time t is given 
by X = (vi — V 2 )t /2 + (oji + X 2 )/ 2 , The particles will come to 
rest wdien their separation is 



m{v2 + vi)^/2 + 8ey {x2 — 

They will thereafter separate. 

4. Distance of the center of mass from the pulley at time t is 

miXiQ + m2X2o 
7)11 + m 2 



where xiq and .^20 are initial distances from the pulley of mi and 
m 2 respectively. 


Kinetic energy of mi = |??ri A 

\m2 + mi/ 


Kinetic energy 


of m 2 = fm 2 1 i J 

\m2 + mi/ 


■n X X- 1 r f t f ^2 — mi gt-1 

Potential energy of mi = mig h i : : 

L mi+m2 2J' 

fr m 2 — mi ^ 

'L mi + m2*2j^ 


Potential energy of m 2 = m 2 gf 


It is here assumed that m 2 > mi. 

5. Parabola with projection speed Viv^ + vi^ and projection angle 
with horizontal arc tan z?i/2r, where v = speed of shell at moment 
of explosion and Vi == initial downward speed of piece falling 
vertically. ^ ^ 

8, 47r%V^(^H + m 2 ), where a is the semi-major axis of the elliptical 
orbit. 

10.. 'Time is very close ly 2 VlQO/gr * loge 10. 

'■ Velocity, is 'v/lO'Og.'., 
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ANSWERS TO SELECTED PROBLEMS 


12, cos B 
15, 21.3 cm. 
18. ~ 


— uff 


.2 . 


2neni 

27rme^ 


j cos 0 == dbl. 


} where M = reduced mass 


memn 


me + Mn 

with We == mass of electron, nin = mass of nucleus. 

CHAPTER VII 

1. Vp = v + 6>Xr; circular helix. 

2. 1.6 X 10^ ergs. 

3. Frequency = 0.7 vib/sec; torque = 2.1 X 10® cm dyne. 

4. 12.6 rad/sec. 

5 . En = 71%"^/ 4:7r^mP. 

7. sin 6, if B is the angle of inclination of the plane. 

17, On axis of symmetry at distance 4 \/2r/97r from center of disc. 

34. x^/a^ + y^/b^ + + 1/^^) = C, where C is constant. 

20. On axis of symmetry of octant 3 \/BR/8 from the center of the 
sphere. 

29. 0.1 ft. 

32. cos^ o)t, if the motion takes place in the xy plane, and 

Xj y are coordinates with reference to axes fixed in turn table. The 
frequency of the pendulum is co/27r, and the amplitude of its motion 
is A, 

CHAPTER VIII 

1. 1.845 V^. 

4. Time for descent = tt Va/g'. 

5. If 0 is angle which radius vector to point where particle leaves 
circle, makes with the vertical, then 


cos 0 = f . 


10. ai == acceleration of wi = 


— m2gr)R 


R^{mi + ilf/2) + r^(w 2 + m/2) 

(N.B. This assumes that the wheel and axle are homogeneous 
solid discs.) 


CHAPTER IX 


4. 14 cycles/ sec; 3.92 X 10® dynes/ cm; 20 dyne sec/cm; 1.4 X 10“*^ 
~ Y “ where / = stiffness. 

27r V w ' ' 


2 \ /i + /2 




6. Decay modulus = 23 sec; log*decrement === 1.7 X 10“^; w/wo = 
1 =b 2.5 X 10“”®. For air resonator co/coq = 1 i 4.8 X 10”®. 

7. 3.26 cm. 


ANSWERS TO SELECTED PROBLEMS 
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9. 'J'res = 400/ 2x cycles/ sec; 

J'nat = (400 — 12.5 X 10~*) cycles/sec. 

JiT 

13. V = + V2^) dz — V2^)^ + 

where 


1 

0+ Ct . 


V CCiLi ^ 

1 

1 1 

2w 

^CVLiLi 


V2 


-IJ 


C+C2 
CC%L2 ' 


15. ilmpiitudes of mi and respectively in steady state are 
1 — m2Co7/2 . 


Ai 

A2 ■ 
16 


(1 — m2wV/2)(l C0^Wli//i) — /2//1 ^ 

1 

(1 — m2a)V/2)(l +/2//1 co^wi//i) -‘/2//1 


16. TT^ ~3 v^A"^] number of periods = Zmo^Jl^'Khe^. 

O C“ 


CHAPTEB X 

2 . 3 X 10’ dynes. 

4. Torque = 19.2 X 10^ cm dynes. 
Frequency = 0.75 vib/sec. 

6. |ZVT. 

8. If 5 = 0 at i = U, we have 

A,. 


^ Zo/ 
A \ 

A K 


)• 




to<t< ti; 
e t > h. 


15. Fundamental = 256 cycies/sec. 
^ : sin W7r/2. 


18. ^ • cos (ciot — kx), where k = co/c; xp = 2 c/ jg. 

19. (1) V = nc/2l, where n = 1, 2, 3 • • • , c = VT/p; where Y = 

Young^s modulus; 

(2) p — {2n— l)ej2l, where n = 1, 2, 3 • • • ; 

(3) V = nc/2l, where n = 1, 3, 5, 7 • • • (or all odd integers). 


CHAPTEE XI 




3. — where p = density of water; p^r, upward thrust; 
downward thrust. 
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5. 'I of density of water. « 

7. == where z measures height above the earth^s surface, 

and po, Po denote pressure and density respectively at the surface. 
9. p = ^0 + Pogi^ + kz^) , if p = po(l + kz). 

13, Velocity of efflux = V2gx/ (1 

Rate of descent of free surface = '\/2gx/ (S a^/Sb^ — 1 ), 

15. 9.13 X 10^ gailons/day. 

17. Ci = Co Vl + i/273, where Ct is velocity at fC and cq the velocity 

at 0°C; independent of the pressure. ^ 

18. Ar = Ai ; At= 2Ai/(ru+ 1), where Ai, Ar, At are 

incident, reflected and transmitted displacement amplitudes re- 
spectively and 

?*i2 = P 02 C 2 / PoiCi, 

where ci and C 2 are sound velocities in the two media respectively 
and poi and po2 are the mean densities. 

24 ^=: - i 
dt p dx 

26. 4^ —Ac cos (o)t — kx); 

s = condensation = —Ak sin (cot — kx); 

Pe = excess pressure = —pQC^Ak(cot - kx), where po = mean den- 
sity. 

CHAPTER XII 

4. Rectangular: p^ = mx, py = my, p^ = mz. 

Spherical: pr = mr, pe = mT% p^ = mr^ sin‘^ e<j>. 

Cylindrical : pr — mr, p$ = mr^, pz = mz. 

Si mA^03j4:; mA%/4: -[- j^wmooX^A^, 

6, The mass 4m rises with acceleration -^g. 


INDEX 


Absolute value of a complex number, 
263 

Absorption of acoustic waves by the 
medium, 368 

— , of light by oscillators, 287 
Acceleration, definition, 12 
— , angular, 14, 178, 179, 192 
— , .average, 12 
— , centripetal, 14, 71, 222 ' . 

— , component, 59, 60, 62, 64, 70 
— , Coriolis, 222, 224, 238 
— , instantaneous, 12 
— , of a particle, 12 
— , of gravity, determination of, 37, 
190 

— , relative to moving axes, 222 
— , tangential, 14 
— , uniform, along straight line, 33 
— , vector, resolution of, 58 
Acoustic resonator, 281 
• — , effective mass in, 281 
Idnetic reaction in, 282 
■ — , radiation of sound energy by, 283 
resonance frequency of, 283 
— , stiffness, of, 282 
Acoustic waves in fluids, 360 
Action and reaction, 19, 21 
Action, mutual, of two particles in 
definition of mass, 15 
Addition of vectors, 7 
Additive property of masses, 16 
Adiabatic gas law, 357, 365 
Adiabatic invariant, 296 
Adsorption, 382 

Aggregate of material particles, 141, 
175; see System of particles. 

Alpha particles, 87 
— , angular deviation of, 89 
— , deflection by atomic nuclei, 87 
— , velocity of approach, 89 


Amplitude, of a complex number, 263 
— , of simple harmonic motion, 39, 
265 

— , of simple harmonic motion, in 
plane, 64 

— , of simple harmonic wave, 320 
Amplitude angle, 240 
Analytical conditions for equilibrium 
of a particle, 120 

Analytical expression for condition of 
equilibrium of rigid body, 213 
Angie, solid, 109 
Angle of contact, 374 
Angle of repose, 131 
Angular acceleration, 14, 178, 179, 
192 

Angular deviation of alpha particle, 
89 

Angular momentum, 179, 193, 216, 
218,225,228,230 
Angular motion, 11 
— measure of angular displacement, 

12 

Angular velocity, 11, 221 
— , average, 11 
uniform, 40 

vector representation, 12 
Anomaly, eccentric, 81 
— mean, 82 

Aphelion in elliptical motion, 78 
Apparent velocity of relative motion, 
220 

Archimedes’ Principle, 341 
Area constant, 71 
Areas, law of, 71, 396 
Argument of complex number, 263 
Atom of hydrogen, 82 
— , Bohr model of, 82, 101, 148, 152, 
171, 286 

— , excited state of, 102 
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INDEX 


Atom of hydrogen, mass of, 83 
Atomic oscillations, 286 f. 

Atomic structure, 289 
— , Bohr-Kutherford theory, 82 f,, 399 
— , wave mechanics theory, 399 
Atomic theory, simple harmonic oscil- 
lator in, 285 
Atoms, 2 

Attraction in inverse square field, 73 
— , gravitational, 45, 145 
Attractive forces, 46 
Atwood machine, 36, 252, 254 
Auxiliary circle, 81 
Average angular velocity, 11 
Average velocity of displacement, 9 
Averages of kinetic and potential 
energy, time, 271, 322 
— , space, 273, 323 
Avogadro’s hypothesis, 163, 170 
Axes, coordinate, 4 
— , moving, 216, 219, 225 
Axis, energy of rotation about an, 180 
— , major and minor of ellipse, 64, 67, 
78, 81 

— f rotation about a fixed, 176 

Balance, 208 
— , torsion, 49, 310 
Ballistic pendulum, 415 
Balmer series, 102 

Bernoulli's principle of virtual work, 
132 

Bernoulli's theorem, 352, 355 ff. 
Bohr-Rutherford theory of atom, 399 
Bohr-Sommerfeld quantum condi- 
tions, 83 

Bohr's postulates, 82, 83 
Bohr's theory of the hydrogen atom, 
see Atomic Structure 
Boltzmann gas constant, 163 
Boundary conditions, 29 
Boundary conditions in atomic struc- 
ture, 84, 405 

— , in particle dynamics, 34, 113 
— y in wave motion, 328 
Boundary value problem, 113, 405 
Boyle’s law, 161, 357, 365 


Bulk modulus, 282, 305 * 

Buoyancy, 342 
— , center of, 344 

Canonical equations of motion, 407 
Capillarity, 370 ff. 

Capillary, depression, 373, 375 
, rise, 373, 374 
— , tube, 374 

Catenary, 44, 127 * 

Cathode ray oscillograph, 68 
Cathode rays, 68 
Cavendish experiment, 50 
Celestial mechanics, 82 
Center, of buoyanc}?-, 344 
— , of force, 73 
— , of gravity, 202, 207 
— , of population, 207 
— , of pressure, 202, 382 
Center of mass, 141, 142, 147, 152, 
207 

, of homogeneous bodies, 196 

, of non-homogeneous bodies, 

199 

, of plane figui’es, 197 

of solids, 201 

, of surfaces, 200 

, rotational motion about, in 

rigid bodies, 195 

— , translational motion of, in 

rigid bodies, 176, 195 
Center, 

— , of oscillation of a physical pen- 
dulum, 189 

— , of suspension of a physical pen- 
dulum, 189 

Central force field, 69 ff. 

— , energy integral in, 98 
— , energy relations in, 97 
— , general theorems about motion 
in, 69 ff* 

— •, inverse square, 73 ff. 

— , Lagrange's equations for, 394 
— , potential in, 103 ff. ^ 

— , time equation in, 72, 76 
Centripetal acceleration, 14, 71, 222 
force, 71 ' . 
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Centroid, 197 

Characteristic, frequencies, 292 

. — , values, 405 

Circuit, see Electric circuit 

Circular motion, 11 

— uniform, 13 

Coefficient, damping, 262 

of compressibility, 305 

Coefficient of friction, 130 
^ ' 

— , determination of, 131 

table of values, 130 

Coefficient, of restitution, 144, 145, 

156 

— , of stiffness, 261 
— , of viscosity, 167, 366 

, determination of, for liquids, 

368 

Collisions, 96, 143 ff., 156 
Comets, 80 

Commutative law for vectors, 25 
Complex displacement, 273 
Complex numbers used in oscillation 
analysis, 263 

Component, acceleration, 59 f., 62, 
64, 70 

— , forces, 59 

— , method of, in solving equilibrium 
problems, 117, 214 
— , rectangular, of a vector, 5 
— , velocity, 9 f. 

Compressibility, 305 
Compressional waves in a fluid, 358, 
360 

Compressive stress, 301 
Concentration of a fluid, effect on 
surface tension, 382 
Condensation, 362, 372 
Conditions, boundary, see Boundary 
conditions 

— , of equilibrium of a particle, 116, 
119 ■ 

— , of rotational equilibrium of a 
rigid body, 203 

— of translational equilibrium of a 
rigid boJy, 203 
Conic sections, 65, 73 
eccentricity ■■ of, 74' 


Conservation of mechanical energy, 
94,155,192 

— , of energy in general, 96, 155 
— , of momentum, 141 ff., 155 
— , of moment of momentum, 152, 
155 

Conservative forces, 92, 94 
— , system, 94, 98 

Constrained motion, 35, 239 ff., 259 
Constraints, 239 ff. 

— , connection with mechanical prin- 
ciples, 250 

— , Gauss^ principle of least con- 
straint, 253 ff. 

Continuity, 289, 345 
— , equation of, 345 ff. 

Continuous media, 298, 345 
— , motions of, 345 
Coordinates, 4 
— , generalized, 391 ff. 

— , polar, 4, 263 

— , rectangular, 4 

— , spherical, 5, 249, 394 

— , transformation of, 4, 249, 394 

Coplanar forces, 118, 119, 204, 209 

Coriolis acceleration, 222, 224, 238 

Coulomb^s law, 51 

Couple, 204, 212 

— , arm of a, 204 

— , moment of a, 204 

— , resultant of a force and, 209 

— theorems about, 204 

Creep, 312 

Crests, 320 

Cross-product of vectors, 149 
Current, see Electric current 
Curvilinear motion in a plane, 58 ff. 
Cycloid, 257 

D’Alembert’s Principle, 250, 253, 
255 f., 386 

Damped oscillations, 262, 265 
— f kinetic energy of, 270 
— potential energy of, 270 
— total energy of, 270 
Damping factor, 262, 279, 293 
Damping force, 43, 262 
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INDEX 


DeBroglie waves, 402 
Decay modulus, 265, 418 
Deformable bodies, 298 ff. 

— , collisions of, 144 
Degree of freedom, 386 
Density, 106, 112 

— , effect of variation of, on center 
of mass, 199 

— , excess, in fluid and solid media, 
362 

— , mean, 361 

Differential equations, additive prop- 
erty of solutions of linear, 318 
— , linear, 37, 316, 318 
— , solution of, 37, 316 
Differential operator, 290, 404 
Dilatational strain, 300 
Dimensions, theory of, 409 
Discreteness, 6 

— , in problem of medium motion, 328 
Displacement, 6 ff. 

— , angular, 11 
— , complex, 273 
— , velocity of, 9 
— , virtual, 132 
Dissipation, 260 ff. 

— , function, 270 
Dissipative system, 260, 271 
— , forced oscillations of, 273 ff. 

— free oscillations of, 260, 270, 273 
— , mechanical impedance of, 280 
— , mechanical oscillations of, 260 ff. 
— , mechanical reactance of, 280 
— , mechanical resistance of, 280 
— j power of, 277 
Distance, 5 
— j units of, 5 

Distributive law for vectors, 26 
Divergence, of gravitational field in- 
tensity, 112 

— f theorem of, 343, 347 
Dot product of vectors, 25 
Drag, tangential, 167 
Dulong and Petit, law of, 166 
Dynamical systems, 386 
Dynamical theory of tides, 360 
Dyne, 20, 28 


Earth, motion of a particle relative 
to, 221 

— , rectilinear motion of a particle 
near surface of, 34, 48 
Eccentric anomaly, 81 
Eccentricity of central orbits, 74, 75 
Effective forces, 252 ff. 

Eigen- values, 405 
Elastic, after effect, 312 
— , bodies, 303 • 

— , constants, 304 
— , impact, 144 
lag, 312 
— , limit, 311 

— , medium theory of light, 333 
— , moduli, table of, 304 
— , restoring force, 42, 262 
— , waves, 315 ff. 

Elasticity, 303 
— , moduli of, 305 ff. 

Electric circuit, 284 
— , effective mass of, 284 
— , impedance of, 285 
— , resistance or damping factor of, 
285 

Electric current, 284 
Electric oscillations, 284, 285 
Electromotive force, 284 
Electron, 82 ff., 285 ff, 

— , charge on, 82, 286 
— , energies in Bohr theory, 100 ff. 

— •, energies in De Broglie theory, 
402 

— , free, 400 

— , mass of, 83, 102, 148 
— , measurement of charge on, 369 
— , oscillator, 285 
— , volt, 102 

— , wave mechanics view of, 400 ff. 
Electron motion, 82 ff., 100, 152 
— , Bohr’s postulates for, 83 
— , Bohr theory of, 82 ff., 287, 289 
— in the hydrogen atom, 82 ff. 

— , orbits in, 83 
— , period of, 87 

— , quantum conditions for, 84 ff. 

— , relation to planetary motion, 83 
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Electron motion, wave mechanics 
view of, 289, 400 ff . 

Electrostatic unit of potential, 102 
Element, of arc, 198 
— , of area, 197 
— f of surface, 200 
— , of volume, 201 
Elementary displacement, 9 
Ellipsoid, center of mass of, 201 
moment of inertia of, 186 
— , momental, 227 
— , of Poinsot, 227 
Elliptic integrals, 242 
Elliptical motion, 65, 74, 77, 83, 100 
— energy in, 101 
Energy, 

— , average kinetic, for a system of 
particles, 159 

— , concept and potential energy, 92 
— , concept, in solution of mechanical 
problems, 386 

— , connection with work, 28 
— , conservation of, 94, 96, 155, 352 
— , density, in wave motion, 322 
— , dissipation in oscillating systems, 
270 

— , electron, in Bohr theory, 100 
— ^ — j in De Broglie theory, 402 
— , equation of, 92 
— , flow in wave motion, 324 
— , in particle dynamics, 92 ff. 

— , integral, 98, 100 
— j kinetic, for a particle, 92, 159, 395 
— , kinetic, for a rigid body, rotational 
and translational, 180, 192 ff. 

kinetic, of system of particles, 
153 

— , loss of on impact, 157 
mechanical, for particle, 93 
— , molecular in a gas, 164 
— of damped oscillations, 270 
— , of elastic wave in rod, 322 
— , of gas, 164 

— , of ground state of atom, 102 
— , of particle in inverse square field, 
101 

— , of transverse wave in a string, 418 


— of vibrating membrane, 419 
— , of wave motion in fluids, 422 
— , potential, 92 fl,; see also Potential 
energy 

— quantum of, 288 
— , radiation by atoms, 102 
— , frequency dstribution of, 421 
Energy relations in central force field, 
97 

— , in oscillatory motion, 270 ff. 

— in two particle problem, 155 ff. 

— , in uniform field, 96 
Energy, surface, in a liquid, 373 
— f total, 93 

— , transfer across boundary, 422 
Epoch, 40 

Equation, general gas, 163 
— , Kepler’s, 82 
— , Laplace’s, 112, 412 
— j of continuity in fluid motion, 345, 
363 

— of equilibrium of a fluid, 340 
— , of equilibrium of a particle, 119 
— , of wave motion, see Wave 
— j of state of a gas, 163 
— , Poisson’s, 112, 413 
— , Sehrodinger’s, in wave mechanics, 
405 

Equations, of motion, 29, 59, 141 fi. 
— ^ canonical^ of Hamilton, 407 
— f component, for particle motion in 
a plane, 59 

— j Euler’s for rigid body, 228 ff. 

— Euler’s hydrodynamic, 350 
— , Lagrange’s, 253, 393 
— of elastic medium, 316 fl. 

, of fluid medium, 349, 361 
— , of motion of rigid body, 193 ff., 
228 fi. 

Equilibrium, 116 ff., 202 ff., 209 ff. 

analytic conditions for, 120 
— analytic expressions of, for rigid 
bodies, 213 

— , angle of repose for, 131 
— coplanar forces, 119, 213 
general theorems, 120, 213 
neutral, 345 
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DeBroglie waves, 402 
Decay modulus, 265, 418 
Deformable bodies, 298 ff. 

— , coilisions of, 144 
Degree of freedom, 386 
Density, 106, 112 

— , effect of variation of, on center 
of mass, 199 

— , excess, in fluid and solid media, 
362 

— , mean, 361 

Differential equations, additive prop- 
erty of solutions of linear, 318 
— , linear, 37, 316, 318 
— , solution of, 37, 316 
Differential operator, 290, 404 
Dilatational strain, 300 
Dimensions, theory of, 409 
Discreteness, 6 

— , in problem of medium motion, 328 
Displacement, 6 ff, 

— , angular, 11 
— , complex, 273 
— , velocity of, 9 
— , virtual, 132 
Dissipation, 260 ff. 

— , function, 270 
Dissipative system, 260, 271 
— , forced oscillations of, 273 ff. 

— , free oscillations of, 260, 270, 273 
— , mechanical impedance of, 280 
— mechanical oscillations of, 260 ff. 
— , mechanical reactance of, 280 
— mechanical resistance of, 280 
— , power of, 277 
Distance, 5 
— j units of, 5 

Distributive law for vectors, 26 
Divergence, of gravitational field in- 
tensity, 112 

— theorem of, 343, 347 
Dot product of vectors, 25 
Drag, tangential, 167 
Duiong and Petit, law of, 166 
Dynamical systems, 386 
Dynamical theory of tides, 360 
Dyne, 20, 28 


Earth, motion of a particle rglative 
to, 221 

— , rectilinear motion of a particle 
near surface of, 34, 48 
Eccentric anomaly, 81 
Eccentricity of central orbits, 74, 75 
Effective forces, 252 ff. 

Eigen-values, 405 

Elastic, after effect, 312 

— , bodies, 303 • 

— , constants, 304 

— , impact, 144 

— , lag, 312 

— limit, 311 

— , medium theory of light, 333 
— , moduli, table of, 304 
— , restoring force, 42, 262 
— , waves, 315 ff. 

Elasticity, 303 
— , moduli of, 305 ff. 

Electric circuit, 284 
— , effective mass of, 284 
— , impedance of, 285 
— , resistance or damping factor of, 
285 

Electric current, 284 
Electric oscillations, 284, 285 
Electromotive force, 284 
Electron, 82 ff., 285 ff. 

— , charge on, 82, 286 
— , energies in Bohr theory, 100 ff. 

— , energies in De Broglie theory, 
402 

— , free, 400 

— , mass of, 83, 102, 148 
— , measurement of charge on, 369 
— , oscillator, 285 
— , volt, 102 

— , wave mechanics view of, 4CK) ff. 
Electron motion, 82 ff., 100, 152 
— , Bohr^s postulates for, 83 
Bohr theory of, 82 ff., 287, 289 
— in the hydrogen atom, 82 ff. 

— , orbits in, 83 
— , period of, 87 "" 

— , quantum conditions for, 84 ff. 

— relation to planetary motion, 83 
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Electron motion, wave mechanics 
view of, 289, 400 ff . 

Electrostatic unit of potential, 102 
Element, of arc, 198 
— , of area, 197 
— , of surface, 200 
— , of volume, 201 
Elementary displacement, 9 
Ellipsoid, center of mass of, 201 
moment of inertia of, 186 
— , momental, 227 
— , of Poinsot, 227 
Elliptic integrals, 242 
Elliptical motion, 65, 74, 77, 83, 100 
— , energy in, 101 
Energy, 

— , average kinetic, for a system of 
particles, 159 

— , concept and potential energy, 92 
— , concept, in solution of mechanical 
problems, 386 

— , connection with work, 28 

conservation of, 94, 96, 155, 352 
— , density, in wave motion, 322 
— , dissipation in oscillating systems, 
270 

— , electron, in Bohr theory, 100 
— , — , in De Broglie theory, 402 
— , equation of, 92 
— , Sow in wave motion, 324 
— , in particle dynamics, 92 
— , integral, 98, 100 
— , kinetic, for a particle, 92, 159, 395 
— , Idnetic, for a rigid body, rotational 
and translational, 180, 192 ff. 

— , kinetic, of system of particles, 
153 ff. 

— , loss of on impact, 157 
— , mechanical, for particle, 93 
— , molecular in a gas, 164 
— , of damped oscillations, 270 
— , of elastic wave in rod, 322 
— , of gas, 164 

— , of ground state of atom, 102 
— , of partitile in inverse square field, 
101 

— , of transverse wave in a string, 418 


— , of vibrating membrane, 419 
— , of wave motion in fluids, 422 
— , potential, 92 ff.; see also Potential 
energy 

— , quantum of, 288 
— j radiation by atoms, 102 
— , frequency istribution of, 421 
Energy relations in central force field, 
97 

— , in oscillatory motion, 270 ff. 

— , in two particle problem, 155 ff. 

— , in uniform field, 96 
Energy, surface, in a liquid, 373 
— , total, 93 

— , transfer across boundary, 422 
Epoch, 40 

Equation, general gas, 163 
— , Kepler’s, 82 
— , Laplace’s, 112, 412 
— , of continuity in fluid motion, 345, 
363 

— , of equilibrium of a fluid, 340 
— , of equilibrium of a particle, 119 
— , of wave motion, see Wave 
— j of state of a gas, 163 
— Poisson’s, 112, 413 
— , Schrodinger’s, in wave mechanics, 
405 

Equations, of motion, 29, 59, 141 ff, 
— , canonical^ of Hamilton, 407 
— , component, for particle motion in 
a plane, 59 

— , Euler’s for rigid bodj", 228 ff. 

— Euler’s hydrodynamic, 350 
— , Lagrange’s, 253, 393 
— y of elastic medium, 316 ff. 

— , of fluid medium, 349, 361 
— , of motion of rigid body, 193 ff., 
228 ff. 

Equilibrium, 116 ff., 202 ff., 209 ff. 

— analytic conditions for, 120 
— , analytic expressions of, for rigid 
bodies, 213 

— j angle of repose for, 131 
— , coplanar forces, 119, 213 
— , general theorems, 120, 213 
— y neutral, 345 
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Equilibrium, non-coplanar forces, 120 
— , of a couple, 209 ff. 

— , of a flexible string, 125 
— , of a fluid, 339 
— j of a force and a couple, 210 ff, 

— , of a ladder, 214 
— , of a particle, 116 ff. 

— , of a particle on a rough surface, 
129 

— , of a particle on a smooth surface, 
127 

— , of a rigid body, 202 ff. 

— , — , conditions of, p. 213 
— , of a system of particles, 121 
— , principle of separate, 121 
— , rotational, 203, 214, 219 
— , stable, 137, 344 
— , state of, for gas, 160 
— , translational, 203, 214 
— , under coplanar forces, 209 
— , unstable, 137, 344 
Equipotential surface, 115 
Erg, unit of work and energy, 28 
Euler’s equations of motion for rigid 
body, 228 

Euler’s hydrodynamic equations, 350 
Euler’s theorem, use of, 406 
Eulerian angles, 230 
Evaporation, 372 
Excess density, 362 
Excess pressure, 362 

Fatigue, 313 

Field of force, central, 66, 69 ff. 

— , conservative, 94 
— , first power, 37 ff. 

— , inverse cube, 51 
— , inverse square, 44 ff. 

— , inverse square attractive, 45 
— , inverse square repulsive, 44 
— , uniform, 33 ff. 

Flexible string, equilibrium of, 125 
Flow velocity gradient, 167 
Fluid, 338 
— , at rest, 338 
— , buoyancy of a, 342 
— , equilibrium of a, 339 


■ — , homogeneous, 346 , 

— , incompressible, 341, 346 ® 

— , perfect, 338 
— , surface phenomena, 370 ff. 

— , viscous, 365 ff. 

— , waves in a, 358 ff. 

Fluid motion, 345 ff. 

— , acceleration, 349 
— , Bernoulli’s theorem, 352 ff. 

— , equation of continuity, 346, 36% 
— , equations of motion, 349 
— , Euler’s equations, 350 
— , steady flow in, 352 
— , Torricelli’s theorem, 356 
— , velocity measurement in, 355 
Flux, gravitational, 110 
Foot, 5 

Foot pound, 28 
Foot poundal, 28 
Force, 17 ff. 

— , buoyant, of a liquid, 342 
Force, centripetal, 71 
, damping, 43, 262 
— , definition of, 18 
— , dependent on time, 52 
— , elastic restoring force, 42, 262 
— , frictional, 43, 130 
— , periodic, 273 ff. 

— , static, 116 
— j units of, 20 
Force function, 99 

Forced oscillations of a dissipative 
system, 273 ff. 

Forces, central, 69 ff. 

— , component, 59 
— , conservative, 94 
' — , constraint, 239, 252 
— , coplanar, 118, 119, 204, 209 
— , equilibrium of particle under 
action of, 116 ff. 

— , equilibrium of rigid body under 
action of, 202 ff. 

— , impressed, 251 
— impulsive, 25, 52 
— , inverse square, 73 ff *'145 
— , non-conservative, 132 
— , non-coplanar, 120 
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Forceps, polygon of, 119 
— , re-action, 128 
— , triangle of, 119 
Fourier series, 331 
Free motion, 33 ff. 

Free oscillations, 42 
Free oscillations of a dissipative 
system, 260 ff. 

Free space, 112 
frequency, 39 

— , of simple harmonic wave, 321 
Friction, coefficient of, 130 
— , sliding, 129 
— , static, 131 
— , two laws of, 129 f. 

Frictional forces, 129 
Fundamental of vibrating string, 328 
Fundamental definitions of mechan- 
ics, 2 ff. 

Funicular polygon, 123 

Galileo and the laws of motion, 17, 21 
Gas, Boyle’s law for, 161 
— , constant, 163 
— , density, 162, 164 
— , equation of state, 159 ff., 163 
— , ideal, 160 
— , kinetic energy of, 162 
— , kinetic theory of ideal, 159 ff,, 163 
— , kinetic theory of real, 171 
— j mean free path in, 166 
— , molecular collisions in, 166, 170 
molecular velocity of, 162 
— , molecular weight of, 164, 166 
— , perfect, see Ideal gas 
— , pressure, 160 

— , root mean square velocity of 
molecules in, 162 
— , size of molecules of, 170 
— , specific heat of, 163, 165 
— , specific heat of, at constant pres- 
sure, 357 

— f specific heat of, at constant 
volume, 165 

— velocffy of gas stream, 357 
virial for ideal, 160 
, viscosity of, 166 ff. 


Gauss’ law of normal flux, 109 ff. 
Gauss’ principle of least constraint, 
253 ff., 386 

Gay-Lussac’s law, 164 
Generalized coordinates, 391 

Lagrange’s equations of motion 
in, 393 

Generalized momentum, 393 
Geometry of motion, 15 
Gold, scattering of a-particles by 
nuclei of, 89 
Gradient, velocity, 167 
Gram, 17 

Gravitation, universal, 45, 79 
Gravitational attraction, 46 ff., 99 

, in two-particle problem, 145 

Gravitational constant, 20, 49 f. 
Gravitational field, 46 
Gravitational field intensity, 106, 110 
— , divergence of, 112 
Gravitational flux, 110 
Gravitational potential, 103 ff,, 110 
Gravity, acceleration of, 20, 190, 223 
— center of, 207 
Gravity waves, 358 
Green’s theorem, 343, 347 
Ground state of hydrogen atom, 102 
Group velocity, 402, 408 
Gyration, radius of, 182 
Gyroscope, 231 
— , nutation of, 233 
— , precession of, 233 

Hamiltonian, 407 

Hamilton, canonical equations of 
motion, 407 
— , principle of, 386 ff. 

— , principle of, Lagrange’s equations 
derived from, 392 ff. 

Harmonic motion, see Simple har- 
monic motion 

Harmonics of stretched string, 328 
— , spherical, 115, 412 
Heat of a gas, on kinetic theory, 161, 
163 

Height, metacentric, 344 
— , of rise in a capillary tube, 374 
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Helium nucleus, 87 
Helmholtz resonator, 281, 295 
Hereditary elasticity, 314, 315 
Heredity, 314 
— , coefficient of, 315 
Herpolhode, 228 

Homogeneous bodies, center of mass 
of, 196 ff. 

Hooke's law, 42, 269, 282, 298, 303 ff., 
311, 314, 316 
Horsepower, 29 
— , hour, 29 

Hydrodynamics, equations of, 350 
Hydrogen atom, 82 
— j Bohr-Rutherford model of, 82, 
148 

— , emission of radiation from, 102 
— , energy values in Bohr model of, 
101 

— , excited state of, 102 
■ — , ionization potential of, 102 
— , mass of, 83, 148 
— , size of, in ground state, 102 
Hydrogen molecule, collisions of, 166, 
170 

— ^ mean free path of, 170 
— , size of, 170 
Hydrostatic stress, 302 
Hydrostatics, 338 ff. 

— y fundamental equations of, 340 
Hyperbolic, functions, 44, 269 
— , motion, 65, 74, 88 

Impact, elastic, 144 
— f plastic, 144 

Impedance, mechanical, of oscillating 
system, 280 

— , mechanical, resistance and react- 
ance components, 280 
— of acoustic resonator, 282 
— of electric circuit, 285 
Impressed forces, 251, 255 
Impulse, 24 

Inclined plane, 35, 97, 131 
Incompressible fluid, 341, 346 
Inductance, 284 
Inertia, 2, 15 


— concept of and connection^ with 
mass, 15 

— , moments of, 179, 194 
— f — , calculation of, 180 
— products of, 194 
Inertial system, 3, 216 
Initial conditions, importance of, 34, 
38 

— , in inverse square field motion, 
75 • 

Instantaneous acceleration, 12 
Instantaneous angular velocity, 11 
Instantaneous angular velocity of 
rigid body, 177 

Instantaneous velocity of a particle, 
9, 35 

Integral equations, 315 
Internal viscosity, 313 
Intensity of a wave, 324 f. 

Invariants, adiabatic, 296 
Inverse square field, 73 ff., 100 
— attractive, 73 
— , energy integral for, 100 
— , motion in, 73, 87, 145 fi. 

— , potential for, 100 
— repulsive, 87 ffi 
— 'Hime" equation, 76 
Ionization potential of hydrogen, 102 
Irrotational motion, 361 
Isotropic medium, 316, 332 
— , elastic waves in, 332 

Joule, 28, 29 
Jurin's law, 375 

Kater's pendulum, 191 
Kepler^s equation, 82 
Kepler's laws of planetary motion, 
77 ff. 

Kilogram, connection with pound, 17 
Kilowatt, 29 
Kilowatt hour, 29 
Kinematics, 15 f. 

Kinetic energy, 28, 154 ffi; see 
Energy 

— f in collisions of spherical particles, 
157 
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KineiSc energy, in terms of general- 
ized coordinates, 391 
— , of rigid body, 225 if., 229 
— of system of particles, 153 ff. 
Kinetic potential, 388 
Kinetic reaction, 19 
Ednetic theory, of ideal gas, 159 ff. 
— , of real gas, 171 

Lag, elastic, 312 

Lagrange’s equations of motion, 
391 ff. 

— , advantages of, 394 
— , application of, 394 ff. 

Lagrange’s equations in hydrody- 
namics, 350 

Lagrangian function, 388 
— for central force field, 395 
Laplace’s equation, 112, 412 
Larmor’s, precession, 237 
— , theorem, 237 
Law of areas, 71 
— , of Boyle, 161 
— , of Coulomb, 51, 83 
— , of Dulong and Petit, 166 
— , of Fermat, 421 
— , of Gauss, 107 ff. 

— , of Gay-Lussac, 164 
— , of Hooke, 42, 269, 282, 298, 303 
ff., 311, 314, 316 
— , of Jurin, 375 

— of Newton, for universal gravita- 
tion, 45, 79, 223 
— , of Snell, 421 

— , of Stokes, for viscous fluids, 369 
— , of transmissibility of pressure, 

:'\340 ■ 

Laws, Kepler’s, 77 
— , of friction, 131 

— f of motion, Newton’s, 19, 254, 386 
Least constraint. Gauss’ principle of, 
253 fl., 386 

Light, corpuscular theory of, 333 
— j elasti^^edium theoiy of, 333 
— electromagnetic theory of, 334 
propagation of, 333 
— law of refraction of, 421 


Line of application of parallel forces, 
205 

Line of force, 139 

Linear differential equations, 37, 316, 
318 

Linear strain, 299 
Lines of flow in a fluid, 348 
Liquids, see Fluids 
Lissajous figures, 68 
Loaded string, 289 fl., 419 
Logarithmic decrement, 265 
Lorentz-Einstein transformation 
equations, 401 
Lost forces, 251 

Magnet, 51, 139, 414 

Mass, 2, 15 k 

— , additive property of, 16 

— center of, 141 f., 147, 152, 207 

— j definition of, 16 

— , measurement of, by balance, 208 

— y of electron, 83, 148 

— y of planets, 79 

— y reduced, 146 

— units of, 16 

— y variation of, with velocity, 403 
Material particle, definition of, 2 
Mean anomaly, 82 
Mean free path in gas, 166 
Mean solar second, 5 
Mechanical energy, 93, 96, 155 
— conservation of, 94, 96, 155, 192; 
aee Energy 

Mechanical equivalent of heat, 165 
Mechanics, definition of, 1 
— y elementary concepts of, 1 
— y fundamental principles of, 2, 19, 
250 

, of a rigid body, 175 ff. 

— y of fluids, 338 ff. 

— wave, 289, 399 fl. 

Membrane, motion of, 418 f. 
Metacenter, 344 
Metacentric height, 344 
Meter, 5 

Method of components for equilib- 
rium problems, 214, 216 
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Minimum principle in mechanics, 387 
Moduli, elastic, 305 ff. 

— , elastic, experimental determina- 
tion of, 308 

— , elastic, relations among, 305 
— j elastic, table of, 304 
Modulus, of complex number, 263 
— , of volume elasticity, 305 
— , shear, 305 

—, Young^s, 305, 307, 316, 323 f. 
Molecular weights, 164 
Molecules, 159 f., 286 
Moment, 150 
— j of a couple, 204 
— , of a magnet, 414 
— , of acceleration vector, 150 
— , of momentum, 149, 151, 193; see 
Angular momentum. 

Moment of inertia, 179, 194 
— , calculation of, for homogeneous 
elliptical disc, 183 

— , calculation of, for homogeneous 
solid rod, 181 

— , calculation of, for sphere, 184 
— , components of, 194 
— , table of, 186 
Momental ellipsoid, 227 
Momentary forces, 25 
Momentum, 19 

— , angular, 179, 193, 216, 218, 225, 
228,230 

— , connection with force and im- 
pulse, 24 

— , conservation of, 143 
— , moment of, 149, 151, 193 
resultant, 143 
Motion, angular, 11 
— along an inclined plane, 35 
— central field, 66, 69 ff. 

— , circular, 11 
— components of, 58 
— , components of, in a plane, 58 
— , constrained, 35, 239 ff., 259 
— , curvilinear in a plane, 58 ff. 

— , definition of, 2 

— , equations of, see Equations of 
motion v 


— , free, 33 

— , in a field directly proportional to 
the distance, 37 ff. 

— , in a repulsive inverse square field, 
44, 87 ff. 

— , in a straight line, 33 
— , in a uniform field, 33 
— , in an attractive field, 45 
— , in an inverse square field, 44, 7^ 
145 

— , independence of translational and 
rotational, 191, 195 
— laws of (Newton), 19, 254, 386 
— , linear, 11 

— , of a conservative system, 261, 270 
— , of a fluid, 345 ff. 

— , of a freely falling particle, 34 
— , of a particle on earth^s surface, 
221 

— , of a particle on a smooth inclined 
plane, 252 

— , of a pendulum, 187, 239, 269 
— , of a rigid body, 153, 175 ff., 216 
— , of a spring, 41 ff. 

— , of a string, 325 
— , of a system of particles, 141 ff., 
386 ff. 

— , of a top, 229 ff. 

— , of electrons, 82 ff., 152 
— , of elastic medium, 315 ff. 

— , plane curvilinear, 58 ff. 

— , planetary, 77 ff., 100, 145, 152 
— , rectilinear in resisting medium, 
53 ff. 

— , relative to moving axes, 216 ff., 
219 ff. 

— , rotational, 175 
— , steady, of a fluid, 352 ff. 

— translational, 175 
— , turbulent, of a fluid, 366 
— , with constant acceleration, 33 

Neutral equilbrium, 345 
Neutron, 286 ^ 

Newton meter, 29 

Newton^s law of universal gravita- 
tion, 45, 79, .223 
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Newton’s laws of motion, 19, 254, 386 
Nodes, 329 

Non-conservative forces, 132 
Non-conservative systems, 96; see 
Dissipative system 
Non-copianar forces, equilibrium of, 
120 

— , parallel, 205 
Non-bomogeneous bodies, 199 
”, center of mass of, 199 ff. 
Non-uniform strain, 299 
Normal tbrust, 128 
Nuclear physics, 153 
Nucleus, atomic, 82 
— , charge on, 82, 87 
— , helium, 87 
— , mass of, 148 
Nutation, 233 

One-to-one correspondence, 5 
Operational calculus, 290, 294 
Operators, 290, 404 
Oscillations, 259 ff. 

— , acoustic, 281 
— , atomic, 286 f. 

— , damped, 262, 265 ff. 

— , electrical, 284 f. 

energy of,. 270 , ■ 

■ — , forced, 273, 275 
~™, free, 42, 260 ff., 270 ff., 273 
natural, 273 
— , of a resonator, 281 
; 5 of a spring, 42, 260, , 

—, of a string, 325 
— of a system with one degree of 
freedom, 260 ff. 

— of a system with several degrees 
of freedom, 289 ff. 

— , of charged particles, 286 

— , periodic, 293 

— , undamped, 37 ff., 259, 271 

Oscillograph, 68 

Oscillator in atomic theory, 285 

Parallel Ses, theorem of, 182 
Parallel forces, 204 ff. 

j line of application of, 205, 206 


Parametric equations of motion, 61 
Particle, 2 

— , acceleration of, 12 
— , energy of, 28, 92 ff. 

Particle equilibrium, 116 ff. 

on rough surface, 129 

, on smooth surface, 127 

, principle of virtual work in, 132 

Particle, motion of, on earth’s sur- 
face, 221 

Particle, motion of, see Motion 
■ — , position in time and space, 3 
— , rectilinear motion of, 33 ff . 

, velocity of, 9 
Particles, system of, 141 ff. 

— , energy of system of, 153 ff. 

— , motion of system of, 141 ff. 
Pascal’s principle, 339, 340 
Pendulum motion, 187, 239, 269 
— , physical significance of, 190 
Perception, modes of, 3 
Perfect fluid, 338; see also Fluid 
Perfect gas equation, 163 
Perihelion in elliptical motion, 78 
—, motion of, in relativity, 410 
Period of planetary motion, 77, 79 
— j of simple harmonic motion, 39 
— , of simple harmonic wave, 321 
Periodic motion, see Oscillations 
Permanent set, 312 
Phase, 40, 322 
— , difference, 274, 365 
Physical pendulum, 187 ff. 

— , center of oscillation of, 189 
— equation of motion of, 187 
— •, frequency of, 188 
— use of, in determination of g, 190 
Physical theory, nature of, 1 
Pitot tube,^ 355 

Planck’s constant, 84, 101 f., 288, 402 
Plane, curvilinear motion in, 58 ff . 

— , equilibrium of forces in a, 118, 
119,215 

—, harmonic waves, 319, 363 ff. 

— , motion in a, 58 ff. 

waves in a fluid, 363 
— , waves in a rod, 319 
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Planetary motion, 77 ff., 100 f., 145 f., 
152 

— , Kepler’s laws of, 77 
— , period of, 77, 79 
— , ^^time” equation in, 80 
Planets, determination of mass of, 
79 

Plastic bodies, 303 
— , impact, 144 
Plasticity, 304 
Poinsot’s ellipsoid, 227 
Poiseuille’s formula, 368 
Poisson’s equation, 112, 115, 413 
Poisson’s ratio, 300, 307 
Polhode, 228 
Polygon of forces, 119 
Position, concept of, 3 
— j coordinate representation of, 4 
— , relativity of, 3 
— , vector, 4, 8 

Potential, as solution of Laplace’s 
equation, 113, 115 
— , calculation of, 103 
— , definition of, 99 

due to charge distribution, 412 f. 
— , due to spherical shell, 103 ff. 

— j electrostatic, 99 
— , gravitational, 99 
— , ionization, of hydrogen, 102 
— , magnetostatic, 99 
Potential energy, 92 ff. 

—, associated with elastic wave, 
323 f. 

— , in central force field, 98 
— , in uniform field, 96 
— , of a particle, 93, 98 
— of a system of particles, 137, 154 f. 
— , of fluid, due to pressure, 352 
— , of fluid, due to external forces, 
351 

— of simple harmonic oscillator, 270 

■ — , of vibrating string, 418 

Pound, of force, 20, 29 

— unit of mass, 17 

— , weight, 20 

Poundal, 20 

Power, 29 


— , equation, 245 r- 

— , units of, 29 

Power factor of an electrical circuit 
295 

Precession, Larmor, 237 
— , of a gyroscope, 230 f. 

— , of a top, 233 
Precessional velocity, 230, 231 
Pressure, 160, 302, 339 f. 

— , dependence on depth in a fluiff, 
341 

— excess in a fluid, 362 
— inside liquid in shape of sphere, 
381 

— , inside soap bubble, 381 
— , of a gas, on kinetic theory, 160 ff. 
— , Pascal’s principle concerning, 339 
— transmissibility of, 340 
Primary inertial system, 3, 216 
Principal axis, 227 
Principle, Arcliimedes’, 341 f. 

— , D’Alembert’s, 250 ff., 386 
, energy, 94 
— Fermat’s, 421 

— , Gauss’ (of least constraint), 

253 ff. 

— Hamilton’s, 386 ff. 

— , of conservation of momentum, 
141 ff., 143, 417 

, of independence of translational 
and rotational motions of a rigid 
body, 191, 195 
— Pascal’s, 339 f. 

— of superposition, 293 
— , of virtual work, 132 
Principles, of hydrostatics, 338 ff. 

> of mechanics, connection with 
constraints, 250 
— , of relativity, 400 
Products of inertia, 194 
Projectile motion, 60 
, component velocities in, 61 
— in a resisting medium, 62 
parametric equations of, 61 
range, 61 
Proton, 286 

Public space and time, 3 
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QugCdric surface, 227 
Quantization, of electron motions in 
hydrogen atom, 84 
— , of electron motions in oscillator, 
287,289 

— , Schrodinger's method of, 404 
Quantum, conditions, 84, 288, 400 
— , numbers, 84, 101 
of energy, 288 

, theory of atomic structure, 82 ff. 
— , theory of radiation, 102 
Quantum theory equation, 402 

Radian, 11 

Radiation, absorption of, by oscilla- 
tors, 287 
— , acoustic, 283 

— , distribution of energy in electro- 
magnetic, 421 

— , from an atom, quantum theory, 
102 

— , resistance, 283 
Radium C, 89 
Radius, of gyration, 182 
— , vector, 69 
Range, 61 
Rarefaction, 364 
Reaction, kinetic, 19 
— , of a surface, 128 
Recoil (of a gun), 21 
Rectilinear motion in a resisting 
medium, 53 

Reduced mass for system of particles, 
146 

Reference system, 3, 30 
Reflection of sound, 422 
Relative motion, 216, 219 
Relativity, theory of, in wave me- 
chanics, 400 

— , motion of perihelion of Mercury, 
410 

Relaxation time, 269, 312 
Repose, angle of, 131 
Resistance, acoustic, see Impedance 
— electrical of a circuit, 285 
of a plane, 131 

of medium to motion of a body, 67 


— , passive, 132 
Resonance, 276 ff., 287 
— , effect of damping on, 276 ff., 287 
— j frequency, 276 
— , maximum dissipation at, 277 
— , of electrical circuit, 285 
— , of mechanical oscillator, 276 
— , sharpness of, 279 
Restitution, coefficient of, 144, 145, 
156 

Restoring force, 262, 290 
Resultant, magnitude of, for vectors 
in general, 7 
— , moment, 203, 213 
— momentum, 143 
— , of forces in a plane, 209 ff. 

— , of parallel forces, 205 
—, of parallel non-coplanar forces, 
205 

Reversible pendulum, 191 
Rigid body, acted on by parallel 
forces, 204 ff. 

Rigid body, angular acceleration of, 
178 

— angular momentum of , 179, 193 
— f angular velocity of, 177 
— , axes fixed in, 216 ff., 219 ff., 228 
— , center of mass of, 196 ff. 

— , center of gravity, 202 ff, 

— , conditions for equilibrium of, 203, 
213 

— f definition of, 175 
displacement of, 175 f. 

— , equilibrium of, 202, 209 
— , general equations of motion of, 
193 

— , kinetic energy of, 180, 226 
— , mechanics of, 115 ff. 

— moment of inertia of, 179 ff., 194 
— motion of, 175 ff., 216 ff. 

— j motion of center of mass of, 195 ff. 
— , moving axes and, 216, 219, 228 
— plane motion of, 191 ff. 

— , rotation of, 175 ff., 225 
— rotation of, about fixed axis, 
178 ff. 

— , rotational equilibrium of, 203, 219 
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Rigid body, translation of, 175 f. 

, translational equilibrium of, 203 
— , work-kinetic energy relation for 
rigid body with one point fixed, 226 
Rigidity, 305; see Shear modulus 
Rotation, and angular velocity, 
176 ff. 

, equilibrium of rigid body with 
respect to, 203, 219 
, kinetic energy of, 180, 192, 225 fi. 
— , of axes, 216 

, of rigid body about a fixed axis, 
178 ff. 

— , of rigid body about a fixed point, 
175, 225 

— , of a top or gyroscope, 229 ff . 

, work-kinetic energy theorem for, 
180 

~ simple harmonic motion of, 187 f 
310 

Rough surface, equilibrium of a 
particle on, 129 ff. 

— , resistance of, 131 

Satellite, mass of planet determined 
by motion of, 79 

Scalar product of two vectors, 26 
SchrSdinger treatment of electron 
motion, 403 ff. 

— wave equation, 405 
Second, mean solar, 5 
Series, expansion for period of pen- 
dulum, 242 
— , Fourier, 331 
Shear, measurement of, 300 
— modulus of, 305 
—, finding of modulus of, 308 ff. 
Shearing, strain, 300 ff. 

— , in liquids, 301 
— , stress, 303 
Ship* stability, 344 
Simple harmonic motion, 39 ff., 240 
amplitude, 39, 265 
— , composition of, in a plane, 64 ff. 

damping force, 43, 262 
— energy equation for, 95 
— , epoch, 40 


— , frequency, 39, 265 
— , kinetic energy in, 270 
— , of an electron, 287 f. 

— , of a spring, 42, 260 

parametric equations of motion, 64 

— period, 39 
— phase, 40, 265 
— , potential energy in, 270 
— , quantization of, 287, 403 
Simple pendulum, 189, 239, 260, 269 ' 
Sleeping top, 233 

Smooth surface, equilibrium on, 127 
— , motion of particle on, 243 
— , normal thrust on, 128 
Soap bubble, pressure inside, 381 
Solid angle, 109 
Solutions, adsorption, 382 
— , surface tension, 382 
Sound waves, see Acoustic waves 
Space, 3 

Specific heat of gas, 163, 165 
, connection with sound velocity, 
365 

— , constant pressure, 357 
—, constant volume, 165 
— , definition, 165 
— , law of Dulong and Petit, 166 
Spectrum of radiation from hydrogen 
gas, 102 
Speed, 9 

Sphere, moment of inertia of, 184 
— potential of, 106 
— , pressure inside liquid in shape of, 
381 

Spherical, coordinates, 394 
— , harmonics, 115 
Spherical shell, potential due to 
103 ff. 

Spherical particles, 144, 156 
Spherical waves, 363, 422 ' 

Stable equilibrium, 137, 344 
State, of a dynamical system, 386 
Static forces, 116 ff, 

equilibrium of, 116 ff., 202^ff, . 

Static friction, 129 
Statics of a particle, 116'ff. 

—V ,of a rigid body, 202 ff. . ■ ' ■ 
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Steady, flow of a fluid, 352 
Steady state solution of oscillation 
problems, 273 
Stiffness, coefficient, 261 
— , of a spring, 42 
Stokes’ law, 369 
Strain, 298 ff . 

— , dilatational, 300 
lateral, 300 
— , Hnear, 299, 305 
— , non-uniform, 299 
— , shearing, 300 
— , uniform, 299 
— , volume, 298, 304 
Stream lines, 348, 353, 366 
Stress, compressive, 301 
— , hydrostatic, 302 
— , shearing, 303 
— , tensile, 303, 305 
String, transverse vibrations in, 
325 ff. 

Subtraction of vectors, 7 
Superposition principle, 10, 16, 293 
Surface, energy, 373 
— , equipotential, 115 
— , integral, 109, 342, 343, 347 
— phenomena, 370 
— , rough, 129 
— , smooth, 127, 243 
Surface tension, definition of, 371 
— , measurement of, 371, 373, 375, 
381 f. 

Surface waves in a liquid, 358 
Suspension bridge, 124 
System, conservative, 94, 98, 271 
— , coordinate, 4 
— , dissipative, 260, 271, 273 
— , mechanical, 386 
— , reference, 3, 30 
System of particles, 141 ff. 

— , center of mass of, 142, 152 ff. 

— j conservation of energy in, 155 
— , conservation of momentum in, 
143 ff. 

conservation of moment of mo- 
mentum in,, 152 
energy of, 153 ff. 


— equations of motion of, 141 ff., 

149, 153 

— , equilibrium of, 121 
— , kinetic energy of, 153 ff. 

— , potential energy of, 137, 154 ff. 
— , motion of, 141 ff., 153, 387 
— , moment of momentum of, 151 
— , resultant momentum of, 143 
— j virtual work as applied to, 185 
— , work-energy theorem for, 154 

Tangential viscous drag, 167 
Tensile stress, 303 

Tension in a string, 117, 125, 126, 325 
Theorem of parallel axes, 182 
Thrust, normal, 128 
Tides, dynamical theory of, 360 
Time, 3 
— absolute, 6 

— , average of kinetic and potential 
energy, 271 
— , continuity of, 6 
— , public, 5 
— , relativity of, 6 
— , unit of, 5 

Time equation, 72, 76, 244 
Top, 229 ff. 

— , energy equation of, 231 
— , equation of motion of, 231 
— , motion of, 229, 233 
— , nutation of, 233 
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POREWOED 


Db. Toi4ANSKir’s book bas its origin in a series of lecttires which 
for many years has formed part of the course given to the 
second year Honotirs Physics students at Manchester Uni- 
vemty. An undergraduate must spend most of his time in 
mastering the classical treatment of the main divisions of 
physics — ^heat, including thermodynamics and kinetic theory, 
optics, electricity and magnetism. In my opinion the teacher 
must restrain himself tirom introducing too much modern 
physics ' ’ into an Honours course. When all is so new it is 
hard to preserve a sense of proportion. Much of the story of 
modern physics is that of the triumphant discovery of new 
facts by means of apparatus on a previously undreamed-of 
scale which is often a triumph of engineering design and con- 
struction. The fitting of these facts into a clear pattern has 
either not yet been achieved, or is only to be apprehended by 
the advanced expert ; and therefore their study does not form 
a good training ground for the mdergraduate. 

At some point, however, the student has to be introduced 
to the fundamental change in outlook which has taken place 
since the beginning of this century. He will wish to under- 
stand where classical physics breaks down, and why heroic 
measures had to be adopted in discarding old ideas. He should 
begin to appreciate the power of the new quantum mechanics, 
and something of the symmetry and beauty of its conceptions. 
In order to achieve this result it is not necessary to give him 
a ^cital of the latest discoveries. A treatment which is largely 
historical forms a good basis, because it is so important that 
the order shoidd be right, that he should recapture something 
of the bewilderment of the classical physicist, and then Ms 
excitement when new conceptions of the physical world 
resolved chaos into pattern. 

The course at Manchester was the result of a belief that 
the student should get this introduction in his second rathei 
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than Ms third year. It formed a background for his final year 
of intensive study. At the .same time, as he could not be over- 
loaded with detail at tMs stage in his studies, difficult mathe- 
matical treatments were avoided and the ma,in stress was on 
qualitative description of phenomena and their interpretation. 

TMs course became a tradition in the Manchester Physics 
Laboratory, and many members of the staff contributed to it. 
It has been'attended by quite a number of Ph.D. candidates 
jBrom the chemical and other departments. It has always been 
one of the most interesting courses for the teacher to plan, and 
I the students have found it interesting too. 

A book cannot take the place of lectures. Particidarly in a 
courae such as this, when the lecturer is trying to give a new 
trend to his students’ thoughts, he must depend on numerous 
graphic illustrations, on colloquialisms, on attacks from a new 
angle when he sees that Ms class has not grasped the point, 
and other devices wMch are the justification of the lecture 
system but out of place or impossible in a book. Yet the 
student must have a book to wMch he can refer, and there has 
been a real need for a first introduction to atomic physics which 
will give what he wants without taking him too far. In 
my opinion, Dr. Tolansky has admirably supplied tto need. 
He gives the right emphasis to each part of the subject, and 
the standard is what it should be. I believe his book be 
warmly welcomed by students and teachers, and I wish it 
eveiy success. 

W. L. Beago. 


January, 1942. 


PKEFACE'TO THE SECOND EDITION 


Ik preparing this new edition the. opportunity has been taken 
to clieck 'the whole of the text carefully so as to eliminate 
errors which occurred' in the first edition and to improve and 
clarify the phraseology in many places. I am particularly 
grateful to Dr. N. Feather of Cambridge for his help in reading 
the whole book with critical care. 

Apart from these corrections the book as a whole remains 
practically unaltered, for there has been little progress in 
fundamental atomic physics since the writing of the earlier 
edition. A few minor alterations have however been made. 
The more important amongst these include, the recent modifi- 
cation of Townsend's theory of ionisation by positive ions, a 
more satisfactory derivation of Langmuir's thermionic equa- 
tion, the removal of some obscurity in spectroscopic notation, 
alterations to six diagrams, and the bringing up to date of the 
numerical values of the fundamental constants, which are of 
course always being slightly modified. 

My thanks are again due to Dr. W. H. Taylor of the College 
of Technology, Manchester, for a further revision of the 
chapter dealing with crystal structure. 


S. Tolaksky. 


PREFACE 

This book has been written in an attempt to meet a real 
need. It aims at introducing in an elementary manner a 
fairly comprehensive survey of modern atomic physios to 
students who have already passed through an Intermediate 
course. It is based upon a lecture course wliich the writer has 
delivered for some years past to Second Year Honours (Physics) 
and Third Year Honours (General) students at the Uhivereity 
of Manchester. 

Every effort has been made to keep up to date the rapidly 
expanding material. With so wide a field to cover selection 
of subjects is inevitable, and as a result omissions arise of 
necessity. It is felt that the inclusion of chapters upon 
magnetism, electron optics, molecular spectra, low tempera- 
ture, and many other aspects aU of which can legitimately be 
classed under the heading of atomic physics, would add so 
much to the length of the book as to render it too cumbersome 
for a course extending over one year only. 

An extensive list of references has not been included since 
it is unlikely that the student for whom this book is intended 
will find time to go to the very large number of original 
sources involved in so wide a field. 

The writer wishes to express his deepest appreciation to Sir 
Lawrence Bragg, F.R.S., Cavendish Professor of Physics in the 
University of Cambridge, who has been of the greatest help and 
has given invaluable advice . He has been kind enough to revise 
many chapters. The writer has had the further privilege of 
being able to refer freely to the lecture notes of Sir Lawrence 
Bragg. 

The writer’s warmest thanks are due to Professor P. M. S. 
Blackett, P.R.S., Langworthy Professor of Physics in the 
University of Manchester, who has given him constant 
encouragement and help in both the selection of material and 
revision. Dr. Janossy of Manchester University and Dr. W. H. 
Taylor of the College of Technology, Manchester, have kiudly 
assisted by revising chapters. Dr. N. Feather of Cambridge 
has been particularly helpful in revision, and his assistance 
has been of great value. 

Janmry, 1942. 


S. Tolawsky. 
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CHAPTER 1 


THE CONDUCTION OF ELECTRICITY THROUGH 
GASES 

lEtrudiietioii 

The rapid development of modem atomic physics since the 
close of the nineteenth century has been dne largely to the 
study of electrical discharges, radioactivity, and the properties 
of electromagnetic radiation in its various forms. As far back 
as 1803, Dalton showed that matter is atomic in nature, and 
ten years later Prout suggested that the different kinds of 
atoms are built up out of the simplest, hydrogen. The dis- 
covery of the Periodic Table of the elements by Mendeleeff 
pointed to the existence of some recurrent structure factor 
within the atoms themselves, hinting at the probable existence 
of sub-atomic constituent components. In the hands of Sir 
J. J. Thomson, the study of the discharge of electricity through 
rarefied gases led to the discovery of the electron, and it 
became clear that electricity is atomic in nature also, an 
electric current or an electric discharge consisting of the flow 
of negatively charged atoms of electricity, each having a mass 
about two thousand times less than that of the hydrogen atom. 
These particles, the electrons, were found to be sub-constituents 
of every kind of atom. They carry a charge which is the 
smallest that can be observed in nature, all charges being 
simple multiples of the elementary unit, the electronic charge. 

Soon after the discovery of the electron, Rutherford's re- 
searches in the new science of radioactivity led him to conclude 
that an atom is formed out of a massive small nucleus around 
which rotate the relatively light elect^rons. More recent work 
has revealed the fact that the individual atomic nuclei are 
highly complex, being built up by different rearrangements of 
a few fundamental particles, not so very different in fact from 
the structure suggested in a crude fashion so long ago by 
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Front* Some of these atomic nuclei are unstable and pcca* 
sionally s{3ontaneo'Usly disintegrate with the emission of 
radiation. This is the essential phenomenon of radioaeti¥ity. 
The knowledge that both matter and electricity' are atomic 
prepared the way for the development of Planck’s quantum 
theory, which proved that radiation is also atomic. According 
to the quantum theory, as elaborated by Einstein, electro- 
magnetic radiation travels in small discrete packets, called 
quanta, which are in effect atoms of radiation. Electro- 
magnetic radiation is no longer to be thought of as a con- 
tinuously expanding attenuating wave form, but as a stream 
of particles, the energy of each remaining constant whilst it 
travels outwards with the velocity of light. Thus the classical 
concepts of continuity which flourished at the time of Maxwell 
and Kelvin have now been discarded in favour of atomicity 
conceptions. Most of the important modern developments 
began with the study of the discharge of electricity through 
gases. This will now be discussed. 

The electrical conductivity of gases 
A gas in its normal state hardly conducts electricity at all, 
a fact known for centuries. However, when a carefully 
insulated gold leaf electroscope is charged, even if precautions 
are taken to eliminate leakage from the gold leaf supports, a 
slow discharge of electricity is observed. Experiments con- 
ducted by 0 . T. R. Wilson on this effect in 1900 proved that 
the leakage was taking place through the air contained in the 
electroscope chamber. The observed conductivity was very 
small and was proportional to the amount of air enclosed in 
the apparatus. Normal air is, in fact, almost a perfect insu- 
lator, and indeed were this not so the study of electrical 
phenomena might never have developed at all. 

Although the conductivity of gases in the^normal state is 
very small indeed all gases can be put into a relatively highly 
conducting state by a number of means. Thus, for instance, 
the combustion gases drawn from above flames are foundl to 
conducting. Conductivity can be .produced if a gas is 
irradiated by ultra-violet light or by X-rays, or if electric 
sparks are passed in it, and so on. The state of conductivity 
once created, exists for some time, but if not continuously 
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renewed keeps on diminishing until it disappears. This can 
be proved by first producing a conducting state in a gas and 
then sucking this gas through a long tube into an electroscope. 
The electroscope is discharged, showing that the gas retains its 
conductivity during its passage through the long tube If the 
agent producing the state of conductivity is removed the power 
of the gas to discharge the electroscope quickly diminishes 
and vanishes. When the conducting gas is passed through a 
cotton wool plug or bubbled through water the conductivity 
disappears. The same occurs if it is passed between a pair of 
plates maintained at a large potential difference. These 
properties prove that the conductivity is due to the presence 
of electrically charged particles in the gas. Observations show 
that a gas in a conducting state is not charged as a whole, 
hence an equal number of negatively and positively charged 
particles must exist in this state. The particles are called 
negative and positive ions respectively, the production of 
conductivity being called ionisation. 

Variation of current with applied voltage 

•If a voltage is applied across two plates between which 
there is an ionised gas, an electric current flows, since the 
charged particles move towards 
the plates. When the potential 
difference between the plates 
is varied, the resulting ionisa- 
tion current does not obey 
Ohm’s law. The variation of 
current with potential differ- 
ence can be studied with the 
simple apparatus shown in 
Pig. 1.1. X-rays act as a source 
producing a constant number 
of ions per second between the 
plates. An electrical field is 
maintained across these by 

means of a large battery. When the current passing between 
the plates is plotted against the applied voltage, the curve 
shown m Fig. 1.2 is obtained. The current at first obeys 
Ohms law but then quickly ceases to increase, reaching a 


X-rays 
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constant value called the saturation current. When a very 
high potential is applied the current suddenly begins to increase 
very rapidly. For air at S.T.P. the ionisation saturation 
current reinains constant up to an applied field of 30,000 volts 



Yig. 1.2 

per centimetre, before suddenly rising. The value of the 
saturation current depends only upon- the amount of ionisatiQn 
between the plates. It therefore increases with increasing 
I'olume and increasing pressure between the plates. It is 
proportional to the mass of gas between them. 

Recombination of ions 

It is clear that when saturation is reached the number of 
ions created by the ionising agent is equal to the number 
removed by the applied field. However, even when no fipld 
is applied to remove the ions created, the number present, 
for a given agent, does not go on increasing indefinitely but 
after some time reaches a steady state. This is occasioned by 
the fact that the positive and negative ions tend to recombine 
when they are brought into collision with each other as a 
I'csult of gas kinetic movements. The recombination of a pair 
of oppositely charged ions leads to the disappearance of two 
charges so that recombination destroys the existence of the 
ions. Consider what takes place if we have a constant 
ionising agent producing q positive and q negative ions per 
second in the gas, each with an electrical charge e. At a 
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given time let there be % ions of eaeh.Mnd^ M; a' ewMe'een^^ 
metre of the gas. The probability of a positive ion colliding with 
a given negative ion is proportional to n, and as, there, are n 
positive ions in the cubic centimetre of ga^, the number , of col- 
lisions between positive and negative ions is proportional to 
ie.'it will equal an^ where a is a constant called the coefficient 
of recombination. The rate of increase of ions after time I is 
given by dnjdt^q—an^. If the ionising agent is amoved, q is 
made zero and we have dnldt=—an^. When integrated this 
gives ^0 being the value of n at time t=0. 

The recombination coefficient a was first measured by 
Rutherford by the application of the formula just derived for 
n. The apparatus used was simple. Ionised air was sucked 
through a tube at a known rate. The ionisation at three 
points along the axis was measured by means of the electrodes 
introduced for the purpose. The saturation ionisation current 
at any point is proportional to the number of ions there. 
Since the velocity of the air current can be measured, the time 
taken to pass between points a known distance apart can be 
determined. Thus the formula n=^nQf{l+nQat) can be applied 
and h value for a derived. The tube is wide in order to reduce 
ion losses by diffusion to the walls. 

Since Rutherford’s first measurements, many ingenious and 
more accurate methods for measuring a have been devised, 
and values for the recombination coefficient are known for 
many gases. Most of these methods require a knowledge of 
the velocities acquired by the ions in electric fields. The study 
of ionic velocities is of practical importance in connection with 
many aspects of the electrical discharge through gases and 
furnishes valuable information about the ultimate nature of 
the ions. The next section will therefore deal with the measure- 
ment of ionic velocities. 

The mobilities of ions 

When gaseous ions are produced between two plates main- 
tained at a potential difference they accelerate towards the 
plates under the influence of the field. If the field strength is 
X and if e and m are respectively the charge and mass of each 
ion, the acceleration is a—Xefm. After a short time, i, each 
ion collides with a neutral gas molecule and is effectively 
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brought to rest. The timei is that needed to travel over the 
mean free path between 'the gas molecules and can be: calcu- 
lated by the aid of the kinetic theory of gases. The ion, 
starting from rest,, is again accelerated by the field and once 
more is brought to rest after time t The velocity acquired at 
the end of each of these mean free paths is v' =^at=Xeffm, 
Clearly, as the collisions are repeated right through the gas, 
the ions travel across with a net velocity and not with an ac- 
celeration. The mean value of this drift velocity is t;=Xe^/2m, 
since the ions begin from rest after each collision. For any 
particular type of ion in a gas at a given pressure, e, m, and t 
are constants, hence the ionic velocity is v=kX where & is a 
constant and is equal to the velocity acquired by the ion due 
to the action of a field of 1 volt per centimetre (i.e. X=l). 
This constant, A, is called the ionic mobility. 

There are many different ways for measuring ionic mobilities, 
not all of which are equally good. The earliest measurements 
ware made in 1897 by Rutherford, and since that time the 
mobilities of both the positive and negative ions in a large 
number of gases and vapours have been determined. We 
shall consider here only one of the most recent methods, ^ dup 
to Tyndall. This is capable of a high 
D order of accuracy and is illustrated in 

£ Fig. 1 . 3a, A, B, 0, D are four simfiar 

j sheets of metal gauze and E a plate 

connected to an electrometer. Ions are 
brought up to A by means of a suitably 
* directed field. An alternating potential 

is applied between A and B so that 
successive bursts of ions are pulled through into the space BC. 
The main field is maintained between the gauzes B and C, the 
ions travelling to (J in a time depending upon the mobility. 
An alternating potential in phase with that between A and B 
is also applied between C and D. For certain values of the 
frequency of the alternating field, ions of a given moMHty 
amve at C when the potential there is ready to pull them 
through on to the recording plate E. 

Suppose that ions of only one mobility are present, then, if 
the current received at E is plotted against the frequency of 
the alternating potential applied at AB and CD a curve similar 
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to that shown in Fig. 1 . 36 is obtained. This consists in effect 
of a series of ' several orders '; of diminishing intensity, for not 
only do ions get through when the alternating period is such 
that the ions travel from B to C exactly in one period, but also 



when the frequency is twice, three times, etc., this fundamental 
frequency. If different ions are present each produces its own 
characteristic peaks. From the frequency at which each peak 
occurs the time taken to travel the distance BC under a known 
field can be calculated and so the value for the mobility can be 
derived. 

The following considerations show how it is that high 




accuracy can be achieved. Suppose that the alternating pulse 
is of the form shown in Fig. 1,4a. At the beginning of a 
pulse, the ions situated at Ji. {Fig. 1 . 46) move across AB and 
at the end of the pulse have reached F. Only those ions which 
pass B, i.e. those between BF, move across the main field. 
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aioce ttie pulse alternation keeps back the rest. The mobility 
and pulse frequency are such that the ions just reach C at the 
beginning of the next pulse, enabling the entire ion hash BP 
to pass, through to the collecting plate E. At frequencies other 
than integral multiples of this, no ions will get through, and by 
making the pulse short, the width of the layer BP can be made 
small compared with AB. This results in a high resolving 
power and also suppresses the higher order frequencies. 

The nature of the ions 

The earliest observations, although only approximate, 
revealed a difference between the mobilities of the negative 
and positive ions in a given gas, the former being larger than 
the latter. Prom the very simple kinetic considerations which 
give the ionic velocity as «=Xe</2m, it follows that vpjX 
should be constant, where p is the gas pressure, since the mean 
time t between collisions is inversely proportional to the 
pressure. Early workers found this to be true over (juite a 
wide range of pressure. This being so, it seemed that the 
approximate formula was obeyed and could therefore be 
employed for the determination of the mass of the iom In 
all cases the values found for the ionic velocities were such 
that the masses derived were greater than the molecular 
weight of the gas through which the ion was moving. The 
ion was therefore considered to consist of a cluster of gas 
molecules instead of being regarded as a single ionised molecule. 

Since at the time the earlier work was carried out little was 
known about atomic binding forces, it was taken for granted 
that if, for example, ions were being produced in nitrogen, the 
original ionised nitrogen moleciile would attract to itself 
neutral nitrogen molecules thus constituting a cluster with 
mass exceeding the molecular mass of nitrogen. A great deal 
of experimental work was carried out in connection -with this 
point. The recent work of Tyndall has proved that much of 
the earlier results have very little meaning because of lack of 
attention to very strict conditions of purity. He proved that 
clusters form when impurity molecules are present, the cluster 
consisting of the original ion to which is attached a small 
group of impurity molecules. When the gases employed are 
very highly purified, and mobility measurements aye made at 
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low pressures, the mobilities are found 'to, be greatly, inereased,: 
particularly for the negative ions, owing to the tendency to 
shad the cluster and, in fact, under such conditions the negative 
ions remain as free electrons. 

The marked effect of impurity is shown in Fig. 1 . 5 in which 
the velocity is plotted against X/jp for ions in air. This should 
lead to a straight line. With impurity present this is the 
case, showing that, as the pressure is reduced, the ion retaiirs 
its clustered mass formation, but when the gas is very dry 



and pure, the negative ion mobility increases at such a rate 
that the mass must be considered to diminish considerably as 
the pressure is reduced. 

Each particular impurity introduced has its, own speciSc 
effect. The mobility of negative ions is considerably reduced 
by the addition of polar molecules, ^.e. molecules like H2O, 
CH3OH, C2H5OH, etcv, the reduction increasing with the 
concentration of the impurity. When the aliphatic alcohols 
(methyl, ethyl, propyl, amyl) are used as the impurities 


10 INTEODtrCMOSr TO ATOMIC SPHYSICS 

the amount of decrease in mobility is found to be proportional 
to the length of the molecular chain. This is to be expected 
if the clusters do actually consist of the impurity molecules, 
as the greater the molecular chain length, the greater will be 
the radius of the cluster and so the smaller the velocity (the 
effective mean free path is reduced). This view is strongly 
supported by the fact that non-polar molecules {e..g. decane), 
which can have little tendency to cluster formation, have very 
little effect on mobility. It is considered probable that each 
cluster is in a dynamic state, continually lo.sing and capturing 
molecules. 

The effect of age 

Careful studies made in 1929 by Erikson upon the properties 
of positive ions a very short time after their creation have 
thrown considerable light upon the mechanism of cluster 
formation. In these experiments, the ions, immediately on 
formation, are dragged across an air stream by an electric 
field, the displacement down the stream during the time of 
crossing being an inverse measure of the mobility. By using 
high streaming velocities, mobilities could be measured when 
the age of the ion was as small as one five-hundredth of a 
second. With such short-lived ions it was found that both 
the positive and negative molecular ions have initially the 
.same mobility. Any differences arising after ageing must be 
attributed to differential polar clustering. A progressive 
decrease in mobility takes place up to an age of about two 
seconds if even small quantities of polar impurity are present 
(water vapour is usually present in small amounts unless 
special precautions to eliminate it Lave been taken). Since 
at normal pressure a single molecule can make as many as 
10*'’ collisions during the 2 seconds, only a minute amount of 
impurity need be present for cluster formation to set in. 

If the (conditions of purity can be maintaihed sufficiently 
strictly to avoid the formation of clusters, then each foreign 
ion in a given gas should have its own specific mobility. If, 
for example, helium ions, or hydrogen ions, are sent through 
air, the mobilities measured should be characteristic for helium 
and hydrogen respectively in an atmosphere of air. The gas 
used must be very pure before this condition is arrived at, and 
as a further precaution observations must be made upon ions 
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whose ages are less than 2x10”^ second, thereby reducing 
practically to zero the chances of cluster formation. Under 
such conditions Tyndall finds that vpJX. is constant over a 
very wide range, as the simple theory requires. Because of 
thip it is possible to reduce all observed mobilities, determined 
under strict conditions, to a standard pressure (usually atmo- 
spheric) for the purposes of comparison. This^ has led to 
important conclusions. 

Thi effect cl ionic mass on mobility 
The discussion immediately following concerns the mobilities 
of ions before clusters are formed, that is, it concerns specific 
mobilities of different ions. Tyndall and co-workers have 
made extensive observations on the mobilities of many types 
of ion in different gases. Table I exhibits a selection made 
from these results for ions of the alkali metals. The mobilities, 
in cm.2/seo. volt., were measured in helium, neon, nitrogen, 
and water vapour respectively as carrier gases, and refer to a 
pressure of 760 mm. Hg and 18° 0. 


Table I 


Tonn 

Gas: 

He 

Ne i 

N, 

HaO 

. . . 


ii-a 

4*2 

0-73 

m ■■ . . . . 

24*2 

8-7 

3*0 

0-72 

K+ 

22'9 

7*2 

2'7 

0-71 

Rb+ . , . . . 

21*4 

6*5 

2*4 

0-70 


For any given gas the mobility falls regularly with ionic 
mass. Fig. 1 . 6 shows the general relation between ionic mass 
and mobility found by Tyndall from observations upon sixteen 
different ions piassing through nitrogen as carrier gas. The 
observed masses extend from that of lithium to that of thallium. 
The mobilities fall upon a perfectly smooth curve proving that 
the mobility is determined only by the ionic mass. 

Useful information can be obtained by means of the mass- 
mobility relation about the nature of certain types of ion. 
When, for instance, hydrogen is introduced into nitrogen the 
ions which are formed, when the mixture is excited, have 
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mobilities wliieli fall upon the curves at mass points conre- 
8 ponding to .NH^ showing that 'the ions consist of NH^. 



The only deviation from the nitrogen mass-mobility curve 
is shown by nitrogen ions. There are theoretical reasons 
which explain why this should be so. 

The relation between mass and mobility 
A theoretical relation between mass and mobility was 
derived in 1905 by Langevin, based upon a simplified theory 
which assumed, for purposes of calculation, that the ions can 
polarise the gas molecules, which are regarded as elastic 
spheres. The mean free path of the ion in the gas can then be 
calculated and this leads to an expression for the mobility which 
is proportional to (l+m/M)^ where M is the mass of an ion 
moving through a gas the weight of whose molecule is m. It is 
recognised that the theory is only approximate, yet in spite 
of this the observed variation of mobility with mass fits very 
closely into the Langevin formula. It is therefore justifiable 
to utilise this formula in discussing the question of clustering. 
Suppose we consider ions moving in an atmosphere of their 
own gas. When there is no clustering the ionic mass is equal 
to m, the mass of the gas molecule. Suppose next that large 
clusters form, so large in fact that the mass of the cluster M 
is very great compared with the molecular mass m (hence 
m/M can be neglected). The ratio of the mobilities in the two 
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cases is {l+mlmfl{l+mjM)^^Vt, From this it is seen that 
a very large increase in mass, due to clnster formation, has 
relatively only a small proportionate effect upon the mobility. 
Reference; to shows' how large mass changes have only 

a small influence upon the numerical value of the mobility. 

The ©fleet of pressure and temperature • 

According to the simple kinetic theory the velocity of an 
ion is given by v=kXjp, The underlying assumption upon 
which this relationship is based is that the drift speed of the 
ion stream is small compared with the velocity of thermal 
agitation. As long as X/p is relatively small this is true, but 
as this increases a breakdown point is reached when the ionic 
velocity approaches that of thermal agitation. When this 
stage is reached it is necessary to use an empirical expression 
of the form t;=Z;(X/p)+F(X/p)2 to give the drift velocity. 
The breakdown is usually critical, the smaller the ion mass 
the greater is the value of X/p at which the breakdown takes 
place. 

. Considerable experimental data on the effect of temperature 
have been reported but the general conclusions arrived at 
from the investigations have not been of great value. TyndaU 
has measured mobilities over a wide range of temperature 
(80*^-500® Abs.) and found, in accordance with theory that 
the mobility rises to a maximum and then falls. Empirically, 
the observed mobilities, k, can be fitted into an expression of 
the form A ==6X^(0 +T) where B and C are ’ constants and T 
the absolute temperature. This form of expression is similar 
to that derived by Sutherland for the effect of temperature 
upon the yiScosity of a gas. 

The ©fleet of poip,r impurities 

By employing the relationi? cc ( 14 -w^/M)^ the rate of growth 
of a cluster can be studied by measuring mobilities at different 
short intervals immediately after the birth of an ion. With 
a polar impurity present, say water vapour, it is found that the 
clusters grow very rapidly, the ion passing quickly into the 
stage of complete saturation. It is to be observed that the 
Langeviix formula when applied to a cluster will only give an 
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“ effective ” mass, since there is an unknown change in the 
radius of the complex ion when the cluster has been formed. 
Strictly, the ionic radius is involved in the correct relationship. 
If the du.ster is quite small and the pressure not too high the 
error introduced will not be considerable. 

When the mass-mobility formula is applied to special cases 
the size of tjie cluster can be found. For example, Li"*" ions in 
pure argon have a mobility equal to 4-99 cm.^/sec. volt., but the 
addition of I per cent, of water vapour as impurity reduces this 
to 2-26 cm.^/sec. volt. The increase in mass required to pro- 
duce a reduction to this value corresponds to the attachment of 
six water molecules on to the original lithium ion. In general 
it is found that the number of molecules in a cluster is quite 
small, varying perhaps from four to thirteen. 

Special attention is to be drawn to the failures of the 
Langevin formula, the following being typical. The mobility 
of the pure nitrogen ion is 2-67 cm.^/sec. volt, in dry air, a value 
fitting into the mass-mobility curve. Nitrogen ion clusters 
which have six water molecules attached should have, according 
to the formula, the mobility 2-0 cm.^/sec. volt. This is the 
actual value found for clusters of short ope when small traces 
of water vapour are present. However, at greater ages the 
mobility falls until it reaches the value 1-4 cm.^/sec. volt. 
It will be recalled that according to the formula a cluster of 
even infinite mass leads to a lower limit which is 2’67/V 2=1'89. 
The observed limiting mobility is much below this. The only 
explanation of the discrepancy that can be put forward is that 
the aged clusters are so large that the radius effect can no 
longer be neglected- 

ionisation by collision 

From Figs. 1.1 and 1.2 it can be seen that increasing the field 
between a pair of parallel plates between which ions are being 
produced leads at first to saturation. With still greater fields 
saturation no longer occurs and the current increases rapidly 
until a state of instability sets in leading to a breakdown, with 
the passage of a spark, during which the resistance is low and 
the current high. The ionic process leading eventually to the 
production of a spark is called ionisation by collision. When 
an ion collides with a molecule or atom the collision can be 
considered to lead to a transfer of energy to the particle which 
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is struck. When the field is sufficiently high an ion acquires 
sufiicient energy between collisions to enable it to ionise a gas 
molecule when impact takes place. The ion ejects an electron 
from the molecule it strikes creating thereby a pair of ions, one 
positive and the other negative. These newly formed ions are 
also rapidly accelerated by the field and in turn produce ionisa- 
tion by collision, so that in a short time there is a very rapid 
geometric increase in the amount of ionisation between the 
plates (Fig. 1.7). The effectiveness of ionisation by collision 



Volts 
Fig. 1.7 


will obviously be more marked at lower pressures since under 
these conditions the ions have time to acquire considerable 
energy before cdlliding with the molecule. 

The detailed phenomena of ionisation by collision were first 
studied by Townsend with the apparatus outlined in Fig. 1.8. 
For aocprate measurement it is necessary to produce in wia g f- fon 
in a plane and to do this use is made of the photoelectric effect. 
This will be more fully discussed later and for the present it 
need merely be mentioned that when ultra-violet light strikes 
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a iii6tai surface,, electrons, are ejected from the metal. This, 
then, affords a convenient way for producing ionisation at,' a 
plane. In the apparatus shown in Fig. l.S ultra-violet light 
enters the experimental chamber through the .quartz window A 

and passes through the electrode 
0 on to a flat zinc plate ,B which 
constitutes a cathode. C consists 
of a thin slab of quartz covered 
with a. layer ‘of silver, ■ haying 
transparent scratches upon it to 
allow the ultra-violet light to pass 
through. When the light strikes 
B, electrons are emitted, and as 
B is maintained at a negative 
potential, these are repeUed and 
at once attach themselves to mole- 
cules, forming negative molecular 
ions. With the aid of guard rings 
a uniform field of several hundred 
volts per centimetre is maintained between B and C. The 
apparatus contains a special mechanical device which enables 
B to be moved to and from C in a vacuum and yet remain 
parallel with C. A low specified gas pressure is maintained 
in the whole apparatus, and the current passing between B 
and C is measured for different field strengths. 

Let the plates B and 0 be d cms. apart and let X be the 

value of the electric field 

^ ^ ^ between them. The 

i p ultra-violet light gene- 

J [ rates a number of nega- 

d ^ tive ions per second, tiq, 

, X - surface B., ' Sup-^ 

j 9 pose that by the process 

; f ' , C . of collision each negative. 

Fig. i.8o ion produces a new ions 

per centimetre of path. 
Townsend assumes each positive ion creates j8 new ions per 
centimetre of path by collision. Consider a layer at D, dx cms. 
thick, and distant x cms. from B (see Fig. 1 . 8a). Let p be the 
total number of pairs of ions generated per second between B 


n 

1 - 


.s 


n t' TT f 

— J, 

A * 

A aA 


Fig. 1.8 
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and D and q the number generated between D and C. ' In the 
element dz, the number of negative ions passing per second 
is the number originally produced at the plate surface,' %, 
together with the number generated between BD,. i.e. p. . The 
number, of positive ions 'passing through dx in the 'opposite 
diredtion is only q. Hence the number of pairs of ions' created 
per second in dx by collision is 

d'p~{n^‘\^f)Qdx-\-q^x . . V . ( 1 ) 

If % is the total number of negative ions arriving every second 
■at Owe: have, 

^==7^0 +P+? 

thus ^ 0 — -p » . ... . ( 2 ) 

substituting from ( 2 ) in ( 1 ) gives, on re-arranging, / 

dpldx={nf^+p)(a—‘^)+n^ . . . . (3) 
Integrating (3) gives, 

log [(nQ+p) ^)]=(a— •P)a;+constant. 

This can be rewritten as 

7^0 +F==A{eap{a~^)a;} — ^ 

The constant A can be obtained easily because p =0 when 
a:= 0 , from which we get 


A==%+^^/(a— ^). 

Also as ^^—no+^p when x^d, we find by direct substitution 
that 


a— jS . 



This formula fitted Townsend^s observations and showed a 
to be much greater than Recent work has however shown 
that Townsend's proposed ^ mechanism of positive ion collision 
is quite incorrect- There seems no doubt now that ^ is a 
measure of the power of the positive ions to ionise by collision. 
The ^ mechanism is highly complex. For instance it has been 
shown that each positive ion can create a number (y) of new 
electrons at the cathode, by impact. On this basis an expres- 
sion of the following form has been derived 
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ill which y-jS'/a, Since, jS. is in any event, small compared 
with a, this cannot be distingnished experimentally from 
Towiisend^s equation. The actual y mechanism is more com- 
olex than that indicated above, involving photo-electric 


The sparic discharge 

It will he seen from the last formula that the number of ions 
passing between a pair of charged plates (and therefore the 
current too) would be infinite when a for then the 

denominator vanishes. Physically, this means that a spark 
passes. This takes place at a particular value of d, the 
distance between the plates, given by 

d-(loga/^')/a ...... (5) 

Although this gives an approximately correct value for the 
sparking distance, the actual spark mechanism is much more 
complex than these simple formulae suggest. 

The obvious difference between a spark discharge ^nd the 
earlier considered silent passage of current between two plates, 
is that the spark is explosive and luminous. The potential 
required to produce a spark depends upon the distance 
between the plates, the nature of the gas enclosed, and the 
pressure of the gas. Since the mechanism of ionisation by 
collision requires a definite finite time for the multiplication 
of a sufficient number of ions to carry the current of the spark, 
there is always a time lag between the application of a sparking 
potential and the actual breakdown. Further^ it requires a 
greater voltage for the first spark to pass than for rapidly 
succeeding ones, since the first spark in its passage creates an 
abundance of ions in the vicinity of the electrodes. When the 
applied voltage only slightly exceeds the necessary sparking 
potential the observed time lag may be several minutes. . If the 
spark gap is irradiated with ultra-violet light, photoelectric 
ions are generated and the lag is considerably diminished. 

In making experiments upon the properties of sparks, a 
number of precautions require to be taken. Lag effects must 
be elim in ated, and owing to the concentration of an electric 
field near a point, smooth plane parallel electrodes must be 
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used. In the experiments carried out by Carr, plane parallel 
sheets of metal were embedded in an insulating material. 
The gas pressure between the plates could be varied, the 
potential needed for the passage of a- spark being measured at 
different pressures. The curve found with a given plate 
separatipn is shown in Fig. 1.9. There is an optimum pressure. 



Fig. 1.9 

depending upon the separation, at which a certain fixed 
minimum potential suffices to pass a spark. The shorter the 
distance between the plates the greater is the value of the 
critical pressure at which the minimum voltage appears. This 
minimum potential is characteristic of the gas used. 


Pasehen’s law Of ^parking potentials 
Paschen discovered that the sparking potential nndfir any 
condition of pressure or plate separation depends only upon 
the product of the gas pressure and the distance between the 
electrodes. This is true for sparks passing at aU pressures, 
and has been found to hold up to at least 50 atmospheres. 
The law can be derived in a general manner from collision 
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considerations. The value of the collision coefficient a is a 

measure of tlie tendency for an ion to produce ionisation, by. 
collision and clearly depends iipo.n the velocity an ion acquires. 
To a first approximation the velocity of an ion at the end of 
the mean free path is Xetjm, and as t is proportional -to 1/p 
where p is the pressure then a must be a function of Xel'pm, 
But a alsQ depends upon the number of collisions which take 
place per centimetre and this is proportional to p, hence we 
may write 

a-p . F(X/p)=p . F(V/prf). 

F is some function and V is the potential difference between 
the plates. It can be shown, too, that independent of the ^ 
mechanism ^'=p . F'(V/pd). 

On substituting in (5), the formula for the sparking distance 
for a given potential, we get 

logF(Vlpd)--logr(V/pd) 


pd^- 


(6) 


F(V/prf) * ‘ 

From (6) it will be seen that the potential V required to 
produce a spark is a function only of pd. This is Pasohen’s 
law ; it will be noted, also, that the mass of the gas between 
the electrodes is proportional to pd. 

Brush and eorona discharges 

If either of a pair of electrodes maintained at a high poten- 
tial difference is pointed, or has a radius of curvature at the 
end much less than the distance between the electrodes, a 
glow appears on the pointed electrode which changes into a 
brush-like form of discharge when the voltage used is a little 
below the sparking potential. This brush discharge can be 
seen even with currents as low as 2x10-^ amp. As the 
potential between the electrodes is slowly increased the brushes 
lengthen out into fine tentacles branching from each electrode. 
When the brushes from the two electrodes meet there is a 
sudden rush of current and a spark passes. If the potential 
is still maintained high, a steady burning arc keeps running 
bet>veen the electrodes. The direct cause of the brush is the 
concentration of electrical field in the vicinity of a point 
electrode. When this concentration reaches a given intensity, 
short sparks pass from the electrode and terminate in the air. 
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It is of interest to note that the ion current from a point at a 
high potential sets the air into violent motion, producing an 
“ electric wind ” which can easily be detected. 

If one of the electrodes is a fine wire the brush takes on a 
form known as the “ corona discharge.” When a certain 
voltage is' reached, either a continuous sheath or luminous 
beads surround the fine wire. This constitutes, the corona, 
and when the voltage is increased beyond this point the corona 
breaks up into the ordinary brush form of discharge. Techni- 
cally, the formation of the corona is of importance in connection 
with the losses from high voltage power transmission lines. 

Condensation properties of ions 

A striking property exhibited .by all kinds of ions is that, 
like dust particles, they possess the power of precipitating 
condensation ckmds from air supersaturated with vapours. 
When air which is saturated with water vapour is suddenly 
cooled by an adiabatic expansion, it becomes supersaturated, 
and if there are dust particles present, a condensation cloud 
forms. If the dust is removed by filtration no cloud is pre- 
cipitated, from which it must be concluded that the dust 
particles act as nuclei. In dusty air, condensation droplets 
form on each particle of dust. The adiabatic expansion must 
be carried out rapidly if reproducible results are to be obtained, 
for a slow expansion allows the gas to waim up quickly and 
supersaturation disappears. 

Wilson showed that moist dust-free air will also give a 
condensation cloud when expanded adiabatically to 1-38 times 
its original volume. Vapour pressure tables show that this is 
equivalent to creating an eightfold supersaturation of water 
vapour. When, however, ions are present in the 'dust-free 
air, a cloud appears at an expansion ratio of 1*25, which 
represents fourfold supersaturation only. It is clear that the 
individual ions must be acting as condensation nuclei, assisting 
the precipitation of the cloud. Wilson was further able to 
prove that the minimum expansion needed for cloud precipi- 
tation differs for positive and negative ions. For the negative 
ions an expansion ratio of 1-25 (fourfold supersaturation) 
suffices, but the positive ions require a 1-31 ratio (sixfold 
supersaturation). Unless the two kinds of ions have been 
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jircviousiy separated out by an electrical field, it is clear that 
the higher 1-31 ratio will bring down a cloud containing both 
positive and negative ions. The cloud formed on ions as 
nuclei will carry with it the charge of all the ions trapped in it. 

Theory of condensation upon ions 

It is easy^to show that, to a first approximation, the vapour 
pressure of a spherical drop of liquid exceeds that of a plane 
surface by an amount P=2Tcr/r/) where p and a are the 
densities of the liquid and its vapour respectively, r the radius 
of the drop, and T the surface tension of the liquid. If r is 
very small then P will be very large, which means that if a 
very small condensation droplet forms, for some reason, the 
vapour pressure of the liquid in this drop will be so high that 
immediate re-evaporation will take, place and the drop will dis- 
appear rapidly. Thus, even if there is a considerable amount 
of supersaturation, drops will only form if they find some 
nimleus to huM upon which will enable them to start with a 
value of r sufficiently large to keep down the vapour pressure 
to a reasonable value. This explains why clouds form easily 
in unfiltered air and why an eightfold supersaturation can be 
reached when the air is dust free. The drizzle which sets in 
above this point takes place because the air molecules them- 
selves behave as the necessary nuclei. 

Consider now what happens if a condensed water droplet is 
given an electrical charge e. The electrical potential energy 
of such a charged droplet is e2/2r and, as this decreases when 
r grows bigger, the net effect of the charge is to rr.a.lr« the 
drop expand in order to bring the electrical potential energy 
down to a minimum. On the other hand, the potential energy 
due to the surface tension of the liquid of the drop is 47 rr 2 T, 
which decreases when r diminishes. The surface tension thus 
tends to cause contraction of the droplet, ‘it is clear, there- 
fore, that the electrical charge acts in an opposite sense to the 
surface tension and thus brings about an effect which is 
equivalent to a reduction in surface tension of the liquid con- 
stituting the droplet. Since the excess vapour pressure is- 
proportional to the surface tension, a charged drop will not 
evaporate so rapidly as an uncharged drop with the same 
radius, therefore an ion will enable cloud condensation to set 
in on itself before a normal uncharged molecule will do so. 
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The preferential /action/ of th^ negative ions has its origin in 
the fact that water drops are known to-, possess a surface 
double layer of electrification with the negative coating inside. 
This makes negative ions more efficient than positive ions as 
condensation nuclei. ^ 

The Wilson eloni expansion chamber 
The cloud expansion chamber devised by C. T. S. Wilson 
is an instrument- of great simplicity and of great importance. 
It is shown in outline in Fig. 1 . 10. • The cylindrical glass 



chamber A stands upon a rubber disc in a trough which 
contains water. A movable piston produces the expansion in 
A. The blocks of wood D are introduced in order to reduce 
the air volume within the hollow piston. A large evacuated 
flask C is connected to the piston through a tube by way of 
the valve B. When B is opened the air under the piston is 
connected to the vacuum chamber C and as a result the piston 
drops suddenly, producing thereby an adiabatic expansion in 
the cylinder A, The expansion ratio can be adjusted by 
altering the height of the piston. In practice, several expan- 
sions are repeated until all the dust particles are precipitated 



made a 
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oufc of the air. If ions are then formed in A, an expansion 
wiJI cause condensation upon the individual ions (see Plates 
I¥and V). 

Many ingenious devices have been used for improving the 
cloud chamber. The drops around the ions are now usually 
observed by photographic methods. Two cameras can be 
employed^ set at an angle to each other, and from the com- 
bination of the two simultaneously taken pictures the position 
in space of the cloud can be determined. This is of great 
importance when the ion tracks produced by individual 
rapidly moving ionising particles are to be studied. Shimizu 
has designed a simple form of expansion chamber in which 
the expansion piston is operated by the rocking arm of a 
motor. The expansions are not so rapid as in the apparatus 
previously described, but by this means as many as three 
expansions per second can be made. A cinematograph camera 
is used in conjunction with this chamber resulting thus in a 
very great saving in time. A notable advance in the technique 
ot the expansion chamber is due to Blackett, who has con- 
structed an automatic chamber which is set into action by 
the passage of a single ionising particle. Thus the paftiole 
whose track IS required acts as a trigger and makes the expan- 
B,on taka pkce. The result is that ataost erery erpanS, 
photograph contains tracks, whereas previously, in manv 
expemnents, there was only a small chance of obtaining the 
sought for tracks when a given expansion was made. Puller 
details of this cliambei* will be given later. 

Pkotograph is shovm exhibiting the ion 
oud tracks obtamed when a beam of X-rays is passed through 

p th of the X-ray beam electrons are ejected from atoms 
pa“h “'“‘'I ionisation along its 

collisions The path of each electron is made visible bv the 

r™ re ““Sit 

illustrates the tracks formed when 
individual very fast ionising particles are passed through the 

«p.ns.on chamber. The separate droplet whIl St„“g 
each ion can often be eminf i ™ round 

in using photol” bkZS. to notice that 
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small fraction of a second, after the expansion, otherwise, the 
drops fa.Il a.nd the tracks become distorted a,nd ulti.mate.ly are 
destroyed. 
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CHAPTEE 2 



THE ElfECTBIC DISCHARGE THROUGH GASES AT 
LOW PRESSURES 

Appearuaee at reduced pressures 

in discharge is passed between two electrodes 

TT a gas at a low pressure, the appear- 
ance ^ers very much from that of the spark in air at atmo 

applying the electric field and then 
steady reducmg the pressure, the original crackC suaS 
breadens out mto a quiet streamer discharge. At a |reS 
of about 1 mm. of mercurv most nf +Ka JZ'S '9 - -f- • . 


Strfatms 


space 


Posftm 

glow 


Megatkh 

glow 


Cathode 

glow 


giuw mat extends from the anode. This dow 
positive glow, does not fill the whole of tho t„K T’ * ^ 

the cathode, a darh space '’f 

Faraday dark space, extends close up to the 

itself is covered by a thin nIoS w S 

On forther »dnci4 tte^einreThe nS,‘‘® MSafave glow. 

detach itself from f S^w is Ken to 

srxr ‘Sri"r° 

appearance shown in Fig. 2.1. aiscnarge has the 

When the pressure falls to about n.i c 

glowing positive column splits up into aXr^^+“TT 
light bands caUed striations which becL 
as the pressure is still further reduced. 
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WheE :tlie is redmced Btill fiirtlier the Crookes 

dark space spreads out until it fills the whole tube and the 
glow in the gas: itself disappears. At this point the electrical 
resistance of the tube increases considerabiy and it is diflS.ciilt 
' to p^ any current at all if the pressure is still further reduced. 

' Although there is no glow in the gas within the tube, the 
cathode is giving off a stream of charged particles, the cathode 
rays, which on, striking the glass walls of the tutfe excite it 
into : 'fluorescence.- Sir J. 'J. 'Thomson first proved that this 
cathode emission consists of a high-speed stream of elec- 
trified particles — electrons-— moving in straight lines from the 
cathode. This beam throws sharply defined shadows of solids 
interposed in its path, can exert a small mechanical pressure, 
heat bodies to incandescence, and excite fluorescence. The 
particles constituting the beam can be easily deflected by 
small magnetic fields and by electric fields, and carry a negative 
charge. When the beam is allowed to strike solid bodies the 
latter emit X-rays so that a discharge ^ tube at a pressure 
sufficiently low to give a defined cathode ray beam always 
emits X-rays. 

Potential variations in the discharge tube 
The complex phenomena taking place in a low pressure 
discharge tube can be investigated by examining the electrical 
potential distribution across the tube. Many experimental 
methods have been devised for this purpose, that due to J. J. 
Thomson being illustrated in Fig. 2.2. The discharge to be 
studied passes between the electrodes A and B which constitute 
anode and cathode respectively. These are fixed on to an 
insulating base mounted so that the complete electrode system 
can be moved from one end of the tube to the other without 
altering the pressure. EF is a small subsidiary discharge 
tube which sends a fine pencil of cathode rays down between 
A and B on to the fluorescent screen S. TMs pencil of rays 
is subjected to the electrical field between A and B and is 
thus deflected in its passage through the discharge, the amount 
of the deflection depending on the strength of the field through 
which it passes. By moving successive portions of AB under 
the cathode ray pencil the whole field distribution in the 
discharge can be studied. 
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As is to be expected from the variation in the apijearanoe 
of the discharge with pressure, the field distribution is 
very markedly affected by pressure changes. Two cases are 
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the dark space. . In the discharge shown in Fig.. 2,.% striatioBs. 
are in evidence and the inai.n potential :fa.Il is across the. cathode 
or Crookes dark space. The mmor alternations which : are 
observable correspond with the striations, each striation dark ■ 
spa.e^ showing a fall in the field. 

' Up to a certain critical limit of current, depending upon the 
size of the' cathode, the cathode fall of potential is independent 
of the... current and pressure in the discharge tube. In this 
condition the potential drop is called a normal cathode fall, its 
value being fixed largely by the nature of the gas used although 
it is somewhat affected by the electrode material. The normal 

I Faraday ^ 

* dark space 

-- fl ^ ^ M 



Fig. 2.3b 

cathode drop exists only as long as the cathode remains 
partially covered with glow. When the current iil a tube is 
Increased, the area of glow on the cathode spreads so as to 
maintain a constant current density at the cathode. If the 
current is increased after the cathode is completely covered 
with the glow, a change in the potential fall takes place, the 
value increasing with the current. The potential fall is then 
described as an 4 )fmlom. Normal cathode falls are of the 
order of several hundred volts. 

The mechanism of the discharge 
In order to understand the general mechanism of the low 
pressure discharge we shall consider the complex condition 
described in Fig. 2.36. The whole appearance can be attributed 
to the occurrence of ionisation by collision within the tube. It is 
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clear that if ionisation of the gas molecules is produced: by an j 
means whatsoever, both positive and negative ' ions ^ wM be 
created in the process. At the instant of creation the negative 
ions will be electrons ; and ' the positive ions the residual' 
fiositively charged molecules. Owing to the' relatively ^^high 
inobility of electrons, , the latter will be repelled very rapidly 
from the neighbourhood of the cathode. There will thus be 
an accumtflation of positive ions near the cathode, a fact which 
explains why the gradient of field here is intense and the 
cathode potential fall large. The accelerated positive ions 
strike the cathode and cause it to liberate a copious stream of 
electrons. Some of the moving ions strike gas molecules and 
ionise by collision, creating both types of ions. Owing to the 
large gradient produced by the accumulation of positive ions 
near the cathode, the electrons created in this neighbourhood 
are rapidly accelerated. Moving electrons give off no light at 
aU, since there is only light emission from atoms or molecules 
which have been excited. As soon as the rapidly moving 
electrons strike molecules they ionise by collision and also 
cause excitation glow. It is clear, therefore, that the length 
of the Crookes dark space corresponds to the mean free path 
of the electrons, that is to say, they must on the average travel 
this distance before striking a molecule. The beginning of the 
negative glow should thus represent the start of ionisation by 
collision by the electrons. This is only approximately correct, 
for it seems probable that the dark space does in fact corre- 
sj>ond to more than one mean free path. 

However, the accumulation of the positive ions near the 
cathode, which originally assisted the electrons away from this 
region, now tends to reduce the speeds of the electrons which 
have passed through the dark space. These are soon slowed 
down until they are unable to ionise by collision. This is the 
beginning of the Faraday dark space. Quickly leaving the 
influence of the positive ions behind them, the electrons in the 
Faraday dark space now begin to accelerate towards the anode 
and again start to ionise by collision with the corresponding 
appearance of glow in the gas. This constitutes the beginning 
of the positive column, both positive and negative ions being 
of course produced there by the collision process. The 
etectrons created at the beginning of the positive column have 
high mobility and move rapidly to the anode leaving behind 
a positive ion accumulation once more which slows down the 
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electrons until they are unable to ionise and thus once more a 
dark space is created. In this manner a striation is produced 
in the positive column. Hence the luminous portions of the 
striations correspond to the negative glow and the dark 
regipns to the Faraday dark space. It is clear that the 
striation formation process can repeat itself until the anode is 
reached. The striations must lengthen out with reduction in 
pressure since the mean free path then increases. 

The above description is not meant to be complete since it 
does not account for all the detailed phenomena that can be 
observed in discharge tubes. Many different types of striations 
have been observed, some sharp edged, some multiple, some 
moving, some stationary, etc. The shape of thp discharge 
tube and of the electrodes has a definite effect upon striation 
formation. The striations are very easily excited if the gas in 
the tube contains carbon compounds such as CO, COj, or 
organic compounds like CgHg, etc. 

Cathode rays 

When the pressure is so low that the dark space extends 
and fills the whole tube, patches of greenish fluorescence 
appear on the glass opposite the cathode. These patches are 
caused by a radiation emitted from the cathode surface. If a 
solid body is interposed in the path of the rays, between the 
cathode and the tube walls, a sharp shadow is cast in the 
fluorescent light patch. From the size and sharpness of the 
shadow it is evident that the radiation travels in straight lines 
and is emitted normally from the cathode surface. The beam 
of radiation is called a cathode ray beam, and it can be proved 
that it consists, of a stream of rapidly moving electrified 
particles — electrons. 

A very large number of bodies phosphoresce when cathode 
rays are allowed to fall upon them and by making use of this 
fact the rays can easily be detected. In particular, crystals , 
of potassium platino-cyanide or willemite phosphoresce very 
brightly, and if a cathode ray pencil is projected on to a screen 
covered with a fine po wder of this material, a bright spot of light 
is formed. The movements of this spot can be observed if the 
cathode ray beam is subjected to electric or magnetic forces and 
by this means the properties of the rays can be studied. Since 
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the, rays are eaiitted normally to the cathode surface, they will 
be brought to a focus if the cathode is shaped like a concave 
mirror. , The rays are able to heat bodies by impact and if 
brought to a focus can even melt platinum. -A secondary 
effect associated with the heating is that cathode rays ^ can 
produce mechanical rotation of a suspended vane held in their 
path. This is due to a radiometer action, one side of each 
vane being* heated more than the other and thus causing 
bigger reaction from the more active rebounds of gas mole- 
cules coming into contact with the hotter face. Apart jffona 
this, there are indications that the cathode rays do exert a 
small true mechanical pressure which can be detected if the 
gas pressure is very low, the radiometer effect then being 
eliminated. 

When a bar magnet is brought up to a discharge tube in 
which a cathode ray beam is falling upon a fluorescent screen, 
the spot of light moves in one direction or the other according 
to which magnetic pole is presented to the rays. It is found 
that quite small magnetic fields sufiice to deflect a beam of the 
cathode rays. If the rays are passed between a pair of metallic 
plates mamtained at a potential difference the luminous spot 
is also deflected. The deflection by means of magnetic or 
electric fields is in accordance with what would be expected 
of a stream of charged particles. 

An important experiment carried out by Perrin in 1895 
shows that the rays carry with them a negative charge. The 
form of the apparatus used is illustrated in Fig. 2.4. The 
cathode rays are produced in the side tube A, a fine beam 
being selected by means of the aperture B. The cathode ray 
|>encii causes a fluorescent green spot on the waU of the large 
bulb C. On bringing up a magnet the patch of hght C can 
be slowly deflected towards the opening of a metal cylinder D 
which is surrounded by an earthed shield. I) is connected to 
an electrometer, and as soon as the cathode rays are seen to 
fall upon the opening, a large negative charge is registered, 
proving that the cathode rays carry a negative charge. 

Hertz first noticed that cathode rays can penetrate thin 
metal foils. Lenard studied this property more thoroughly. 

A valuable property of cathode rays is that they have the 
power of blackening a photographic plate, like light, thus 
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deflections of cathode ray beams can be studied photographic- 
ally and a high degree of accuracy can be achieved. 

Cathode sputtering 

.When a discharge tube has been run for a considerable time 
the glass near the cathode becomes covered mth a deposit of 
metal often in the form of a miiror. The cathode metal is 
said to have “ sputtered.” Cathode sputtering is technically 
an important method for the production of thin metal films 
and high quality mirrors. The discharge tube can be designed 
so that the sputtering from, say, a silver cathode is quite 
uniform and by this means optically perfect uniform thin 
films can be made. The mechanism of sputtering is highly 
complex and is not yet fully understood. It is, however, quite 
certain that the phenomenon arises from the disintegration of 
the metal surface of the cathode due to the bombardment by 
the positive ions attracted to it. It is considered that the 
sputtered particles consist largely of uncharged metal atoms 
travelling with velocities corresponding to the thermal velo- 
cities of the atoms of the vapour of the metal at its boiling 
point. 

The efficiency of the sputtering action depends upon the 
molecular weight of the gas used in the discharge tube. The 
heavier the positive ions the more effective is the dis- 
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ruptive action' ' on collision with the cathode surface. A 
regular increase is observed in the amount of metal, sputtered' 
in a given time when the molecular weight of the gas in the 
tube is increased. Argon, 'for instance, is sixteen times more 
effective than hydrogen. Some metals, amongst which are, 
for example, silver, .gold, cadmium, etc., sputter with great 
ease, but others, like aluminium, magnesium, etc., hardly 
sputter at oil. The failure to sputter is considered to be due 
to the existence of a protective oxide coating upon the non-' 
sputtering metals. 

Sputtering in discharge tubes can become a source of trouble 
since the walls coat with metal and become opaque to light.. 
As the thin metal layer is electrically conducting, sparks some- 
times Jump to the glass, waEs and ; either ' short circuit 'the 
discharge or even cause a puncture in the glass wall. 

Typm of low pressure discharge 

“ Vacuum ’’ discharge tubes of diverse' forms are of great 
importance in many ' branches of science and industry. To 
name but a few applications, for instance, there are (1) X-ray 
tubes, (2) spectroscopic discharge tubes, ($} “ vacuum ®^recti- 
fiers, (4) oscillographs, 1'5) neon advertisement lighting, etc. 
The need for so many different tubes has resulted in the growth 
of a special branch of electrotechnics which concerns itself with 
‘ ^ vacuum ’ ’ tu be discharges. W e shall consider here a few of the 
specialised types of discharge which have been developed for 
the purely scientific purpose of studying spectra,, since' the 
investigation of the latter has led to important knowledge 
concerning the structures of atoms and molecules. ; 

TheGeissler tube ■ 

The Geissler tube, 'which has been used for many years as a ' 
spectroscopic source, can take on many forms'. A simple kind 
is that shown in Kg. 2 . Qa , ' The tube is in :the form of a letter 
H, having a capillary portion AB ' about 4 cms. long, with a 
bore of the order of I' mm. The electrodes CD are often of 
platinum. The tube is filled with the gas whose spectrum is 
required, the pressure being 1 or 2. mm. of mercury. ' An 
alternating potential exceeding 2,000 volts is applied either 
from a spark coil or a transformer and the passage of the 
discharge results in a concentration of the positive column in 
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the narrow tube AB, the current density being high here. 
When the capillary tube is viewed 
“ end on” a very bright emission 
can be observed. Such tubes have 
proved of great value in connection 
with the study of the line spectra 
given out by atoms and the band 
spectra given by molecules. Owing- 
to the fact that fairly large electrical 
potentials are required, the lines 
of the spectrum are all somewhat 
broadened, since strong electrical 
fields affect the motions of electrons 
in atoms and molecules. This in- 
troduces difficulties in certain investigations requiring lines 
which are extremely narrow. When extremely sharp and 
narrow lines are required, the source used is a “ hollow 
cathode ” discharge. 

Ihe hollow cathode discharge 

The hoUow cathode discharge, discovered by Paschen, has 
led to very important information concerning the nuclei "bf 
atoms. It is a means for producing spectral lines with great 
intensity and of extreme sharpness. The simplest form of the 
tube is shown in Fig. 2.56. The anode A can consist of a 
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piece of platinum or nickel wire, the cathode C is in the form 
of a hollow metal cylinder. The tube is operated with direct 
current, a potential exceeding 500 volts (preferably about 
1,600 volts) being required. The gas pressure in the tube is 
critical, being of the order of 1 mm. of mercury or so, the 
actual value depending upon the dimensions of the cathode. 
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When the ' pressure "is^ correct, the application of a direct 
%^oItage supply between A and C produces a peculiar discharge. 
The inside of the hollow cathode fills with a brilliant glow% 
particularly if a large current is' passed. The spectrum, of the 
hollow cathode glow consists of both the spectrum of the gas 
which carries the discharge and of the metal of the cathode. 
By introducing materials within the hollow cathode, their 
spectra caif be excited and studied. 

The , mechanism of excitation is very complex and appears 
to be largely due to a sputtering action. The positive ions in 
the gas discharge bombard the cathode, or the material on it, 
and this excites the spectra. Since the fight is virtually 
excited within a Faraday cylinder, that is within a place where 
the electrical field must be very small, the emitted lines are 
vary sharp. This description is however but crudely correct. 
This remains true as long as there is a normal cathode dropj 
which exists as long as the current is such that the whole of the 
cathode is not completely covered with glow. The cathode 
can be cooled, and under these conditions of low temperature 
and absence of strong field, the emitted fines are very narrow. 
The study of the inherent close hyperfine structure of these 
narrow lines has led to important discoveries about atomic 
nuclei. 

The electrodeless discharge 

There are two distinct types of ‘‘electrodeless discharge, 
these being called the “ ring discharge and the “high 
frequency ’’ discharge, respectively, although both are actually 
high frequency discharges. In exciting the ring discharge, 
which was discovered by J. J. Thomson, a partially evacuated 
tube which possesses no electrodes at all is placed inside a 
solenoid through which is passed a high frequency alternating 
current, produced by the oscillatory surge created when a 
Leyden Jar is discharged through the coil. The lines of electric 
force form closed curves, so in this case the discharge tafos the 
form of a bright ring of light, coaxial with the solenoid. It is 
ver3^ energetic, especially if a quenched spark is in series with 
the coil and Leyden jar. Owing to the violence of the dis- 
charge, many electrons can be torn from atoms, producing 
thus a state of multiple ionisation. Multiply ionised atoms 
can readily be studied by this means. 
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: The action of the' high frequency discharge "' is very 
different from ' that of the ring discharge. It is excited by 
means vof the electromagnetic waves given out by a valve 
oscillator, radio frequencies being required. ' Wavelengths 
between ! and 10,000 metres are equally capable of exciting 
the discharge (frequencies 3x10® to 3x10^ per second). A 
' vacuum ” tube without electrodes is held close to the oscillating 
circuit,' or strips of foil wrapped round the outside of the tube 
are connected to the inductance coil of the oscillator. The 
tube glows brilliantly, and although the discharge is very 
intense, the excitation is quite mild, being effectively a low 
voltage excitation. The particularly interesting property 
exhibited by this form of discharge is that it will pass easily 
through a tube in which the pressure is so low that an ordinary 
electric discharge cannot pass at all. Thus it is possible to 
study the behaviour of atoms at very low pressures where 
collisions are infrequent. 

The production of high vacua 

Most of the advances in modern physics have been due 
indirectly to the ease with which high vacua can be produced. 
Mechanical rotary pumps of the inexpensive type can rapidly 
produce a vacuum with a pressure of 0*001 mm. of mercury. 
This suffices for many experimental studies. Rotary molecular 
pumps can attain much lower pressures and are of very great 
value, but for general purposes a rotary oil pump is used in 
conjunction with a dijfusion pump. 

The mode of operation of a common type of rotary pump 
is illustrated in Fig. 2.6. The construction is entirely of 
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metal. An eccentrically mounted rotor R sweeps air from the 
side to be evacuated H, to the atmospheric side A. At the 
beginning of each stage of pumping air from H enters the 
shaded chamber and as the rotor moves round this trapped air 
is swept round to the opening A. Further completion of, the 
rotation strobe compresses the air and drives it out into the 
atmosphere, S is an oiled spring valve dividing the high and 
low pressure sides. Frequently pumps have two rotors, out 



Fig. 2.7 


of phase, mounted on the same spindle and connected in series, 
one pumping behind the other in the form of a double stage 
pump. The whole rotary system is immersed, in low vapour 
pressure oil. With a speed of rotation of about 250 revolu- 
tions per minute a vacuum of I0~® mm. of mercury can be 
attained. 

In order to reach pressures of 10-6 ipm. and lower, and such 
vacua are frequently required, dijgTztsiow pumps are generally used 
in modem practice. A simple t3q)e is shown in Fig. 2 . 7. Mercury 
or low vapour pressure oil contained in A is heated and the 
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vapour, after passing' up the .lagged tube B, shoots- out of a Jet; C> 
and then condenses upon the walls of the water-cooled chamber 
1 } . The condensed mercury, or oil, runs back to A via the trap. E. 
The apparatus to be evacuated is attached to the side , limb H, 
A rotary oil pump is connected to E, since the diffusion pump 
will not operate without an auxiliary fore-vacuum pump. 

The action of the pump is- complex. The preliminary 
reduction in pressure produced by the rotary pump permits 
the vapour jet' issuing from C to attain a very high velocity. 
Gas diffusing from the apparatus being exhausted is trapped 
by the vapour Jet, carried down to the rotary pump, and 
removed. The velocity of the vapour jet is much greater than 
the rate of diffusion of gas molecules, hence there is virtually 
no chance of any back diffusion into the vacuum chamber. 
The speed of the pump, and the fore-vacuum required, depend 
upon the shape and size of the Jet C. When high speeds and 
low pressures are required multiple stage pumps are employed, 
consisting of multiple tiers of jets in series, each acting as a fore- 
vacuum pump for the jet following. 

The ultimate vacuum depends upon the vapour pressure of 
mercury or of the oil employed. With greased vacuum taps 
in the system, the tap grease sets a limit to the pressure that 
can be reached. There is always a constant slow “ evapora- 
tion ” of occluded gases from the walls of any vacuum system 
and this decides the final limit that can be attained, if greases 
are avoided, and even if the pressure of the oil or mercury 
vapour is kept extremely low by means of liquid air traps. 

A convenient rapid alternative method for producing a high 
vacuum in a chamber of small dimensions is by the employ- 
ment of charcoal cooled by liquid air. This process cannot be 
applied generally, but where it can be used it is extremely 
efficient. The pumping action is based upon the fact that 
specially prepared charcoal, when cooled to liquid air tempera^ 
tui’e, has an enormous capacity for absorbing most gases. 
The absorbing power depends upon the manner in which the 
charcoal is prepared, that made from the shells of coconuts 
being by far the best. The charcoal is activated by leaving 
it open to the air whilst it is cooled by liquid air. It absorbs 
many hundreds of times its own volume of air and the pores 
in the charcoal are loosened. The absorbed gases are then 
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pumped off, the charcoal being heated to at least ,350° C. 
during the pumping. On cooling d,owii it is in a state suitable 
fo,r use as a pump. A tube containing the activated charcoal 
is attached to the vacuum system, which is then evacuated to 
a preliminary stage with a rotary oil pump.,' The latter is 
disconnected and on immersing the charcoal tube in liquid air, 
pumping at once begins. The charcoal absorbs most of the 
residual gases and a high vacuum results. 

Charcoal is not able to absorb all gases equally well. Helium 
is hardly absorbed at all and neon very slightly. This differ- 
ential action is of value, for by its means it is easy to isolate 
and purify samples of rare gases. 

Extremely good vacua are frequently required in industry. 
The thermionic valves used in radio, for example, require to 
be highly evacuated if a good response is to be expected. To 
obtain these vacua the getter ’’ action of various metals is 
employed. The apparatus is first evacuated with a diffusion 
pump. A small quantity of calcium metal is introduced into 
the apparatus and after the glass parts are sealed off from the 
pumping system this metal is rapidly evaporated {''flashed ’’ 
is the technical term), forming a mirror deposit on the walls. 
A very large effective surface is thereby exposed. By chemical 
surface adsorption the last traces of gas are removed. The 
original gas being air, the residual gases are almost entirely 
nitrogen, oxygen, water vapour, carbon dioxide, and hydrogen. 
These form calcium nitride, calcium oxide, calcium carbonate, 
and calcium hydride. (The name getter ” has arisen in 
industry since the m^tal gets ” the residual gases.) 

It must be realised that the term vacuum ” is only a 
relative expression. Although a pressure of 10-® mm. Hg is 
only l*3xi0"9 of an atmosphere there still remain 3-5 xlO^^ 
gas molecules per cubic centimetre in such a vacuum. The 
physical significance of this low pressure is more readily appre- 
ciated if it is recognised that under such conditions the mean 
free path of the gas molecules may be several metres. This 
means that in small vessels beams of atoms, electrons, or ions 
can be considered to travel as if in free space. 
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CHAPTER 3 

THE CHARGE AND MASS OF THE ELECTRON 

Iiitrodiietory 

The studies of J. J. Thomson on the electrical discharges in 
gases first proved that the cathode rays consist of streams of 
electrified particles each some two thousand times lighter than 
the atom of hydrogen. The particles, electrons, are funda- 
mental constituents of every type of atom. It will be assumed 
for the moment that the mechanical and magnetic properties 
of the cathode ray beams constitute sufficient proof that they 
consist of streams of charged particles. In the experiments 
now to be described it is shown that all the cathode ray 
particles are similar in nature, having the same charge and 
mass but possibly having different velocities. 

As electrons are sub-unit components common to all atoms 
the exact determination of the electronic charge and mass is 
of great importance. These quantities are fundamental atomic 
constants and theory shows that they appear in very many 
formulae for physical relationships. The first approximately 
accurate measurements were made in 1897 by Thomson, and 
since then successive refinements have led to greatly improved 
values for both the charge and the mass. Many entirely 
different high precision experimental methods have been 
devised and all lead to closely similar numerical results (these 
will be discussed later in an appendix). The earlier historically 
important experiments will only be briefly described since they 
have now been superseded by much more accurate determina- 
tions. ' ' ' 

The eloud ehamber determination of the electronic charge 

...(Thomson) 

The cloud chamber employed in this experiment is that 
designed by C. T. R. Wilson. . Kiv saturated with water vapour ■ 
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' is broiiglife into a state of supersatnmtiofi by a rapid adiabatic 
expansion. Wilson had shown that if there are ions in the aii* 
space of the chamber, single water drop condenses upon each 
of these ions when the expansion ratiO' is suitable. In Thom-' 
soii®s experiments a condensation clond was precipitated. upon 
negatively charged ion^ by adjusting the amount of expansion. 
The cloud was observed to fall slowly under gravity and the 
rate could be measured. It is known that a drop failing in a 
viscous medium (in this case-the air) obeys the Stokes’ formula, 
according to which a drop of radius a and density p attains a 
constant terminal velocity given by v===^2g,pa^j97i where is 
the coefficient of viscosity of air. From observations upon 
the rate of fall of the top of the expansion cloud the mean 
radius of the drops can be calculated. 

Since the expansion ratio employed to produce the super- 
saturation is known, the change in temperature due to this 
expansion can be simply derived from the gas laws. With 
the aid of vapour pressure tables the amount of water vapour 
that has gone over into drops can therefore be calculated. As 
the radius of each drop is known the total number of drops in 
the clovd is obtained. The cloud is allowed to settle on td a 
surface connected to an electrometer which measures the 
total charge carried by the drops. Thus the charge carried by 
each drop, which is the charge on a single negative ion, is 
arrived at. 

Although of historical importance, the above method may 
now be considered obsolete since there are many inherent 
inaccuracies associated with it. Thus the gas warms up 
rapidly after the expansion and the drops evaporate, turbulence 
effects exist, the drops have not all exactly the same size, the 
rate of fall of the diffuse cloud edge is difficult to measure, etc. 
We shall therefore consider now a precision method for 
measuring the electronic charge, due to Milliksin. 

Millikan determination of the eleetronio charge 
The method adopted by Millikan is an improved modifica- 
tion of an earlier experiment carried out by H. A. Wilson. In 
order to eliminate any errors due to variable drop size and to 
evaporation, observations are made on a single drop of low 
vapour pressure oil. A schematic outline of the experimental 
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aixangeraent is shown in Fig. 3.1. The essential observation 
chamber consists of a pair of optically worked flat circular 
plates of metal, set accurately parallel with optically worked 
glass separators. Small holes are drilled into the upper plate, 
close to the centre and these enable oil drops from the spray 
atomizer A to enter the space between the plates. The drops, 
which are charged by friction during the spraying process, fall 
under the action of gravity with a velocity v—2gpa^/9r]. This 
can be measured by means of a microscope which has a 
scale in the eyepiece. If now a potential of about 1,000 volts 
is applied between the plates PQ, the upper plate being made 
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Fig. 3.1 


positive, the fall of a negatively charged drop will be retarded 
by the field. By adjusting the field strength a given drop can 
be brought to rest and maintained stationary in the field of 
view of the observing microscope. 

In general a drop will have acquired a number of units of 
charge, each being equal to e, the electronic charge. Suppose 
that on removal of the electric field the drop under observation 
falls with velocity vi. Let a retarding field X be applied such 
that the drop begins to move upwards with a velocity If 
the drop has n units of charge the net upward force is Xne—mg 
where m is the mass of the drop. It follows, therefore, that 
(Xne—mg)lmg=V2/vi 
giving m—mg{vi+V 2 )fXvi. 
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By means of an X-ray tube,, which can ■ send 
radiation between P and Q, additional ions can be produced 
between the two plates. When one of these collides with the 
oil drop the charge altera abruptly and the observed velocity 
changes suddenly by a fixed amount±i;o at each collision. 
Since' at each alteration the drop acquires a single positive or^ 
negative charge by colliding with the appropriate ion, n alters 
by ±1. Prom this it follows that e^ngv^jUvi. . The same 
value for t ?0 was found from thousands of separate observations 
on a single drop, proving that the charges upon the positive 
and negative ions are identical, apart from the sign. 

To obtain e it is necessary to measure m. This can be 
obtained from Vy the rate of fall in air with eero field, since 
this is the terminal velocity in the Stokes' law expression for 
the fall of a spherical droplet in a viscous medium. According 
to this law the force due to gravity iTra'^pgjB equals ^nriavy 
This leads to a value for e which is 

All the quantities in this expression can be measured. 

Millikan noticed that the value derived for e Was apparently 
not constant, as expected, but appeared to be greater for smaller 
drops than for larger. He proved that this inconsistency arose 
from the incompleteness of the Stokes' formula which requires 
a correcting term depending upon the mean free path A of the 
molecules of the gas through which the droplet is falling. 
This coiTection is important when very small droplets are 
employed. The final corrected expression for e is 

e^{%ril2f{v^lpgf^{lj{l +AA/a)}t 47 r t;o/3X. 

In this the constant A is obtained from a graphical plot of the 
apparent variation of e with a. The value found by this method, 
when using the most recent value for the viscosity of air, is 
e=4»8036xlQ-^<>e.s.u . 

This experiment is of fundamental importance, not only 
because of the accurate numerical result but because it proves 
in a very decisive manner that electricity is atomic. 

The many other indirect methods available for the deter- 
mination of e are discussed in an appendix. The best mean 
value for the charge given by all these methods is 
e=4-8025x 10-10 e.s.u. 
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The ralio of the eMrgt to the mass of the electron (Thomson) 

^ Thomson also first determined the mass of the electron. 
He devised an experiment: for measuring e jm^ the ratio of the 
electronic charge to the electronic mass m, and since the value 
of 6 -had. already been obtained, m was deduced and found to 
be some two thousand , times as small as that of the mass of 
the hydrogen atom. Since, as in the case of the determination 
of e Thomson’s method has now been superseded, it will only 
be described very briefly* 

The quantity ejm is determined by subjecting a narrow 
pencil of cathode rays to deflection by electric and magnetic 
fields which are at right angles to each other. The arrange- 
ment used is shown in Fig. 3*2. A fine cathode ray pencil 



from a subsidiary tube T traverses fine slits and passes through 
a region in which there is an electric field X, produced by 
plates AA' maintained at a potential difference, and a magnetic 
field H produced by an electromagnet. The lines of force of 
the two fields act over the mme region and are mutually per- 
pendicular to each other and to the direction of the incident 
cathode xay beam. 

Assuming that the cathode rays consist of charged particles 
with charge, mafes, and velocity equal to e, m, v respectively, 
then the force exerted upon each electron by the magnetic 
field alone is Het?. This acts perpendicularly to the direction of 
motion and deflects the electrons into a circular path of radius 
R so that Hct?==mt;2/R. The path is circular in the field only 
and if this extends over a distance i a particle moves through 
this path and . then travels tangentially on leaving the field. 
If L is the distance from the centre of the field to . the fluorescent ■ 
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screen S, it can be shown from the geometry of the electron 
path that K=L^/PP' where PP' is the observed (small) deflec- 
tion of the spot of light doe to the cathode pencil striking the 
screen. Hence 

PP'=:HelL/mv . . . . . . (1) 

When the electric field alone is applied a force Xe acts in a 
vertical direction on the electrons producing an acceleration 
Xt/m acting during the time i spent in traversing the field. 
This time T is clearly equal to Ijv where I is the length of the 
field and v the velocity of the electrons. The vertical velocity 
is therefore Xelfmv. On leaving the field the particles possess 
this vertical velocity and the horizontal velocity v, hence 
' PP"/L is the ratio of these velocities where PP" is the resulting 
(small) deflection, i.e. 

PP'7L=Xel/mv2 (2) 

Combining (1) and (2) gives 

w=PF.X/PP".H 

and c/m=X . (PP')2/H2 . pp". / L 

It is to be noted that if the field strengths are adjusted to 
give equal and opposite deflections (i.e. zero net deflection) 
then 

Xc=Hev i.e. i;=X/H. 

It is not possible in, practice to obtain' perfectly uniform 
fields. When this is done the expressions for the deflections 
geometrical limits of the electrodes and pole faces. It is there- 
fore necessary to integrate over the whole of the variable 
fields. When this is done the expression for the deflections 
are modified to 



The integrals are evaluated by direct plotting of the field 
strengths along the length of the cathode ray beam. 
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Dunnington’s method for e/m, 

A number of high precision methods for the evaluation of 
efm are described in brief in an appendix on fundamental 
constants. We shall deal here with one of these, the magnetic 
deflection method due to Dunnington, which is one of the 
most accurate methods yet devised. 

The apparatus used is described schematically ip. Fig. 3,3, 
O is a high frequency owillator supplying an alternating 

• IS 



potential at high frequency simultaneously to the electrode 
pairs AF and CB. F is a filament which emits electrons when 
heated, and at every half cycle these are accelerated towards 
A and pass through a hole in it. The whole apparatus is 
highly evacuated and maintained in a very large uniform 
magnetic field H. By means of a system of slits SSS placed 
accurately upon a circle, electrons with a specific velocity wee 
selected from all those passing through A. After deflection 
through a circular path by the magnetic field, which has its 
lines of force perpendicular to the plane containing the centres 
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of tlie slits, the electrons are trapped by the Faraday cylinder 
C"? providing they succeed in passing through the gauze B., and are 
recorded by the galvanometer G. 

■ If the fields are adjusted so that the time taken for an 
electron to pass through the angle 6 exactly equals the period 
of the ' oscillator Tfor is n times this), no electrons will succeed 
in Teaching C, for at that instant B will have upon it the exact 
potential 1;hat A had when the electrons were accelerated by 
the latter. B therefore allows electrons to pass through (it is 
an open gauze) but draws them back before they reach C. If r 
is the radius of the circular path and v the velocity of the 
electrons 

v==rdlnT=rdpln 

where p is the frequency of the oscillator. We have also 

v^Hrejm 

as the particles are deflected by the field of value H. Equating 
gives 

ejm^dpjnTi. 

In carrying out this experiment H is varied until the galvano- 
meter registers zero current, this value of H giving elm. ^ By 
using piezo electric quartz crystal control the oscillator 
frequency can be maintained constant to one part in a million. 
The angle 9 can be measured with precision, so that the final 
accuracy of the determination depends only on the uniformity 
of the magnetic field and the evaluation of the field strength. 
By employing a very large powerful magnet Dunnington 
achieved an accuracy of one part in 4,500 finding 

1*7597 x lO'^ e.m.u. 

At present ten precision determinations of ejm have been 
made, the weighted mean being 

c/m=:l*7592J;:0*0005x 10'^ e.m.u. 

The mass of the electron 

The same value of ejm is found for the electron m matter 
what source is employed for creating the electrons y provided that 
the velocities of the particles are small compared with the 
velocity of light. (It will be shown later that at high velocities 
the electron mass increases according to a law given by the 
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Theory of EelatMty.) By combining the experimental values 
for e and e/m the value found for the electron mass' is 

, . , ^ m=9d066x l0~^g gm . 

This will now be compared with the mass of the hydrogen 
atoni. The , latter is best found by determining Avogadxo^s 
number, which is the number of molecules in the gram molecule 
(or alternatively from Loschmidt’s number, the number of 
molecules per cubic centimetre, since the weight of a cubic 
centimetre of hydrogen is known). 

Determination of Avogadro’s number (Brownian motion) 

The first significant determination of this important constant 
was made hy Perrin (1908) from a study of Brownian motion. 
The botanist Brown discovered (1827) that very small particles 
suspended in a liquid are in a constant state of agiiation^ due 
to thermal kinetic bombardment by liquid molecules. On the 
average, over a relatively long period, a particle receives an 
equal number of impacts in all directions, but if the particle 
m smaU^ then over any given short time more particle impacts, 
will' in general be made in any one direction than in the 
directly opposite direction, as the impacts are governed by 
the laws of chance. The unbalanced impacts make the 
particle move in a path which is quite haphazard. Very high 
magnifications are needed to render the motion visible. This 
Brownian motion is perpetual and gives direct evidence for the 
truth of the kinetic theory of matter. 

The suspended particles are in effect partaking of the 
thermal kinetic energy of the liquid molecules. When any 
heavy molecules are added as an impurity to light molecules 
{e.g. bromine added to hydrogen) then, in accordance with the 
equipartition theorem of kinetic theory, the thermal energy is 
equally divided between all the degrees of freedom in the 
mixture. In like manner suspended particles (either in a gas 
or a liquid) can be considered to be molecules of very high 
molecular weight, the weight of the particle being in fact the 
weight of the effective molecule. A suspension may therefore 
be regarded as equivalent to a low-pressure gas^ since the 
number of particles per unit volume is small. The ordinary 
gas laws are applicable both to the distributions and motions 
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of the particles. It is possible to derive Avogadro’s number 
N from a study either of the density distribution of the sus- 
pended particles or from their wanderings under the impacts 
of the liquid molecules. 

Determination of N from density dfrtribution of suspended 
partieles 

Under the combined action of gravity and the forces pro- 
ducing the Brownian motion, suspended particles in a liquid 
take up a vertical logarithmic density distribution similar to 
the density -distribution of air molecules at varying heights in 
the atmosphere. This distribution can readily be derived by 
the following method. 

Consider two horizontal planes with one a distance d% 
directly above the other. If p is the density of the gas (effec- 
tively constant over the small range) then the pressure differ- 
ence between the two planes is 

dF=pgdh=gdhM/V 

where M is the gram molecular weight of the gas and V the 
volume of a gram molecule. Substituting from Boyle^s law 
(PV=RT) gives dP=dA.MpP/RT. 

Integrating between vertical points h cms. apart, at which the 
pressures are Pi and P2 respectively, gives 
log (Pi/P2)=AMp/RT. 

Since the pressures are proportional to the number of particles 
per cubic centimetre Ni and N2 we have 
log (N,/N2)=AMp/RT. 

This general expression applies to all '‘ perfect gases. For a 
gas, or suspension of particles each of mass m, the molecular 
weight is Nm where N is Avogadro’s number. The effective 
mass of a particle of mass m and density pi suspended in a 
liquid of density pa is m{pi —p2)lpi, hence 
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the aiimber of particles passing through the field of view in a 
given period of time are proportional to and Ng. 

Perrin employed a suspension of appro:3£imately spherical 
colloidal particles of gamboge yellow, of known density, and 
measnred the radii by direct evaluation of the length of a 
chain, of particles end to end. Uniformity in radius was 
obtained by means of preliminary centrifuging of the particles. 
By means of this experiment the first approximafely correct; 
value for N was obtained. 


Betermination of N ftom the motions of suspended particles 
It was shown by Einstein that not* only could the distribu- 
tion of the particles yield a value for Avogadro’s number, but 
in addition the latter could be derived by observing the linear 
motion of a particle during a measured time period. A single 
particle moves in a haphazard manner and after a given time 
t is displaced a distance x from its original position. The 
force opposing the motion is the viscous resistance of the fluid 
equal to F=^B7nf)av where t] is the coefficient of viscosity, a the 
radiu^ of the particles, and t; its velocity. If X is the un- 
baltoced force component due to the molecular impacts, then 

m.d^xjdP= — &rr7jadxjdt‘-\-X 
m,x.d^xldi^==^--6wriaxdxldt+^x. 

If the mean is taken over a period of time sufficient to include 
a large number of impacts then i7Xa;=0 and this can there- 
fore be neglected in performing the integration. In order to 
simplify substitute 

z==d{x^)/dt B>nd v=dxfdt 

giving 

z^%xdxjdi and dzldt==^2xd^xldt^~\-2{dxldty^. 

When these subrtitutions are made we get 

( w/2)dz/d^ + 

The average kinetic energy of the particle is and 

according to the equipartition theorem this is the same for all 
molecules and therefore equals E.T/2N for a particle too. 
.Hence 


{mj2)dzldt + SiT7im =IIT/N. 
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■ The^Boiiitioii of .this equation for finite values of the time is, 
to a first approximation, 

z==^'RT/ti'!T7]a'N. 

As d{x-)=:=^zdt then x-==^zt, 

hence ■ RT/3?r7?aN. 

T,hus the measurement of the displacement .r during the time i 
enables N to be calculated since the remaining quantities can 
be measured. 

Determinatton of N by various methods 

A number of other methods have been devised for the 
determination of Avogadro’s number, and although most of 
these give only approximately correct values, one of them 
gives the most precise value known. These methods are as 
follows : — 

(1) Measurements made by direct counting of radioactive 
particles. (This will be discussed later.) 

(2) Determination of the mean wavelength of light scattered 
by the molecules in the atmosphere (the blue of the sky)Meads 
to a value for N. 

(3) N can be derived from the co-volume term in Van der 
WaaFs equation of state for a gas. 

(4) Studies of the opalescence of gases at their critical points 
can lead to a value for N (approximate). 

(5) By measuring the surface tensions of monomolecular 
films with high precision the volumes of individual molecules 
can be determined and from these N can be derived with a 
considerable degree’ of accuracy. 

(6) Since the charge on the electron is known N can be 
obtained with very high 'precision from electrolysis mms'wre'menis^ 
thus. The Faraday F is that quantity of electricity which 
liberates a gram atom of hydrogen in electrolysis. This 
quantity of hydrogen contains N atoms each of which carried 
over a charge c. Clearly F=:Ne. The value of F is 96487 
coulombs. This leads to 

N=:6-023±0-001xl023. 


This value is now adopted as the most probable value for N. 
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The ratio of the mass of the eleetroB to the mass of the hyirogeii 
atom 

Since Avogadro's number is the number of atoms in a gram 
atom, the mass of the individual hydrogen atom is obtained 
directly from, it. It is equal to 

M - 1-674 X gm. 

Since the mass of the electron is 9*1066 x 10“-^^ gnf. the ratio 
of the two masses is 

•m/M’ =^1/1837. 
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Pwitiferays 

Tt was first noticed by Goldstein in 1886 that if the cathode 
of a discharge tube was perforated, rays passed through the 
aperture, appearing as a fine streamer of glow on the far side 
of the cathode. These were originally called '' mnal rays'" 
but as later work showed that they are streams of positively 
charged particles they are now called poHfive rays." The 
origin of these rays is quite clear. In a low pressure discharge 
tube the positive ions move rapidly towards the cathode, and 
if this is perforated some will shoot through the opening and 
form a pencil of ions on the far side. It was found that this ion 
beam has very strong ionising power, easily exciting ioniliition 
by collision in the .rarefied gas behind the cathode. 

In order to throw light upon the nature of the ions consti- 
tuting the positive ray beam,. Sir J. J. Thomson in 1911 devised 
a method for measuring the ratio of the charge E to the mass M. 
The experimental difficulties were great, largely because of the 
ionising power of the rays. The method of Thomson has been 
developed by Aston and has resulted in fundamental discoveries 
of great importance concerning the ultimate structure df 
matter. In the following section we shall proceed to consider 
Thomson’s method for the determination of E/M for positive 
rays. , . 

Tli0iiis0ii"s parabola method for E/M 

The apparatus used by Thomson is shown in Eig. 4. 1. The 
object of the experiment is the observation of the simvlimmms 
deflection of the positive rays by means of parallel electric and 
magnetic fields. The pressure in the deflection observation 
chamber must be kept very low, otherwise collision effects intro- 
duce complications, but the pressure in the dischaige tube 

u ' ■ 
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•wherein the j>ositive ions are created must be high enough to 
give a sufficiently intense beam of positive rays for observational 
purposes. The difficulty concerning these mutually contra- 
dictory conditions is overcome in the following ingenious 
manlier. 

The positive ions are created in the flask A which has a 
capacity of 2 litres, since a large volume steadies the discharge. 
The cathode B, faced with aluminium to reduce spifttering, is 
pierced, the diameter of the hole being 0-1 mm. This hole is 
continued as a fine tube, passing through a thick iron tube. 
Overheating of the cathode is prevented by the water-jacket C. 
Near the anode D is a capillary tube E, which allows a slow 


F 



leak of gas into the flask, the pressure in the latter being main- 
tained fiiirly constant by adjusting the rate of pumping from 
F. A very narrow pencil of positive rays emerges from the 
bored cathode and then passes the pieces of soft iron PP', 
between which a deflecting electrostatic field X can be applied. 
However, PP' also constitute the pole-pieces of an electro 
magnet MM', although electrically isolated from each other by 
thin insulating sheets of mica. After passing through the 
electric and magnetic fields the rays then enter the very highly 
evacuated chamber G, called the camera, and are recorded on 
a photographic plate H. Owing to the narrow bore and length 
of the hole in the cathode, the pressure in G can be kept very 
low by continuous pumping with charcoal in liquid air at I, 
in spite of the relatively high pressure in A. By this means 
collision effects are avoided. 
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Wiieii .iio, iie.lds- are applied,. the positive ra..ys form a, central 
iiiidf3flected ..spot 'upon the .photographic plate. ^ The fields, 
being parallel, cause deflections of this spot at right angles to 
each \>the,r, the electrostatic deflection being in the plane of the 
paper. Let a: be the electrostatic deflection and g the magnetic 
defleetioJiV then, as already shown, if v is the velocity of the 
particles we get. ■ 


E 


(Xclxjdx 


and 


E 



j ('Hdx)dx. 
' 0 


Since the integrals de|)end only upon the field strengths and 
the dimensions and geometry of the apparatus, we have 


x==^lc^EXiMv^ and 

in which ki and are constants. Squaring the expression 
for y and dividing by that for x gives V. 

y^/x^k2m^-ElkiXM, 

For any given values of the fields H and X the factor k 2 ^ii^jkiX 
is constant, thus we have y^/x=KE/M. 

The constant K can be evaluated from measurements of the 
field strengths and by measuring the deflections x and y the 
ratio of the charge to the mass can be determined. 

In the first experiments hydrogen was introduced into the 
tube and with this gas the value found for E/M was 9,571 e.mm. 
This is the same as that found for the hydrogen ion of electro- 
lysis, and is therefore proof that the positive rays in hydrogen 
consist of hydrogen atoms from which a single electron has 
been removed. The ions thus have each a positive charge 
numerically equal to that of the electron. We now know that 
the hydrogen atom is constituted of a relatively massive 
nucleus around which rotates a single electron. When this 
outer electron is removed we are left with a single positively 
charged particle (positively charged since the complete atom 
is neutral). The name proton has been given to this particle. 
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Tie masses ©f ppsitif© M 

If ail the constitBent ions in a positive ray, beam have the 
same mass and charge but move %rith different velocdtiesj. the 
locus of the points formed by the rays upon the piiotograpliic 
plate ^will be a ' parabola, since then y^jx is constant. The 
appearance on, the plate will be. as pp^ in Fig. 4.2. If now 
other rays are introduced., the ions of 'which have^the same 
charge as ' before., but with a greater mass M', a different 
parabola w.ill result, and as the magnetic displacement is less 



for the heavier particles the second parabola will be lower than 
the first. Since pp* is the parabola for hydrogen the atomic 
mass M' can be directly derived. The line OX cannot actiialiy 
be identified upon the plate so in practice the magnetic field 
is reversed after half the exposure, resulting in a pair^ of mirror-, 
image curves and rr'. Clearly M7M=(pr/g,9)2’ and',- the 
latter can -be measured upon the plate. This' ratio therefore 
gives the, ^.Btomic weight M' in' terms of .that of the hydrogen 
ion M. 
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The value of the ■displacement, diie:to, the electrical, field, 
is inversely -proportional to- the kinetic energy of tfie eon- 
stitueiit particles , The particles can only acquire energy 
up to VE where V is the potential drop across' the discharge 
tube in 'which the positive' ions- are - created, hence the para- 
bolie will not go through the origin but stop abruptly at a 
certain ■ value of x corresponding to ' the maximum energy. 
Exceptions' to this will be considered later. The type of 
pattern observed in general is that shown in Plate I a. It will 
be noticed that there are some weak curves on the left-hand 
side of the plate. These exist because some of the particles in 
their passage through the pierced cathode collide with and 
capture electrons. Becoming negatively charged, they suffer 
deflections in the opposite quadrant to those of the normal 
ions. They are usually found when electronegative elements 
such as carbon, oxygen, chlorine, etc., are present. 

Frequently more than one electron is torn from an atom in 
the electric discharge, a multiply ionised particle being created. 
Such a particle has a charge whicih is some integral multiple 
of E and will therefore suffer deflections different from those 
fc^r a singly ionised particle of the same mass. Considfe? a 
doubly charged ion first. If this double charge is retained the 
whole time, the deflections the particle will suffer will be pro- 
portional to 2E/M and are thus the same as those produced 
upon a particle with charge E and mass M/2. For instance, if 
oxygen is introduced into the discharge tube a parabola due 
to a mass 16, 0"^, is observed and this is always accompanied 
by a weaker parabola corresponding to mass 8, this being the 
curve due to 0"^+ ions. This type of phenomenon is feirly 
general and a number of examples are shown in Plate Ia, in 
w hich the plus signs have only been placed against multiply 
ionised ions. Multiple ionisation is frequent, and in some 
atoms as many as eight electrons can be lost. 

Amongst those multiply ionised atoms produced in the main 
discharge, and thus having more energy than the normal ions, 
are some which recapture electrons in the narrow tube. On 
passage through the fields they are deflected along the normal 
parabola if they retain a single positive charge. As they have 
energy in excess of VE (ix. up to nVE where n is the degree 
of multiple ionisation) they extend this parabola beyond the 



Ia. Positive ray parabolas {after Aston). 


f^mooep <p<nin<n 

li3. 3Inss spectra {after Aston) 


Germanium 


lellunum. 

l€. Mass spectra by Bainbridge {after Aston). 
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nomal x .limit towards' the origin. These faint extensions are 
visible upon the Plate Ia. 

The masses of the positive rays are atomic or molecular 
masses. By measuring these, a certain amount of new chemical 
information has been obtained. Thus, for instance, if a hydro- 
carbon, such 'as methane, is introduced , into the apparatus, 
parabolas are obtained which can only be interpreted as being 
due to the compounds CH, CH2, CH3. Other chemically 
unstable compounds such as NH, OH, etc., can also be 
observed. This shows that these molecules can exist for a 
definite short period in the discharge tube. 

Isotopes and the mass spectrograph 

In 1912 Thomson examined the positive ray parabolas 
formed when neon was used as the source of the ions. The 
chemical determination of the atomic weight of neon is 20*200 
(based upon the scale 0 = 16) and, as expected, a strong line 
was found at a position corresponding to the atomic weight 20. 
This had, however, invariably associated with it a weaker 
parafeDia corresponding with atomic weight 22. No such 
element was known to exist. The intensity ratio of the two 
curves was absolutely invariant, no matter what were the con- 
ditions of discharge and pressure. The observations suggested 
that neon could exist in two forms chemically indistinguishable 
but with different atomic weights. Soddy had already arrived 
at a similar conclusion earlier about certain radioactive ele- 
ments. These he called isotopes ” since they occupy the same 
place in the Periodic Table. The isotopes cannot be separated 
by ordinary chemical means, so that the observed chemical 
atomic weight is the weighted mean of those isotopes present. 
Thus an atomic weight 20*2 for neon would arise if there were 
present nine times as many atoms with atomic weight 20 as 
those with atomic weight 22. The atomic weight of this 
mixture would be {{9 x20)+22}/10=20*2. It therefore became 
imperative to refine the apparatus in order to decide whether 
the atomic weight of the main parabola ion was really 20*0 
and not 20*2. If this could be shown it would prove that the 
weaker parabola was truly due to an isotope. Aston settled 
this important question by designing an apparatus, now called 
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the mass spectrograph,, with which an accuracy of one part, in 
a thousand could be reached. 

Tie prineiple of tie mass speetrograpi ■ ■ 

Although the parabola method has now. 'been considerably 
refined and made more .accurate, all such types of apparatus 
suffer from the fact that the spreading out of the beam into 
the parabola ireducos the intensity so much that there' is a 
limit to the fineness of the slit that can be used in the cathode 
for the production of the positive ray beam. In the mass 
spectrogi'aph the positive ions, with same E/M' and different 
velocities are brought to a focal point, the great increase in 
intensity permitting the use of extremely fine slits. The 
principle of Aston’s mass spectrograph is illustrated in Fig. 4.3. 



After emerging from a pierced cathode the positive rays 
are made into a fine ribbon by slits, after which they pass 
between the electrically charged plates Pj and P^. Since 
particles with different velocities are present, the beam is 
not only deflected, it is also spread out. To a first approxi*" 
mation the particles can be considered to radfiate from Z, the 
mid-point of the electric field. The diaphragm D selects some 
of the rays allowing them to pass between the poles of an 
electromagnet 0, the field being such that the rays are deflected 
in a direction opposite to that imposed on them by the electric 
field between the two plates P^ and P 2 . 

Let 6 be the angle through which the selected rays are 
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deflected by the electric field and ^ the angle through which 
they are deflected by the magnetic field. Then, if I is the 
path in the electric field X and L the path in the magnetic 
field H, it follows that 

and ^«=LHE/M=ifc2E/M. 

Bifferentiating each of these equations gives 

80/0+2Sv/v=:O 
and 8<j>j^~\-hvjv^0 

thus S6ld==28<l>l<ft. 

The small changes in angle 86 and refer to the particles 
with the same mass and charge, but with velocities differing 

by 8v. 

Suppose all the angles are small and assume also that in 
effect the electric and magnetic fields act as if concentrated at 
points. Let ZO=6, then the width of the positive ray pencil 
at 0 is b. 8 6 and at a further distance r it will be 

W-=b.80+r(80S<f>) 

=80{6+f(l-~9/20)} 

since ^ and 6 are in opposite senses. 

If the width of the beam W becomes zero when 

r{4—2d)=^b.2d. Zero width means that the rays have come 
to a focus. 

All the rays with common E/M focus at one point. In order 
to find a geometrical construction for focal points for different 
atoms, draw rectangular axes OX and OY so that the angle 
between OX and ZO is 26. The co-ordinates of a focal point 
are then r cos {^—20) and rsin(^~2^). The latter, the Y 
axis co-ordinate, is, to a first approximation, equal to r (^—20) 
since the angle is small, and this has already been shown to be 
equal to 26#, i.c. it is a constant. The locus of foci is therefore 
a straight line parallel to OX, all the focal points for different 
E/M lying on this line, along which the photographic plate is 
placed. In effect the instrument produces mass dispersion 
analogous to that of an optical spectrometer and is known as 
a mass spectrograph. 
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Asfoa's mass spectrograph 

The first instrument, built in 1919, had an aceuracy of one 
fiart in a thousand, but with the later second instrument now 
to be described an accuracy of one part in ten thousand is 
attainable. As in the parabola method the positive rays are 
produced in a large bulb and after passing through the pierced 
cathode (me Fig. 4.4) traverse the slits Sj and 82- These 
are only 0*02 mm. wide and are made by a special technique. 
They are 20 cms. apart and are set in line optically. The 
emergent pencil of positive rays is therefore very fine. The 
electric deflecting field is applied between the plates and J2 
which are slightly curved in order to enable them to be brought 
close together and yet permit the deflected beam to traverse a 

T 



curved path. The distance between these plates can be made 
as small as T25 mm. ; thus large enough deflecting fields can 
be produced with a bank of accumulators delivering only 
400 volts. The use of accumulators is of value since by this 
means the field can be maintained constant quite easily. The 
diaphragm K limits the width of the beam which is permitted 
to arrive at the magnetic field of the magnet M whose pole- 
pieces are cairved in the shape illustrated for efficiency. 

Ihe rays are brought to a focus on the p^jotographic plate 
\\ . The lamp T permits a fiduciary reference mark to be 
made uj)on the photographic plate. As in the parabola method 
it is essential to maintain as high a vacuum as possible in the 
camera chamber and this is done by pumping at I. Although 
the position of the focal line can be calculated it is found in 
practice that the predicted position is only approximately 
correct. The final focussing must be done by trial and error 
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and is very laborious. Special care must be taken in order to 
avoid sources of error which can arise if there are electrical 
polarisation effects upon the deflecting plates. 

The mass ratios of ions in the discharge are obtained' by 
comparison with a standard mass referred to a mark photo- 
graphed upon the plate. For this purpose a number of empirical 
methods are available. In the first instances gases were 
employed, the behaviour of which was already known from the 
parabola method, and by this means lines such as 0+"^, 
C^, 0"^, were identified. These lines give effective masses 
of 6, 8, 12, 16, 28, etc., enabling a calibration scale to be drawn. 
Intermediate points can be filled in simply by moving the 
whole group by an alteration of the fields. If such calibration 
curves are to be used it is essential that the fields must be 
maintained constant during a photographic exposure. 

The more accurate method now used by Aston is called 
^Vbracketing.” The deflection equations show that if an ion 
of mass M appears at a particular point when the applied 
electric field is X, then an unknown mass M' can be brought 
10 the same point by applying a field X' so that 
Let us now consider the ions H 2 ^ and He+. We shall make 
the provisional assumption that the ratio of the masses of 
these two ions is exactly 1:2. If the electric field for the 
hydrogen molecule is made double that for the helium atom 
the lines corresponding to the two ions wdll coincide. This is 
not desirable, hence three exposures are made, one for helium 
using a potential V upon the plates Ji and J 2 , and two for 
hydrogen using potentials 2V +x and 2V —x where a:; is a small 
quantity. If the ratio of the masses is exactly 1 : 2 the He*^ 
line will lie exactly half-way between the two H 2 ’^ lines. Any 
deviation from this ratio shows up as an asymmetry which 
can be measured in mass terms sufficiently well from a cali- 
bration curve. By bracketing unknown masses with accurately 
known masses great precision is attainable. 

Some examples of the beautiful mass spectra which have 
been obtained by Aston are shown in Plate Ib. The mass 
numbers of the isotopes are marked. 


Ij4 ■ . . IKTBODX7CTIOK TO ATOMIC PHYSICS 

Balnbildge’s method for positive ray analysis 
The discoveries made by Aston with his mass spectrograph 
are of fundamental importance. A number of quite different 
types of mass spectrograph have been designed and operated 
by other investigators and these have all confirmed Aston’s 
conclusions. We shall consider here one of these, namely, that 
designed by Bainbridge in 1930, and since improved upon. It 
is based upon the fact that a magnetic field alone will sort out 
the constituents of a mixed beam of ions according to E/M 
values, if all the ions in the beam have the same velocity. 



Thus, if it is possible to select out all the ions from a positive 
ray stream with a single velocity and then to pass them 
through a uniform magnetic field, all those with identical E/M 
w'ill traverse the same circular path and thus come to a focus. 
Particles with different values of E/M traverse" different circular 
Iiaths forming focal points corresponding to different ionic 
masses. The principle of the method used is illustrated 
schematically in Fig. f..”). 

A narrow pencil of positive ions comes down through the 
slits fell and Sg and passes the “ velocity selector ” PjPa. This 
consists of a pair of plates between which is an electric field 
and a magnetic field, so arranged that the deflections are in 
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opposite ■ senses* ,'0,iily, those ions get through for which the 
electric , and magnetic forces are equal and opposite. For 
these we have, if p in the velocity, X the electric and the 
magnetic field, t7~X/H' (exactly as in J, J. Thomson's method 
for , c/m for the electron). 

It is clear then that all the particles which succeed in passing 
the selector have the same velocity. After leaving the selector 
the ions enter a large uniform magnetic field, the lijfes .of force 
being perpendicular to the plane of the paper, -and traverse 
circular paths, the radii of curvature being proportional tO' 
Mt;/EH where H is the strength of the deflecting field. Thus ■ 
the radii, and therefore the positions upon the photographic 
plate, are proportional to the ionic masses. The ions of 
different mass therefore fall upon a linear scale. 

The sensitivity depends upon the area and strength of the 
magnetic field used to deviate the ions. Bainbridge used a 
very large magnet capable of giving a uniform field of 15,000 
gauss over a semicircle of 40 cms, diameter. An example of 
the resolving power and definition attainable is shown in 
Plate Ic which shows the isotopes of germanium, zinc, and 
tellurium. 

The isotopie eoBstitution of the elements 

The first success with Aston’s mass spectrograph was the 
demonstration of the fact that there are definitely at least two 
isotopes in neon. Many gases were investigated and a number 
of metals. The production of metallic ions requires a special 
type of source, the best way to produce them being to heat 
metallic salts or crystal mixtures. The isotopic constitutions 
of more than seventy of the ninety-two elements have now 
been determined, thanks largely to the labours of Aston, 

The mass standard adopted for the atomic weights of the 
individual isotoj^es is 16 for the neutral oxygen atom. The 
first important discovery made by Aston was that the atomic 
weights of all isotopes are whole numbers on this scale. The 
“ whole number rule ” is clearly of fundamental importance. 
The atomic weight of an element no longer has the significance 
previously attached to it, since in a sense it is accidental and 
depends upon the mixture of isotopes belonging to an element 
and upon their relative abundances. Chlorine is a striking 
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example of this, the chemiealatomic weight being non -integral, 
:irr457. The mass spectrograph shows that chlorine has two 
isotopes i^i.th masses 35 and 37 the relative abundances of 
these t'Wo, being 76 : 24. The mean atomic weight of this 
mixture ealonlated from the relative abundance is exactlj^ the 
chemical atomic weight. 

Great complexity and variety is found amongst distributions 
of isotope,?f. For instance, some elements, like arsenic and 
iodine, have only a single isotope, whilst others have many, 
iiierciiry |)ossessing nine and tin eleven, Not only is there 
wide variation in numbers, there is a similar variation in 
abundances. For example, bromine has two isotopes only, 
the abundances of which are almost identical, whilst in oxygen 
there are three isotopes with relative abundance ratios about 
3,000 : 5 : 1. When an element has numerous isotopes in its 
constitution it is always found that these occur in a fairly 
regular manner. For example, the isotopes of lead are 204, 
206, 207, 208, or those of germanium 70, 72, 73, 74, 76. Fairly 
regular sequences are formed in which the increase in atomic 
weight in going up the series rarely exceeds two mass units 
for adjacent members. 

Indium and tin illustrate a distribution of isotopes some- 
times met with. Both of these elements have isotopes with 
atomic weight 115. These are therefore atoms with the same 
weight but occupying different places in the Periodic Table. 
Tiiey are called ‘‘ isobars (equal weight). Isobaric pairs 
occur fairly frequently and in some cases there are isobaric 
triplets, an example being those isotopes of tellurium, xenon, 
and tin which all have atomic weight 124. 

The slgnifieanee of the “ whole number rule /’ 

As long ago as 1815 Prout had suggested that all the elements 
w'ere built up out of integral multiples of hydrogen but this 
was not believed because of atomic weights like that of 
chlorine. The difficulty about non-integral atomic weights 
was removed by the w'hole number rule. Experiment proves 
that every type of atom is capable of ejecting electrons under 
suitable conditions. Since atoms in their normal states are all 
uncliarpd they must therefore all contain units of positive 
electricity equal to the possible number of electrons that can 
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be remoYed. Positive ray analysis proves that, the lightest 
observable known positively charged particle (apart from the 
positron and meson which are special cases that will be dealt 
with later) is the positive ion of hydrogen. This is the proton. 
Compared with the standard atomic weight taken as 16 for 
oxygen, the proton mass is slightly greater than unity, namely, 
1-00778. 

It will be shown later that experiments on the scattering of 
radioactive particles prove that atoms can be considered to 
consist of a very small massive positively charged nucleus 
surrounded at some distance by rapidly rotating electrons. 
Practically the whole mass of the atom is concentrated in the 
nucleus which contains the whole of the positive charge. The 
number of outer electrons, in the extra-nuclear or outer system, 
is equal to the atomic number, that is, to the numerical posi- 
tion the atom occupies in the Periodic Table. Hydrogen, with 
atomic number 1 has one outer electron, helium two, lithium 
three, etc. Evidence will be given later which shows that 
nuclei consist of protons and particles with almost the same 
mass but with no charge. These are the neutrons, the mass 
of a neutron on the same scale being 1*00895. 

It is clear from the atomic weights and the nuclear charges 
that all nuclei (excluding that of hydrogen) must contain both 
protons and neutrons. For the moment let us neglect the 
small deviations of the masses of these particles from unity. 
Consider the isotopes of lithium. The atomic number of both 
isotopes is 3, since lithium is third in the Periodic Table. The 
nuclear charge is therefore 3. The two isoto|^s have atomic 
weights 6 and 7. The mass and charges can only be reason- 
ably explained by assuming that the nucleus of the lighter 
isotope contains three protons and three neutrons, giving a 
charge of 3 and a mass of 6. In like manner the heavier 
isotope contains ,three protons and four neutrons giving a 
charge of 3 and a mass of 7. If a proton is added to a given 
imcleus the charge is increased so that the atomic number 
rises and there results an atom in the next place in the 
Periodic Table. On the other hand, if neutrons are added to 
a given nucleus the atomic number m not affected but the 
mass increases and thus we have a new isotope. 
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Ttii mass Meei sMil paeMfig''fracti§a ■ 

With iiieretksed precision in^ measurement} Aston fotinci that 
in practically OTery case "slight deviations from the whole 
jiiirriber rule existed. The deviation was reJatively large only 
Hi the ease of hydrogen, hence 16 was still retained as* the 
standard, rather than H=-l, but this was quite arbitran^. On 
this basis some of the exact weights, selected at random, are 
as fol!ow\s : ' 

H He ' Li 0 As Ba Tl 

M50778 4*CI0a 7*012 16 74*964 137*916 203-0S6 

. The importance to be attached to these deviations' becomes 
apparent when, the relative masses of hydrogen and helitnn 
are coB,side,red. T.he nuclear charge of helium is 2 and the 
mass about 4, and it is logical to assume that the helium 
nucleus is built up out of two protons (hydrogen nuclei) and 
two neutrons. The mass of this combination should be ^ 
2 {T00778 +1-00895), i,e. 4-03346. As the above table shows, 
the atomic weight of helium is considerably less, being in fact 
lighter by about 0-030 mass units. The difference can be 
explained by the Theory of Relativity, according to which 
mass and energy are interchangeable and can be converted 
into one another. (This has been experimentally confirmed.) 
Inside the helium nucleus the constituent particles are very 
tightly packed together, as proved by measurements of the 
nuclear radius. It can be shown that in the original process 
of the formation of such a nucleus energy must be released in 
very large amounts before a stable packing state is reached. 
This enormous loss of energy, w+ich is related to the binding 
force between the particles, means a corresponding loss of mass. 
Clearly the stability of the final nucleus formed depends upon 
the amount of mass which' has- been lost in the form^ of radiation 
energy. The conditions necessary for the building up of nuclei 
out of their constituent particles, with the liberation of mass- 
energy as radiation,' probably exist in the centres of hot stars 
w+ere temperatures of many millions of degrees are reached. 

The deviation of the mass of a nucleus from the whole 
number is caEed the mass defect It can be expressed in a 
* Tfee way in which tiia neutron mass is measured will be desonbad later. 
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convenient form thus. If N is the mass number of an isotope, 
ie. the nearest whole REmber, the mass in general is N— S 
where ■S represents the defect. The qaantitj SfN is called bj 
Aston the packing fraction, since it is a measure of the ainottut’ 
of packing of the constituent particles. The packing fraction, 
which is generally expressed in parts per iO'b is a very impor- 
tant quantity, being a measure of the stability of the nucleus. 
When the observed packing fractions are plotted "against the 
mass numbers of atoms they are found to fall upon the, smooth 
curve shown in Fig. 4.6. Those light atoms with atomic 
masses which are exact multiples of four lie upon a separate 
lower spur. These nuclei are more stable than the others. 



The packing fraction of the helium nucleus is such that there 
are strong grounds for believing that this is a particularly 
stable combination of nuclear particles. It is prf)bable that 
the helium nucleus can act as a sub-unit in nuclear structure. 
For this reason many light atoms whose mass numbers are 
divisible by four, are very stable and lie on a separate lower 
stability curve. 

Oxygen has been chosen as the standard for convenience. 
If hydrogen were taken as standard the numerical values of 
the packing fractions and mass defects would differ. For 
ihstance, the mass defect of oxygen would then be 0d2. 

According to the Relativity Theory the equivalence of mass 
and energy is given by E==mcK That is, a mass m grains is 
equivalent to E ergs, c being the velocity of light. If a gram 
of hydrogen is transmuted into helium this formula shows that 
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. 7*0x10^® ergs of energy will be , radiated. ■ This, is approxi- 
; mately equal to 200^000 kilowatt hours. Clearly this enormous 
, amount of energy is a possible source for stellar energy of 
radiation ; this will be discussed later. 

The iiscovery of heavy hydrogen (deuterium) 

The discovery of an isotope of hydrogen with mass ,2 and 
its produd}ion in quantity has become of great importance, 
particularly for chemistry. The discovery goes back to the 
detection of isotopes of oxygen by spectroscopic means. Aston 
Imd not been able to observe any oxygen isotopes other than 
16 which was one reason for its adoption for the standard of 
atomic weight. The positive ray method is only one of the 
experimental procedures available for the study of isotopes. 
The differences in the masses of the isotopes constituting an 
element can have considerable influence upon the finer details 
of the spectra of molecules. Isotopes can therefore be studied 
by spectroscopic means. For instance, the spectrum given out 
by the molecules of chlorine has in it lines which can be attri- 
buted to the molecules ssci—s^Cl, and 37cp xhe 

(*areful study of the molecular spectrum of oxygen revealed the 
existence of an isotope present to an extent of 1 in 630 
parts of and a fainter ^'^0 present to the extent of 1 in 3,160 
parts of Clearly Aston's isotopic weights are all referred 
to the main isotope of mass 1 6 but the chemical atomic weights 
are based upon the atomic weight of the oxygen mixture, 
since this mixture as a whole takes part in chemical reactions. 
The weight of this isotopic mixture is 16*0035 on Aston’s scale, 
hence Aston’s weights have to be reduced by 2*2 parts in 
10,000 to bring them to the chemical scale. 

The accurately measured chemical atomic weight of hydrogen 
is 1*00777 and the value previously found by Aston before the 
discovery of the oxygen isotopes was 1*00778, based upon a 
value of 16 for oxygen. This agreement, although actually 
accidental, was considered eminently satisfactory. However, 
the discovery of and requires a reduction in the mass 
spectrum scale in order to bring it into line with the chemical 
scale and when this is done the mass spectrographic value for 
hydrogen becomes 1*00756. The agreement has been turned 
into a discrepancy of 0-00022 mass units. This could be 
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accomited^ for . if it were assumed that hydrogen contained a 
small quantity of a heavy isotope, for then the chemical atomic 
weight would be that of , the mixture and therefore greater 
than the mass spectrographic value. It requires only 1 part 
in 6,500 of an isotope of mass 2 to produce the alteration in 
weight observed by Aston. 

Urey and his collaborators thereupon undertook the frac- 
tionation of liquid hydrogen, and owing to the fact that there 
is 100 per cent, difference in the masses of the two isotopes 
this method, inefficient in previous cases, 'was highly effective. 
The suspected isotope w’^as successfully separated, being 
detected spectroscopically. It was named deuterium, It was 
later discovered that the water left in old oft-used electrolytic 
ceils has relatively a very high concentration of deuterium (D) 
in the form of heavy water D^O, This arises^ because of the 
different mobilities of the electrolytic ions of hydrogen and 
deuterium respectively. By electrolytic methods it is now 
possible to obtain practically pure heavy hydrogen or heavy 
water in large quantities. Litres of deuterium can now be 
bought commercially at a low price. 

The importance of deuterium to chemistry as an indicator 
is very great. It is easy to replace hydrogen by deuterium in, 
say, a complex organic compound containing many hydrogen 
atoms, since chemically the two are very nearly indistinguish- 
able. Thus a particular hydrogen bond can be marked and 
followed in various reactions, for the deuterium can always be 
recognised by its density when it is liberated or transposed. 
Deuterium has also proved of great value in studying the 
structure of nuclei both as an object for disintegration and as 
a projectile for the production of disintegrations. 

The separation of isotopes 

Since isotope^ have virtually identical electronic structiires 
their chemical properties are, for almost all practical purposes, 
mdistinguishabie (apart from the case of hydrogen). They 
can therefore mostly only be separated by physical methods 
which depend upon the atomic mass. In a broad sense these 
can be divided off into methods available only for the very 
light elements and those available for light and heavier atoms. 
‘'Chemical'' methods which involve either (1) electrolysisv 



If a , dilute electrolyte is electrolysed^ 'mth emission of 

hydrogen, the differential ionic mobility of the two isotopes of 
hydrogen leads to a more rapid evolution of light hydrogen. 
The heavy hydrogen therefore concentrates in the electrolyte 
in the form of heavy water. The solution is electrolysed until 
it is very concentrated. After dilution, the process is repeated 
until the original volume is reduced to one nine-thousandth 
part. The residue is then 90 per cent, heavy water, ^^en 
the reduction is carried to 1 part in 23,000 the concentration 
reaches 99*9 per cent, and is thus virtually a complete isotopic 
separation. Some 30,000 ampere hours are required for the 
production of 1 gram of heavy water. This method is only 
effective for hydrogen. 

Distillation 

If the heat capacity of a liquid at low temperatures differs 
appreciably from that at normal temperatures, then it can be 
shown that there will be differences in the vapour pressures of 
any isotopes present. The differences in specific heat sufficing 
to make this property applicable to isotope separation are only 
exhibited by the liquefied gases hydrogen, helium, and neon. 
In 1935 Keesom, Van Dyk, and Haantjes succeeded in 
separatmg the neon isotopes (partially) by this method. 

Exchange chemical reactions 

In exchange reactions between isotopically different mole- 
cules, the equilibrium constants differ sHghtly from unity, 
hor example, the reaction ^^CO-fJscOg^isco-j-iscO^ has an 
equilibrium constant of 1-098 at 273° A. and*l-029 ai600° A. 

y u ^ng tffis (and other analogous reactions) increased 
^hfeve*d^*^^ of isotopes, but not complete separations, can be 

The above three methods are all slow and laborious and are 
so strifangly successful as the methods to be described 

Dolow, which can be apDlied to both licrbf 
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In all separations the ' lower the initial abandanee ratio, the 
easier it is to concentrate the less abundant, ■ The more general 
methods now to be described involve (1) .diffusion, (2) ' thermal 
diffusion, (3) the mass spectrograph. 

Diffusion 

Since the diffusion rate of atoms is inversely proportional to 
the square root of the mass there will be slight difference's in 
diffusion velocities of isotopes. In 1932 Hertz successfully 
applied this principle to the separation of the isotopes of neon. 
If a gas is diffused through a porous tube a slight partial 
isotopic enrichment takes place. Forty-eight such diffusion 
tubes built into twenty-four pumps are arranged in cascade, 
forming a closed circuit through which the continuously en- 
riching gases are constantly circulated by an elaborate arrange- 
ment of pumps and valves. With later improvements of the 
apparatus great speed in separation was achieved. For 
example, in 8 hours ^^Ne, containing only 1 per cent, of the 
heavier isotope, was extracted, the quantity being 55 c.c. at 
normal temperature and pressure. 

Hertz has modified the apparatus so that the diffusion takes 
place through a wall of streaming vapour (e.gr. mercury). Neon, 
argon, and even bromine isotopes have been rapidly separated 
by this process. The rate of transport of the material is 
about 1 c.c. per day with this arrangement. 

Thermal diffusion 

A very effective method for isotopic separation was intro- 
duced in 1938 by Clusius and Dickel who employed thermal 
diffusion, applied in the following way. If a mixture of gases 
of different molecular weights (whether differing isotopically 
or chemically) is placed between vertical parallei walls, one of 
which is hot and the other cold, the components separate out 
because : (I) thermal diffusion concentrates the heavier com- 
ponent near to the cold wall and the lighter near to the hot 
wall ; (2) thermal convection cause the colder (and therefore 
heavy-enriched) gas to flow down in the neighbourhood of the 
cold wall whilst the hotter (and light-enriched) gas flows up 
near the hot wall. This leads to two gas streams which result 
in separation, until back diffusion leads to a stabilised distri- 
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butioii. In the irst experiments a vertical .tube .with a hot 
co-axial wire was used as the separating system. With a 
length of 3 :m,etres and a temperature difference of 600° C., a 
mixture of . gases such' as bromine and helium was rapidly 
completely separated into its components. A 50 per cent, 
emchment of the chlorine isotopes was attained. Later with 
a tube 36 metres long a complete separation of the chlorine 
isotopes (150 within 0*4 per cent.) was achieved rapidly, 8 c.c. 
of gas being pi*oduced in 24 hours. It is found that a tube 
but 1 metre in length is equivalent in speed to 12 Hertz 
diffusion pumps in cascade. 

The method is not only applicable to gases but can also be 
used with liquids. With zinc chloride the zinc isotopes 64 and 
68 can be partially separated. The thermal diffusion process 
is by far the simplest and most effective method yet devised. 
It is, however, limited to materials which are not affected by 
the high temperatures used and which will not react with the 
hot wire. Moreover, the process is more complex than has 
been indicated and its failure to separate components effec- 
tively in certain cases has to be attributed to peculiarities in 
the molecular force-fields for the molecules concerned. 

The mass spectrograph 

It is clear that the traces made by isotopes when the mass 
spectrograph is used represent a complete separation of 
isotopes. If the ion sotirces used are very intense, the different 
isotopes can be collected separately and removed for examina- 
tion. At present the quantities which have been obtained by 
this method are very minute, but as the separation is com- 
plete the process is useful for special cases. 
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CHAPTER 5 

THE QUANTUM THEORY 


Difficulties with the classical theory of radiation 

Towards the end of the nineteenth century an anomalous 
situation had arisen in connection with the theory of “ black 
body ” radiation. By definition a “ black body ” is one that 
completely absorbs all the radiation falling upon it, or conversely 
behaves as a perfect radiator when heated. The classical 
electromagnetic theory of heat radiation can be applied to the 
calculation of the density of the radiation in an enclosure sur- 
rounded by a black body maintained at a uniform temperature. 
Such a radiator will, on classical theory, emit energy radiation 
of continuously variable wavelength. Rayleigh and Jeans 
have derived an expression giving the radiation energy per 
unit volume of the ether in equilibrium in such an enclosure, 
in a wavelength range extending between A and X—dX. 

In Jeans’ derivation of this radiation law the radiation is 
imagined as broken up into monochromatic wave trains and 
the number of such trains, or equivalent degrees of freedom, 
lying between the wavelengths A and X~dX is detei-mined. 
The energy carried by each degree of freedom is known from 
general statistical theory, hence the energy density of the 
radiation -can be obtained. 

Suppose radiation of wavelength A forms steady stationary 
waves by being enclosed between two perfectly reflecting walls 
separated by a distance x. Then a;=«A/2 where w is an integer. 
Consider now a cubical box with perfectly reflecting walls of side 
a enclosing radiation which produces stationary waves. Then 

la—niXfl 
ma— 712X12 
?ia=%A/2 

where «], Jig, % are integers and I, 771^ n are the direction 

7S ■ 
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cosines for the radiation direction— since only when these con 
ditions are satisfied will the corners of the cube remain per- 
manently nodes of vibration. Square and add, giving 

_j_ 

since 

then ^ (Mi 2 +» 22 .f« 32 )/a 2 = 4 /A 2 ,= 4 v 2 /c 2 

hence ■v={ni^+ni^+7i^^fcl2a 

where v is the frequency and c the velocity of the radiation. 

The number of possible stationary vibrations which occur 
between the frequency limits v and v-j-dv corresponding to the 


Pig. 6.1 

wavelengths A and A— dA, can now be found by means of a 
graphical construction. Using rectangular axes (Pig. 5. 1) the 
values nicj2a, n^!^, n^cl2a are plotted as the x v z co- 
rn mates. This gives a cubic lattice of points in which the 
distan^ of a point ^m the origin is (from above) equal to .. 
The total number of combinations oin values such that 

v< (%2-f.„22^^2)}c/2a< v+dv 

comsponding to one tftrstion is that <ri™°h^ 
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i,e. it /is Hence the total number of independent 

fibrations in the cube of yoinme is 

4:7TV^dv f , 

The nninber of vibrations per unit of volnme is then 

irtrv^dvjc^ 

— taking no account of polarisation. However, should 
consider standing waves of mutually 'perpendicular polarisation 
as distinct modes of vibration. The above number must there- 
fore be doubled, hence the total number of vibrations, or 
equivalent wave trains is 


^'tTv^dvjc^. 

An ether vibration, or wave train, may be considered to be 
a dynamical system in which the average kinetic energy is 
equal to the average potential energy, both being equal to iT/2 
where k is Boltzmann’s constant (Avogadro’s number into R, 
the gas Constant) and T the absolute temperature. The total 
energy for each mode of vibration being kT the radiation 
density is therefore 


dM^BnvHvkTIc^^^'nkUh-HX . . , (i) 


This is the Rayleigh -Jeans classical radiation formula. 

According to this expression, the energy radiated (by a black 
body) in a given wavelength range dk increases rapidly as A 
becomes smaller and Ib fact approaches infinity with small 
enough wavelength. The experimentally observed radiation 
mrve is in complete disagreement with this conclusion. Further- 
more, the energy carried by all wavelengths (continuous 
emission) is 



STrkT A 


where A goes from zero to infinity. The integral is equal to 
infinity for any value of T other than T zero, which interpreted 
physically means that the total energy radiatedr per unit of time 
per unit area is infinite at all temperatures. Clearly this is 
an entirely false conclusion. Both conclusions are incoirect 
and both fail completely to account for the observed dependence 
of radiation on temperature. The Stefan-Boltzmann law, 
which has been confirmed in the laboratory, shows that heat 
radiation is proportional to and the observations of Lummer 
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'and' Pringshe,ito , on black body radiation, sbow that .the 
Kayleigh-Jeans law is not obeyed. 

A Mack body does not exist in nature but an equivalent can 
be devised, since it is axiomatic that the radiation coining 
out of the small opening of an. almost completely elqsed 
uniformly heated hollow enclosure is equivalent to black body 
radiation. In 1897 Lummer and Pringsheim, by means of a 
radiation bolometer, measured the wavelength distribution in 
the emitted energy spectrum of such a black body radiator. 



Fig. 5.2 

Radiation curves were measured for different emission 
temperatures between 1,000° C. and 1,650° C. The curves 
found are shown in Fig. 5.2. Actually the ^Rayleigh- Jeans 
formula can be made to fit the curves for sufficiently large 
values of A, but for small A extreme disagreement is obvious. 
The amount of energy radiated at any temperature is propor- 
tional to T^, which corresponds to Stefan’s law, and is not, of 
course, infinite. Since the mathematical derivation of the 
classical formula is free from error, the contradiction with 
experiment can only mean that the fundamental assumptions 
used in deriving the expressions are at fault. 
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liffleulties with the elassieal theory of speeifiii heats 
According to the kinetic theory, which is based upon 
statistical and thermodynamic considerations, the mean 
energy of each degree of ■ freedom of a gas molecule at 
, temperature T ‘is CT/2, h being Boltzmann’s constant. For a 
monatomic gas there are three degrees of freedom for trans- 
lational motion so that the total average energy per particle 
is 3 .IjT/2. a solid is supposed to consist of individual atoms 
which are partially bound to their neighbours, but yet can 
resonate and vibrate fairly freely when heat is supplied. There 
will 'be N atoms in a gram molecule so that the kinetic energy 
of oscillation for this amount will be 3CTN/2, which equals 
3RT/2 since ib=R/N. The mean potential energy for each of 
the three components of vibration for each particle will also 
be kTI2 (it can be proved that the average potential energy 
equals the average kinetic energy in S.H.M.). Hence the total 
energy is E=3RT. By definition the specific heat at constant 
volume is (SE/8T)t,=3R. Prom this reasoning the specific 
heats of all solids should be the same and independent of 
temperature. 

The numerical value of 3R is 5*96 calories per gram mol and 
the above treatment was considered to be a theoretical vindi- 
cation of the early law of Dulong and Petit, which states that 
the heat capacity of the gram mol of most solid elements is 
approximately 6. However, this law fails completely when 
applied to light elements like carbon, and breaks down gener- 
ally at low temperatures, as all specific heats tend to zero at 
the absolute zero of temperature. This failure cannot be 
accounted for by the classical theory of heat absorption which 
requires a body to be able to absorb heat continuously in 
indefinitely small amounts, so that again it is apparent that 
the fundamental assumptions of the classical view are at fault. 


The qiiiantum theory 

In the failure of the classical methods to account for the 
radiation curves and for the specific heat data, the fundamental 
assumptions of the classical view must be to blame, and in 
1900 Planck proposed a revolutionary hypothesis by the aid of 
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whiefa he deduced the true law of heat radiation, „ Thfe,, known 
as the qiiantam- theory, has profoundly altered the whole out- 
look cf physics^ which, np to the end of the nineteenth century 
had been developed on the basis of continuity, in energy, 
Planck^s radical change amounted to the introduction, of the 
concept of atomicity in -the realm of energy, ' He made four 
basic assumptions, namely : . 

(1) A black’ body contains simple .harmonic oscillators 
which can vibrate with aU possible frequencies. 

(2) The frequency radiated by an oscillator is the same as 
the frequency of kinetic motion. 

(8) The emission of radiation takes place at separate inter- 
vals, the amplitude remaining constant in the intervening 
periods. 

(4) An oscillator emitting a frequency p can only radiate in 
units, or quanta, of the magnitude hp^ where h is a universal 
constant. 

The fourth assumption is most revolutionary in nature, 
assuming as it does that energy can only be radiated in discrete 
quantities or packets, and not in continuously variable amounts. 
The constant h is now called Planck’s constant. 

The quantum theory of heat radiation 

Consider a black body radiator containing a number of 
linear oscillators which can only vibrate with the integral 
energy values 0, hp, 2hp^ 3hp, . . , nhv. . , , Let there be 
vibrators present with zero energy. From the kinetic 
theory of equipartition of energy, the number of vibrators 
with energy c is given by hence the number with 

energy hpy 2hp^ 3hp , . . nhp , , . respectively is Noe™**, 

. . . Noe-*^, . . where x^hv/kT, Summing 
gives N, the total number of resonators of the given funda- 
mental frequency present, so that e 

. :(2) ' 

the series is equal to the expansion of qq that 

therefore N—N^/Cl— ...... (3) 

The total amount of energy associated with the NoC"® re- 
sonators each with energy Av is Ai/.Nor^, and similarly that 
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associated with the resonators of energy Ihv is 

etc. Summing the energy for all the resonators of frequency v 

present gives 

.®=O.No"f'l^^’-NoC^+2)iv.]Sroe~®*-|-3&)/.Noe~®* . . . witv.Noe”*** 
=,%v.Noe-®(l+2e-*+3e-2* . . , 

>=Av.Noe-*(l-e-®)-2 

=ftv.Noe-*/(l— c-*)2 . 

substituting Kr=No/(l— e~®) from equation (3) gives 
jEf=Ai/.Nc-*/{l— e-®) 

=Av.!N’/(e® — 1). 

Finally, replacing x by hvjUL we get 

E=AvN/(e»>'/ix_i) . . . . \ (4) 

From this expression the average energy per resonator of 
frequency v is E'=A»>/(e*'’^*x_ 2 j ...... (5) 

To obtain Planck’s energy distribution law the energy per 
resonator must be multiplied by what is effectively the number 
of resonating modes of that frequency per unit volume of the 
ether. This will give the energy in a unit volume. The 
number of modes of vibration of the ether lying in the wave- 
length range . . . A -A— dA is equal to hence the 

distribution law becomes 

dE=87iX-m.hv/(^^»'^-l) .... (6) 

or in terms of A 

dE =877AcA-6tZA/(e**/*^T _ 1). 

When A is large, or more precisely when hv is small compared 
with iT, the factor 

tends to AV*T. 

It will be seen from (5) that in this case the average energy 
E of one degree of freedom becomes equal to kT (and indepen- 
dent of frequency), which is the value derived classically. For 
this reason the’ distribution law derived from the quantum 
theory will give the same numerical result as that derived 
classically, when long wavelength radiation is considered. 

If Planck’s radiation formula is written as 

dE==(87rm-<‘. dA) . {(Av/yfcT)/(c*'^/*’^--l)^ 
the first bracket term is equivalent to the Eayleigh-Jeans 
formula, from which it can be concluded that the quantum 
theory formula can be derived from the classical formula by 
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rauJtipJying the latter by a factor 1) which can 

be called Planck’s multiplying factor. 

Planck’s law fits the experimental radiation curves very 
cio.sel,v indeed. Differentiating shows that the energy per unit 
wavelength interval has a maximum value for a given wave- 
length (T constant), which is what is observed in the experi- 
mental curves in Fig. 5.2. Wien had earlier postulated his 
“ Displacement Law ” which stated that the product of the 
temperature, and the wavelength of the maximum corre- 
sponding to this temperature, is constant. From Lummer and 
Pringsheim’s curves the wavelengths of the maxima at different 
temperatures can be measured and so the constant can be 
determined. It is thus found experimentally that =0-294. 
If Planck’s equation is differentiated with respect to A (main- 
taining T constant and assuming the currently accepted values 
for //, k and c) it is found that a maximum for A occurs at 
AT =0-288, which is in excellent agreement with the observed 
value, when experimental errors are taken into account. It 
will be seen that the quantum theory of heat radiation succeeds 
completely where the classical theory breaks down. It may 
therefore be expected that quantum considerations will lead 
to a solution of the specific heat difficulties. This is indeed 
the case. 

The quantum theory of speeiflc heats 

Dulong and Petit’s law for the specific heat of solids fails at 
low temperatures and with low atomic weights. This is shown 
clearly by the curves of variation of specific heat with tempera- 
ture (it wiU be remembered that the classical theory predicts 
that the specific heat is independent of temperature). The 
specific heat curves for a number of materials are shown in 
Fig. 5.3. The general properties of the curves are as follows. 
At ordinary and high temperatures the specific heats converge 
to SR but tend towards zero at very low temperatures. For a 
short way up from the absolute zero the specific heats are 
accurately proportional to T^. This is called Debye’s law and 
IS generally applicable. Of great importance is the fact that 
all the curves for different materials have exactly the same 
shape and can be made to coincide by altering the scale of the 
temperature axis. This means that a=:/(0/T) where / is the 
same function for all substances and ^ is a temperature charac- 
teristic of each substance. Thus if 6^ and 0^ are the charac- 
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teristic temperatures for two materials, and if T| and :T 2 are 
the temperatures at which the respective values of C are the 
same: for both, then it follows from the identity of the functions 

0,/T, = 02/T2, 

Since the classical theory fails, Einstein invoked the quantum 
theory in 1907 in order to attempt an explanation. He 
suggested that by analogy with the radiation formula, the 
quantum theory expression for specific heat could be obtained 



if the classical value for the energy of each particle was mult > 
plied by Planck’s factor. The classical energy value for a 
gram mol is 3RT so that, according to Einstein, the energy 
given by the quantum theory is 

If T is large compared with hvjk (which can be thought of as 
the eharacteristic temperature this tends to 3RT, to the 
classical value. If, however, T is not large, then the expression 
for the specific heat will be obtained by differentiating, giving 

This equation for the specific heat gives temperature curves 
very similar to those found experimentally but it fails at low 
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temperatures approaching the absolute zero. The disagree- 
ment is due to the neglect of the mutual forces exerted by the 
atoms upon each other. It was left to Debye in 1912 to 
develop a specific heat formula which gives excellent agreement 
with experiment over the whole observable temperature range. 

Debye’s theory of specifle heats 
In Deljye’s theory a solid is assumed to be an elastic body, 
the vibrations of the whole being considered. From the theory 
of vibrations it can be proved that the number of independent 
vibrations per unit volume, which lie in the frequency range 
between v-\-dv and v is 4^^{lje^■^2jc^)v^dv where ci is the 
velocity of propagation for longitudinal waves and Ct that for 
transverse waves. It will be noticed that three independent 
types of vibration can be transmitted, one longitudinal and 
two transverse (longitudinal waves cannot be polarised, but 
transverse waves can), hence the factor 2 in the term involving 
Ct- If V is the volume of a gram molecule of the solid the 
number of vibrations for this amount of material will be 

4mYillci^+2lct^)vHv . . . . (7) 

From the fundamental quantum theory, the average energy 
(see equation (5)) for a vibration of frequency v is equal to 
^i,/(gA«/*T_i)^ hence the energy in the solid for frequencies 
between v-\-dv and v is 

dEi=4!TT^{\jci^-\-2jct^)hv^dvj{^^^- — 1) . . (8) 

If the solid were considered to be continuous the possible 
values that could be given to v would be infinite and it would 
be necessary to integrate from zero to infinity in order to 
obtain the total energy associated with the body. But here 
Debye takes into account the atomic structure of matter by 
assuming that the frequencies can only reach a definite upper 
limit This limit is chosen so that thq total number of 
possible independent vibrations is equal to the number of 
vibrations of the separate atoms in the solid. If there are No 
atoms in the volume V, the number of vibrations possible will 
be equal to 3N g because each atom has three directional degrees 
of freedom. However, the total number of vibrations is also 
the integral of equation (7), hence we have 

3No= J^4^V(l/ci3+2/ct^)pHv 
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which gives 

47r 

3No = y V(l/Cj34-2/ct®) 

4- 111 

(l/c/3+2/ct3)=9No/4wV^«3 .... (9) 
Substituting in equation (8) gives 

dE =9 NoA v3d v/ - 1). 

Integrating for the total energy associated with the solid, 
9N„r''”* 

E=^o hvHvJ(e?»'t^-l) . . . (10) 

J 0 

If now equation (10) is differentiated with respect to T, the 
following expression is obtained .for the specific heat 

VmV 0 

This can be integrated by parts and then evaluated graphically. 
It can be rewritten as 

J ^ {Av/&T)4eW^d(Av/ifcT)/(e*WiT_i)2 

from which it will be seen that the right-hand side of the 
expression is a function only of Av^/CT, hence 

C„=/(Av„/AT) 

— /{0/T) where 0=Arm/A. 

The first point of interest is that the above law for the 
specific heat is exactly that deduced empirically from the 
experimental curves in Fig. 5. 3. The quantity 0 only involves 
the universal constants A and k and the fi:equency vm which 
depends upon the particular substance under consideration. 
When the Debye function is integrated numerically, say for 
copper, the curve which is obtained, shown in Fig. 5.4, gives 
an exact fit with the experimentally determined values of the 
specific heat. The value oi 6 for any substance can be calcu- 
lated firom specific heat measurements. However, from 
equation (9) 

V«S=9No/47rV(l/C|»-l-2/c«3) 

hence 6 can be independently calculated fix>m a knowledge of 
the ela^ic constants of the material. The values so found 
are in complete agreement with those obtained thermally. 
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Wlieii T is small, the Debye equation becomes approximately, 

wJiicii is the theoretical origin of .Debye’s .law for low 
teinperatnres. 

Striet.Iy spea,k!iig the above Debye' t.Iieory only applies to 
isotropic bodies in which all the atoms are identical but it can 
be extended so as to include crystals and chemical coinponnds. 
For iion-isotropic bodies three terms have to be used, each 
with a different 6 value, corresponding to the three principal 
axes in the body. In the ease of crystals account is taken of 



the lattice structure by introducing three 6 terms and also a 
number of others arising from individual frequencies. In effect 
the three Debye terms correspond to the vibration of the mole- 
cules as a whole, but in addition terms have to be added repre- 
senting the vibrations of the individual atoms in the molecule. 
Since the latter act as simple oscillators, these additional terms 
will be identical with those derived by Einstein in his earlier 
specific heat formula. Formulae which include both Debye 
and Einstein terms have been found to fit practically all the 
observed specific heat data of chemical compounds and crystals. 

The photo-electric effect 

A detailed discussion of the photo-electric effect will not be 
given here, but it. will be briefly considered at this point since 
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its explanation by Einstein was an important step in the early 
development of the quantum theory. When either light or 
X-radiation is allowed to fall upon metallic surfaces, electrons 
are ejected from the metals. For any particular surface irradi- 
ated by light of different frequencies it is found that the 
kinetic energy of the ejected electrons does not depend upon 
the intensity of the light but varies linearly with the 
frequency. This can be expressed as where 

is the kinetic energy of the electron, v the frequency of 
the radiation, h a constant. P is the amount of work required 
to extract the electron from the metal and varies from material 
to material. The constant h has exactly the same value as 
Planck’s radiation constant and must be identified with this. 
Thus when a quantum of energy hv separates an electron from 
a metallic surface, work has to be done and the surplus energy 
reappears as the kinetic energy of the electron. 

The intensity of the irradiating beam has absolutely no 
effect upon the energy of the individual emitted electrons, only 
varying the total number which is ejected. Experiments 
carried out with very weak beams of light showed that the 
photo-electric effect commences immediately a metal is 
irradiated (or at least within 3x10-9 second). Einstein 
pointed out that in $iome of these experiments the beam used 
was so feeble that many hours of illumination woidd be 
required before an amount of energy equal to hv could fall 
upon a single atom, yet in spite of this the effect is instan- 
taneous. Emstein’s calculation was based upon the assump- 
tion that the energy is uniformly distributed over the spherical 
wave-front of the beam, as the classical theory demands. 
Since the photo-electric emission is instantaneous, and as a 
quantity of energy Av is definitely required for the ejection of 
an electron with kinetic energy mv^j2, Einstein was forced to 
conclude that the energy hv is not propagated as a wave 
but rather more *in the nature of a particle travelling in a 
single direction. There is no sideways spreading so that 
the complete individual quantum of energy can be absorbed 
fay any atom it may strike, no matter how far the quantum 
has travelled. The light quantum, or photon, as it is called, 
is virtually like a projectile travelling with the velocity of light. 

It will thus be seen that the photo-electric effect affords 
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decisive evidence in support of the quantum theory and 
suggests an extension of Planck’s original hypothesis. For 
not only is energy radiated in discrete amounts, but these 
individual amounts travel as separate packets of energy rather 
than in the form of spreading out wave pulses. The absorp- 
tion of a quantum of radiation can now be more easily under- 
stood, since radiation energy impinges upon an absorbing 
surface in the form of a shower of quanta and must clearly be 
absorbed in integral amounts. 

The hydrogen spectoum 

It has long been known that hydrogen, which, being the 
lightest atom, is the least complex in its inner structure, emits 
a line spectrum which exhibits definite regularity. The visible 
hydrogen line spectrum consists of four lines forming a regular 
series which gradually closes up. This series actually extends 
into the ultra-violet region, the lines becoming progressively 
closer and weaker until they merge. The spectrum is shown 
in Plate IIa. The members of the series are respectively 
named Ho, Hy, Hs, etc., and as many as thirty-three lines 
have been measured. The position of a line is indicated by 
giving its wavelength A in Angstrbm units (1 A=1 x 10“* cm.), 
but it is often more convenient from the point of view of 
calculation to use the reciprocal of the wavelength which is 
called the wave number v'. Thus l/X—v' and as v' is a 
reciprocal of a length its units are cm.-i For example, the 
wavelength of Ho can be converted into wave numbers as 
follows : 

A=6562-8 X 10“* cm., hence v'==l/A= 15,253 cm.-* 

Although the hydrogen series spectrum is relatively very 
simple no relationship between the wavelengths of the lines 
was fmmd imtil in 1885 Balmer discovered that they fit the 
foimula 

l/A=v'==:R{l/22-l/ra2) 

where R, a constant now dalled the Rydberg constant, is equal 
to 109,677 em.~i The respective wavelengths of the different 
lines Ho, Hp, Hy, Hs, etc., are obtained from this formula 
when n is given the values 3, 4, 5, 6, etc. From the nature 
of the relationship, Balmer and Ritz suspected that other 
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series, might exist, whereiB the first term is different from 1 / 2 ?, 
These ha¥e „j,n fact been foii,nd, the general expression for them.: 
being 'Since B is'hnown, the positions of 

the lines can ,be exactly predicted. Lyman foimd the first 
series, with m = ! and, 3, 4, etc., lying in the' deep ultra,- 

violet region of the spectrum. ■ The second series, with 
aiid,'»==3, 4, 5,' etc., is t„he Balmer series. Fascheii diseovered, 
a third series in the infra-red, with 7h^3 and 5, 6, etc., 

and ,Brackett repo'rted the existence of the scries w=4' and 
%==:5,' 6, 7, etc., in, the far infra-red. 

Series similar to those in hydrogen have been found in 
the line spectra of other atoms, only in these cases the lines 
are often mixed up and must be sorted out by various means. 
In all of these series the w’^ave number of a line can be repre- 
sented as the difference betw'een two terms. If c is the velocity 
of light, y the frequency of light of %vavelength A, we have, by 
definition, c=rA so that v^vjc. From this it follows that the 
frequency of a line is also the difference between two terms. 
The wave number in the Balmer series is given by the difference 
between terms of the form B/m^ and Rjn-. This applies to 
all series and is known as the Ritz combination principle. It 
gave Bohr the clue enabling him to explain atomic spectra in 
terms of the quantum theory. 

Difficulties in the classical concept of the hydrogen spectrum 

Rutherford’s experiments with radioactive particles led hiiTi 
to the view that atoms consist of a small massive positively 
charged nucleus surrounded by outer electrons, both nucleus 
and electrons being small compared with the diameter of the 
atom as a whole. The charge on the nucleus of different atoms 
is always an integral multiple. Ze, of the electronic charge, 

6. Van den Broek suggested that Z might be equal to the 
atomic number, which is the numerical position which the 
atom occupies in the Periodic Table of the elements, and this 
was proved to be the case by Moseley’s measurements on X-ray 
spectra. The simplest of all atoms is hydrogen which can be 
considered to be built up of a relatively massive nucleus, the 
proton, around w^hich revolves a single electron. 

According to classical mechanics, if a single electron revolves 
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ill a circle round a proton as nucleus, the inverse square law of 
charge attraction being obeyed,' then energy must be radiated 
by the electron and the orbital radius must change during the 
radiation. As a result of this the energy will be radiated in 
the form of a continuum and not as the discrete spectrum lines 
which are actually observed. Furthermore, final equilibrium: 
would only be reached w^hen the electron had fallen into the 
nucleus. This classical view fails, therefore, to account for the 
existence of a line spectrum and according to it atoms should 
be unstable, which we know not to be the case. It must be 
concluded that the electron is not free to choose any orbit but 
can only move in certain privileged orbits. These orbits can 
only be defined by quantum conditions, the electron being 
said to occupy quantised orbits. 

Bohr^s theory of the hydrogen spectrum 

In order to account for the hydrogen spectrum on a quantum 
basis Bohr propounded two fundamental postulates : 

(1) Stationary states exist m the atom. Amongst the 
infinite number of orbits that classical theory expects, a 
selected number obeying specified conditions only can be 
occupied. The electron can rotate only in these stationary 
states and only in such a condition can the atom remain an 
infinite time without radiating. 

( 2 ) The electron can move by a quantum jump from one 
stationary state or orbit to another, radiating out a: quantum 
of radiation in the transition. If the energy of the atom in 
the first stationary state is E2 and that in the second is E|, the 
energy radiated is E—E2— E|, and, just as' in ' the case of 
Planck’s oscillators, this will be equal to hp where v is the 
frequency of the radiated energy. Hence E2— This 
is called Bohr’s frequency condition. 

It will be observed that v is not the frequency of orbital 
rotation .in either of the stationary states. Converting the? 
radiation frequency into wave numbers gives 

v' == J//c=E2/Ac —Ei/Ac 

Thus, as in the empirical Balmer series 'formula,; the. w 
number is expressedas the difference between . two' terms. 

Consider the application of Bohr’s postulates to the simple 
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case of a massive. iineleES of charge Ze (in hydrogen Z=l). and; 
mass M, aasmned to be at • rest. Around this nucleus an 
electron of mass m and charge e rotates in a circle of radins r 
with velocity v. For equilibrium the electrostatic attraction 
must provide the centripetal force on the electron so that ' 

Ze.e/V-:=mt?2/r (11) 

T^Ze^lmv^ . . . (12) 

If we consider the potential energy of the atom to be zero 
when the electron is removed to infinity, the potential energy 
of the system considered above must be equal to — Ze^/r, for 
we must do an amount of w’^ork equal to Ze^jr to remove the 
electron to infinity. The total energy of the system is E, the 
sum of the potential and kinetic energies, i,e. 

E=mt?2/2-Zc2/r ..... (13) 

Substituting from equation (11)/ we get 

E = -Zc72r=»-mt;2/2 .... (14) 

At this point Bohr introduces a further entirely arbitrary 
assumption, the only justification for which is that it gives the 
correct results. In the later discussion on the wave meclianics 
it will be found that all these arbitrary assumptions can be 
proved to have a sound theoretical basis. The assumption 
made here is that in those orbits which are possible it is the 
angular momentum which is quantised, the possible values 
being multiples of hj^Tr. The assumption can be expressed as 

mvr=nkl27r . . . . . . ( 15 ) 

n can have the values 1, 2, 3, etc., and is called the principal 
quantum number of the electron. Dividing equation (11) by 

(15) gives 

v^ZenTrjnh , . . . . . (16) 

and as from (14) the total energy for any orbit is equal to 
-~ma)2/S, the energy of the ?^th orbit is 

l = -~27r2Z264m/?i2A2 (17) 

Thus, for two stationary states Ej and E 2 vith ni and % as 
principal; quantum, numbers we have the radiated transition, 
energy ; 

E 2 ~“E| == A F == {27r2Z2e'^m/A2| {l/nj 2 j 
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lienee, converting into wave mimbers, i/, gives 

1 / = {27r2Z%%^/A% } { 1 /??, j 2 ^ 

This 'is Balmer's .formula for the hydrogen spectrum, the. 
Eydberg constant being equal to {27r^Z'^e‘^fn/Iik>}. When this 
was evaluated in terms of the constants comprising it, all 
of which were known, the number' obtained by Bohr was 
109,737. eny“^ which is remarkably close to the value derived 



from the Balmer series, 109,677 cm^h This agreement con- 
stitutes a brilliant confirmation’ of Bohr’s quantum theory of 
the origin of spectra. 

Going back to equation (12) we find that the radius of an 
orbit T is given by r==Ze^l7nv-, and as v is given by equation (16) 
w^e get 

r^n^h^j47T^Ze^m) . . . . . (17) 

The term in the brackets is constant, hence the radii of the 
possible orbits that the electron can fill are proportional to 
This is illustrated in Fig, 5.5 which also shows how the 


THE QUANTHM- THEOBY 


US., 


different series arise. The eleetron can be raised to' a high 
level by some form of excitation and then falls back^Jn the 
Balmer series to the level with 2. The diagram shows hoW' 
the Lyman, Pasehen, and Brackett series arise. The orbits 
corresponding to 2, 3, 4, etc., are called K, etc., 

orbits. ' 

The orbital radii can be calculated, from equation (17), and 
on substituting the values of the constants the radius found 



Lyman 

Fig. 5.6 


for IS 0%52B A, which is of the same order as the atomic 
f radius of hydrogen given by the kinetic theory of gases. 

, The different series can also be illustrated diagrammatically 

by plotting the energies of the different orbits horizontally, 
line transitions being shown by a vertical line (Fig. 5.6). 

I 

I , The wave meehaiiics 

I The general principles used by Bohr have been successfully 

: extended- to include the very much more complex spectra, 

j emitted by atoms wdth many outer electrons. In such atoms 

; the interactions between the electrons 'complicate the analysis 

; considerably. In spite of this a high degree of success has 

f 
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been . aehieYed, the main features of most ' spectra, being 
accounted for on the basis of electron orbits obeying Bohr's 
q,iiaiitiim conditions. There are, however, certain discrepancies 
which occur even in the relatively simple case of helium, which 
has only two outer electrons. The proposed quantnni con- 
ditions are also very arbitrary assumptions the meaning of 
%?hich it is difficnit to understand from first principles. These 
difficulties have been resolved by the development of new 
methods of approach,- the “wave mechanics" and the 
‘‘ quantum mechanics," both of which turn out to be different 
mathematical forms of the same theory. 

The fundamental principle of the wave mechanics, first 
proposed by de Broglie, states that a moving electron or 
particle has associated with it a wave motion. The wave 
motion has a definite wavelength A given by X=hlmv where h 
is Planck's constant and mv is the momentum of the particle. 
The properties of an electron considered to be rotating in an 
orbit must therefore be studied by examining the distribution 
of the associated waves. What was previously considered an 
orbital problem in mechanics now becomes a problem in wave 
motion. Just as in optics the simple ray theory must be 
replaced by wave theory to accouht for phenomena like 
diffraction, polarisation, etc., so in atomic phenomena wave 
mechanics replaces the orbital theory in order to explain many 
details of spectra, nuclear properties, electron diffraction, and 
reflection, etc. The details of the wave mechanics theory will 
be considered in a later chapter, however. The more mechanical 
picture of electron orbits still retains its value as a practical 
working model of the atom. It is generally used because of 
its relative simplicity, but the modifications demanded by the 
more accurate wave equations must be added to the deductions 
from the orbital model. 

■ BEFEKENCES 

“ Heat and Thermodynamics.’* J. K. Boberts. (1933.) 

** Atoms, Molecules and Quanta.” A. E. Buark and H. C. Urey. (1930.) 


CHAPTER 6 


THE THERMIOIIC EFFECT ^ 

latrodiietien 

It has, been known since the eighteenth century that the air 
in the neighbourhood, of an incandescent metal is an electric 
conductor* That this is due to the emission of ions by the 
hot body: was proTed by Elster and Geitel towards the end of 
the nineteenth century. The phenomenon is described as the 
thermionic effect, the metal being said to emit, thermions. It 
was noticed that the thermionic emission depended upon the 
temperature of the , emitter, , the nature and pressure of the 
surrounding gas, and the nature and surface condition of the 
metal. The observed phenomena become, therefore very 
complex unless some of the many variables are eliminated. 
Opr present day knowledge of this technically important 
branch of atomic physics is largely due to the pioneer work 
of 0. W. Richardson who 'first obtained ordered results by 
paying special attention to purity and by making observations 
with very high vacua. 

The thermionic ciirreiit 

The thermionic emission can be studied by means of very 
simple apparatus, similar to that shown in Fig. 6,1. The wire 
AB is heated by means of an electric current from G, and acts 
as the emitter. A metal cylinder CD surrounds the hot wire, 
and the battery E enables a potential difference to be applied 
betw'een the two electrodes. ' The apparatus is baked out and 
highly evacuated, the wire being kept incandescent for over a 
week in order to remove traces of impurity. If the cylinder 
is made positive relative to the wire a thermionic current 
flows across the space between 'the- electrodes and can be 
detected by the measuring instrument F. If the potential is 
reversed, the current ceases. It' Is clear, therefore, that the 
thermions are negatively charged. - 

95 ■ 
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if c^aii easily be shown that the negatiYe .ions constituting 
the thermionic current are electrons given off by the hot 
metal When a potential difference is applied between the hot 
cathode and the enter cylinder the ions are accelerated towards 
the latter. ^ If now a magnetic field H is applied at right angles 
to the electrostatic field, and parallel to the wire, the ions will 
be deflected into curved paths. For a certain field strength 
they will Just fail to reach the outer electrode and no current 
will pass. If the wire is thin, this occurs when 
where V is the applied potential, d the distance between wire 
and cylinder, and e and m the charge and mass of the ions. 



By this means e/m can be measured and it is found to be 
identical with that of the electron. 

Effect of temperature upon thermionic emission 

If the temperature of the wire (deduced from its resistance) 
is maintained constant, the thermionic current varies when 
the applied voltage is altered. The current does not, however, 
obey Ohm’s law, rising at first with the increasing potential 
<iiflerence but quickly reaching a maximum saturation value 
beyond which it does not increase. The potential required to 
produce saturation increases with rise in temperature of the 
cathode. To simplify the study of the effect of temperature 
upon the thermionic emission, sufficient voltage is applied to 
produce saturation for any particular filament temperature. 
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When the temperatBre of the cathode is raised there is a rapid 
increase' in saturation current. The type of .co,rTO ..obtained 
when the., saturation current I is plotted against the tempera- 
ture of the emitter T is shown in Fig. 6.2, from, which it is 
seen .that I and T are related to each other in' a regular manner. 
Richardson at first proposed the formula I=AT^ea;p(.— 6/T), 
A and b being constants characteristic of the metal constituting 
the cathode. 

Richardson’s formula not only fits the experimenta,l curve, 



but can be derived from simple kinetic considerations if it is 
assumed that a •metal contains a cloud of free electrons in it 
behaving like a perfect gas. Such electrons have been postu- 
lated to explain the electrical conductivities of metals, the 
Peltier effect, metallic optical properties, etc. In the simple 
theory the electrons are considered to have their velocities 
distributed according to Maxwell’s law. Thus even at ordinary " 
temperatures the electrons will possess appreciable velocities. 
They are, however, confined within the metal, for when an 
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electron passes through the surface it induces an equal and 
opposite charge upon the metal which tends to ' preYent it 
from escaping. An electron can only escape if it possesses 
more than a certain limiting Telocity in a direction normal to 
the surface, the limiting amount corresponding to the energy 
required to OTercome the -work of emission against the induced 
charges* 

As the temperature of the metal is . raised the mean kinetic 
energy of the electrons will increase until a large number have 
energies exceeding the limit value and so succeed in escaping. 
If 'these are aUowed to accumulate in the space above the 
metal an equilibrium will be established analogous to the 
juoduction of a constant vapour pressure over a liquid in an 
enclosure. Under equilibrium conditions the number of elec- 
trons leaving the metal equals the number returning from the 
electron cloud above it. The latter can be calculated directly 
from gas kinetic considerations and leads to the formula 

I=ATica;p(--6/T). 

Ho*u^ever, a great deal of evidence shows that the electrons 
within a metal do not behave as a perfect gas. Richardson 
proved that if the electron emission is considered to be 
equivalent to the evaporation of a monatomic gas, the applica- 
tion of thermodynamic principles leads to the formula 

I==A'T^exp(-b'IT), 

Owing to the fact that the exponential factor has a much 
greater influence than the other term depending upon T, both 
this and the earlier formula can be made to fit the observations. 
How'^ever, the modern quantum electron theory of metals 
shows that the latter formula is correct. 

Energy of the emitted electrons 

Since the electron densities in the s|mce outside the. metal 
are small in thermionic emission, it is to be expected that in 
this region the electrons will behave like a perfect gas for their 
mutual repulsion effects wdl then be negligible. This will be 
true even if the distribution within the metal itself is non- 
Max v*ellian. Richardson measured the velocity distribution 
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amongst the emitted electrons with the apparatus shown 
in Kg. 6,3. The number of electrons given off by a heated 
platinum foil A is measured by the collecting plate B which is 
connected to an electroscope. A retarding potential V is 
maintained between A and B. C acts as a guard ring and 
electrostatic shield. In order to eliminate any small voltage 
effects due to contact potentials the plate B is covered with 
platinum. An electron will only reach the plate B if its com- 
ponent of velocity perpendicular to the plate, is such that 
exceeds Ve. In the experiment the retarding voltage is 



varied and the current I between the electrodes is measured. 
If the velocities in the direction considered obey Maxwell’s 
distribution law, it can be proved that I=Ioea:p(— Ve/CT) 
where Iq is the current passing when V is zero. This equation 
was found to hold exactly. Richardson modified the experi- 
mental arrangemehts enabling him to measure the velocities in 
the direction parallel to the plate and these also exhibited the 
same type of velocity distribution. 

The results of the measurements of the velocities in the two 
directions prove that the general velocity distribution is 
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Maxwellian, a conclmion that has been .. confirmed, by later 
observation. It appears that the e,nergy distribution is that 
corresponding to an electron gas whose temperature equals 
that of the hot surface. It is clear that electron emission must 
result in a cooling of the emitter as in the CGrresponding, case 
of liquid evaporation. Conversely the absorption of thermions 
by a metal should raise its temperature. Both these effects 
have been^bbserved. 

The effect of the potential difference upon the thermionic 
current 

It would at first appear that a small voltage should suffice 
to produce the saturation current, but owing fo the mutual 
repulsions of the electrons in the space above the hot metal 
this is not so. If the emission is very large the accumulated 
space charge produced by this becomes considerable, and the 
true saturation corresponding to the temperature used can 
only be reached if very high voltages are applied in order to 
overcome the space charge effect. The space charge was first 
studied by Langmuir, typical curves being shown in Fig. (>.4. 
The curves each represent the relation between current 
and temperature when the potential difference between the 
hot wire and anode is maintained at a given constant value. 
At the low^er temperatures the curves coincide with the 
saturation curve, but as the temperature is increased a smaller 
and smaller fraction of saturation is achieved. The bigger the 
applied voltage, the more rapidly are the accumulated elec- 
trons removed from the field and the higher the final value of 
the current. In each case a constant current is reached de* 
pending only upon the potential difference. If I is the value 
of the mnstfmt current corresponding to the applied voltage E 
it is found that I =^*£5, k being a constant. This relationship, 
known as Langmuir’s law, can be derived by the following 
treatment given by Loeb. 

Consider a pair of parallel plates d cms. apart with a poten- 
tial difference E volts between them. The negative plate is 
hot, acting as a thermionic emitter of electrons, resulting in 
the passage of an electron current between the plates. Let 
the electron current density be I amp/cm.^ If v is the velocity 
of the electrons at any point, the current density there will be 
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where' p; is tlie volume space, charge density and clearly 
equals Me if there are N electrons per cubic centimetre, of 
charge e. The electron velocity v is that given by the poten- 
tial V through which the electron has fallen, such that 
Vc — m being the electron maSwS. Thus and 

p=::l/VWeJnl 



Since Poisson’s equation holds for the space between the 
plates then we have numerically 

• dW , 

==47rp==== 4^1 V m/2 Ve. 

Multiplying both sides by 2dVldx gives 

2dY/(PV\ Im dV 

dx\dx^l"'^N2eYidz 
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This is now integrated between the limits (dVldx)o &t z~0 
where V =0 and dV jdx at x=-x where V —V giving 

[(£) 

The potential V at x=:0 is 0 and if we assume that the 
space-charge and electron current increase until the electric 
field at the cathode is zero, then (dV /dx)^ =0, leading to 

/dvy - - 

[dxj 




V* 


Thus 

Integrating from V = 


Vi 
=0 at X 


V^B7TlV'2w>le . dx 
0 to V =E at x=^d ^gives finally 


1 l^m 

'~9 W m 

Incidentally from this expression ejm can be evaluated. 


Efleets of gases and of impurities 
The thermionic emission can be profoundly altered by the 
presence of a gaseous atmosphere around the emitter. Either 
adsorption phenomena intervene or else ionisation by collision 
can set in. Very small quantities of gas can^ have great effects* 
a trace of hydrogen being capable of making the thermionic 
current 10^ times as great. The surface adsorption effects 
will be discussed separately later. Apart from the normal 
thermionic emission of electrons, a fresh wire always gives off 
positive ions for a certain period, the number of these diminish- 
ing rapidly with prolonged heating in vacuo. In order to 
examine the nature of these positive ions Richardson measured 
the values of E/M by employing the magnetic deflection 
method. He found that the ions given off initially by a 
platinum wire are positively charged potassium atoms occluded 
as impurity. After heating for 24 hours these were replaced 
by sodium ions. It may appear surprising at first that so 
called pure platinum should contain potassium and sodium 
as impurities, but when the total positive ion emission is 
integrated its weight is found to be only 1 xl 0 “S per cent, of 
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the weight; of ' the platinum. ; Such minute impurities cannot 
be Temo^ired: by chemical means, and, as it is to be expected, 
the positive emission varies with different samples of the same 
metal. It appears at a much lower temperature than- that 
required for electron emission but, as with the electrons, the 
veibcities are distributed according to Maxwell’s law. ; 

Surface adsorption and the oxide eoated cathode « 

A development of technical . importance, particularly con- 
nected with the manufacture of thermionic valves and oscillo- 
graphs, has arisen from the early discovery by Wehnelt 
that the emission of electrons from a metal surface can be 
greatly increased by coating it with certain oxides. Materials 
upon the surface of a thermionic emitter can act in two ways. 
In the first and more obvious effect, the adsorbed material 
alters the work function, that is to say, it alters the amount of 
work that one of the conduction electrons in the metal must 
do in order to escape. The adsorbed atoms form an electrical 
double layer upon the metal surface which assists or retards 
the emission electrons, according to circumstances. With 
adsorbed electropositive elements the positive side of the 
double layer is outwards so that the work of emission for an 
electron is reduced. Conversely the adsorption of electro- 
negative elements reduces the thermionic emission by increasing 
the surface work function. Effects due to these double layers 
are found when pure metals like caesium or barium are adsorbed 
on platinum or tungsten surfaces. 

In the second type of surface effect it is not the conduction 
electrons of the supporting metal that are emitted, but the 
valence electrons of the adsorbed surface material. In such 
cases a good thermionic emission can be obtained with tempera- 
tures lower even than 200® C. , whilst with pure metals nothing 
can be detected below 1,000® C. The oxide-cbated cathode is 
a typical exafhple of this type of emitter. It consists of a 
platinum wire coated with one or more oxides of an alkaline 
earth metal, such as BaO. This is prepared by immersing the 
wire in barium nitrate solution and then heating. The wire 
requires to be activated ” by the inclusion of a small quantity 
; of carbon in the nitrate layer. , . The activation ” consists in 
.'reducing about; I per cent.; of the 'BaO: to barium metal.. . The 
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metallic; barium .is- adsorbed in the 0 ,'xide layer 'and : is ■ the 
responsible agent for the increased emi8sio.n. When the wire is 
heated to about 200® C. the free, barium atoi-n.s lose electrons by 
thermal ionisation, a process quite different from the thermionic 
emission of the conduction electrons in a, metal. Electrons 
then leak back into the. adsorbed layer from, the metal Sup- 
porting wire through the semi-conducting oxide and are 
{•aptured by the ionised barium atoms, which are again ready 
for emission. This leaking back of electrons through the semi- 
conducting BaO layer explains why the emissivity of such a 
wire can remain unchanged for over a hundred thousand hours 
of continuous heating, the metal wire base being effectively 
an inexhaustible store of electrons. 

The activity of an oxide-coated filament is destroyed if the 
free barium atoms in the layer are chemically combined by any 
means. This is called poisoning.’’ As is only to be expected', 
traces of oxygen or water vapour can easily destroy the activa- 
tion. Re-activation of a poisoned surface can be produced by 
reduction processes, proving that free barium metal is the 
cause of the enhanced emission. The well-known dull emitter 
thermionic valve contains an activated oxide-coated filament. 

The modern electron theory of metals 

In the early classical gas kinetic theory of electrons in metals 
it was implicitly assumed that the energy in the metal was 
distributed between the metal atoms and the electrons 
according to the equipartition principle; If this were so the 
free conduction electrons must contribute to the specific heat, 
wliich means that the atomic heats of metals should be higher 
than those of non-conductors. This is not the case, and, to 
overcome this difficulty a quantum theory of the electrons in 
metals has been developed largely due to the initial work of 
Sommerfeld. This theory has successfully accounted for 
electrical conduction phenomena and electron emission affects. 

According to the quantum theory of atomic structure an 
electron in an atomic orbit is defined by four quantum numbers. 
1’he electrons within an atom obey a law, the Pauli exclusion 
principle, which states that no two electrons can have identical 
quantum numbers. Fermi and Dirac have generalised this 
principle so as to include the free conduction electrons within 
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a mass of metal. This ultimately leads ' to a new type of 
energy distribution law, the electrons being said to obey the. 
Fermi-Dirac statistics instead of the Maxwellian distribution. 
This quantum distribution's : such that the contributions of 
the electrons to the specific heat is very small and proportional 
to th^ absolute temperature. As distinct from the classical 
case, there is an energy distribution even at the absolute zero^ 
the electron energies varying from zero to a value ^ 

Wi===:{h^lSm)(3njn)^^^ 

h being Planck^s constant, m the electron mass, and the 
number of free electrons in a cubic centimetre of the metal. 
The variation in n results in W^- having values for different 
metals between 2 e.v. and 10 e.v. 


t 

m 

^ — > Energy W; 

Fig. 6.5 

The distribution function for the kinetic energies of the 
electrons can be discussed with the aid of Fig. 6.5. This 
diagram gives F(E) as a function of E, the kinetic energy, for 
temperature zero (solid line) and 1,500*^ A (dotted line), in a 
representative case. At either temperature the number of 
electrons per unit volume of the metal having energies between 
E and E+ciE is given by Etf(E)ei!E. At absolute zero 
F(E) over the energy range 0 to Wi and is zero 

for higher energies. At higher temperatures it will be seen 
that only a small fraction of the electrons have energy greater 
than Wi. 

It should be noticed that E is the kinetic energy of the 
electron in the metal. At the absolute zero no electron can 
escape from the surface since even with kinetic energy Wi it 
is unable to overcome the surface forces. But, as the tempera- 
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tiire is increased, a iSmte but very small .fraction of the electrons 
possess this energy, until eventually a measurable thermionic 
emission, Increasing rapidly with further increase of tempera- 
ture, is obtained. 

If W« is the work to be done by an electron in escaping 
from a position of rest within the metal, those with kinetic 
energy Wi will only require to be given an amount of ' energy 
equal to W^— in order that they should be emitted. 'From 
the distribution curve in Pig. 6.5 it can be shown that the 
electron current leaving unit area is 

I^(4.7rk^meih^).T\exp{-(Wa-^ 

This can be rewritten as I==A'T%zjp.('— 5/T) which is identical 
in form with the expression derived by Richardson from purely 
thermodynamic considerations. The quantity (Wa— Wi)/c, 
called the thermionic work function <5^0, is a measure of the 
work required to remove an electron from the surface of the 
metal. 

It can be shown by wave mechanics methods that not all 
the electrons having sufficient energy to escape actually do so. 
A certain number are “ reflected at the boundary and return 
into the body of the metal. If R is the mean effective reflec- 
tion coefficient the emission formula becomes 

1= A'(l -R)T:^exp . (— 5/T) :=A"T^exp . ( ^5/T). 

The value of A" depends in a sensitive way upon the chemical 
purity of the surface, R being affected in a critical manner by 
the potential distribution on either side of the boundary. 
This explains why the emission depends so much upon the 
state of the surface. In platinum, for instance, A" Can vary 
from 1*45x10^ to l*07xl0~3. 

Electronic states in solids 

In solids the valency eleotTOns are considered to occupy a 
nulnber of discrete states of different energy! The number of 
such states depends upon the total number of electrons in the 
material. In a metal at the absolute zero all the available 
energy states up to a certain valuey Wi, are occupied. At any 
temperature above this a small fraction of the total number of 
electrons moves up to higher possible, but unoccupied states. 
The main concentration of electrons remains below the level 
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Wi as shown by the quantum mechanical distribution curve 
in Mg. 6.6. 

A schematic diagram giving a rough model of the distribu- 
tions of electrons in the states of a metal, an insulator, and a 
semi-conductor is shown in Fig. 6.6. In the case of a metal 
at a temperature above the absolute zero, there is a large 
concentration below Wi (shown by continuous lines) and a 
small concentration above this. The broken lines represent 
possible energy states as yet unoccupied. 


The distribution in the case of an insulator (diagram b) is 
distinctly different. Energy levels are grouped closely together 



Metal insulator Semi-conductor 


Occupied levels 

Vacant levels . — - — — - - 

Impurity levels 

' Fig. 6.6 

but the groups are separated by wide gaps which are completdy 
devoid of electron levels. At the absolute zero of temperature 
the occupied levels cease at a gap. When the temperature is 
raised the upper levels still remain empty, at moderate 
temperatures, since the gaps cannot be crossed. At very high 
temperatures a number of electrons acquire sufficient energy 
to enable them to cross gaps and enter upper levels. 

A group of solids important to thermionics and photo- 
electricity is the semi-conductor class. In this, the distribution 
of electron energy levels is similar to that in insulators but 
semi-conducting properties are exhibited by virtue of the 
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! existence of impurity atoms. ' These lead to .occupied electronic 

I ' states in the' gap between the occupied and upper possible 

I I ’■ levels and act therefore as a bridge. These impurity levels 

are represented by the broken and dotted lines (diagram c). 
I , , The .impurity levels do not extend continuously throughout 

1 '' ^ the material but are localised near the impurity atoms. At 

ij ^ moderately high temperatures electrons can move from the 

i ^ impurity lePVels into the higher dotted levels normally un- 

occupied at low temperatures, 

f? 

y Eleetrical conductivity 

As each electronic state is horizontal, in one of the above 
energy diagrams representing the levels in a slab of nmterial, 

' an electron should be able to move alo7ig an energy state 

without doing work. This means that the material will be a 
perfect conductor of electricity, exhibiting no resistance to the 
I ; movements of electrons. However, the thermal kinetic 

•; activity of the molecules comprising tlie material has up to 

; ' now not been taken into consideration. As an electron moves 

; along a horizontal line representing a state, it encounters 

1 potential barriers due to the agitated molecules and unless it 

I is given energy it cannot rise over the barriers. 

^ The application of an electrical potential to a slab of metal, 

! say between the right and left-hand sides, as in Pig. 6.7, 

results in giving the energy levels a gradient in this direction. 
They are no longer horizontal and the displacement of an 
electron from an occupied level to an empty level, previously 
: higher, is now possible and takes place. There is no change 

in the total energy of the electron which moves, but the kinetic 
energy increases with corresponding diminution in potential 
energy. The electrons can now move towards the positive 
electrode and we have electrical conduction. Work has still 
to be done in overcoming potential barriers. The energy lost 
in this manner represents the heating normally ascribed to 
electrical resistance. 

Below the energy level of value W, there is practically no 
displacement of electrons, since in a metal most of these 
energy states are occupied. The electronic conduction, there- 
fore, mostly takes place in the upper band of unoccupied levels 
I which acts as a conduction channel. 

When a potential difference is applied to an insulator the 
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TOovemeiit of electrons into unoccupied states, does not take 
place, since the gap is such' that it cannot be jumped, 

III a semi-conductor there are,, it is true, electronic states in 
the gap, but as these are discontinuous in nature conduction 
cannot take place at very low temperatures. At somewhat 
higher temperatures electrons from' the impurity states are 
able to pass into the upper continuous levels and then con* 
ductivity sets in, as in the case of a metal. Tlere is. one 
striking distinction between the conducting properties of a 



metai and a semi-conductor. In a metal the electrical resist- 
ance with rise in temperature as the more active 

thermal motions of the molecules interfere more strongly with 
the motion of the electrons. In a semi-conductor the electrical 
resistance dimiifishes with rise in temperature, since more and 
more electrons succeed in entering the upper- states and this 
effect considerably outweighs any effect due to increased 
thermal agitation. 

Electrical image forces 

At first it would seem as if the application of only a very 
small potential should suffice to draw all electrons out of a metal. 


no 
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TMs would indeed be the case if there were no/ forces .tending 
■ to retain the electrons within the metal boundary. ^ There are 
snch forces, the chief of these being the elecincal image force.. 
When an electron is withdrawn from' a smooth-snrfaced metal, 
it 'indiices an equal and opposite charge in the metaj and,.; the 
resulting attractive force tends to, oppose the withdrawal of 
the electron. If the electron, charge e, is wthdrawn a distance 
X from the -smooth surface the force' is such as if an equal and 
opposite charge exists a distance z behifid the metal surface. 
It is therefore equal to On moving the electron 

through a distance da; the work done is 

Thus the work required to move the electron from a point at 
a distance r to infinity equals 

Clearly as r becomes very small, i:e. as the surface is approached, 
W tends to become infinite. The physical interpretation of 
this would be that there could mver be thermionic ©mission. 
Actually, however, the assumption that the metal surface is 
smooth cannot be true for distances of the order of atomic 
dimensions and the law of force within these distances cannot 
be expressed in simple form. But we can write W^W^+Wj 
where Wo is the work needed to bring the electron out of the 
metal against some unknown law of force and Wj the work 
done in accordance with the inverse square law. Theory shows 
that the total work W does not depend in a critical manner 
upon the particular law of force operating at short ranges. If 
the short range force is effective over a distance Xi the total 
work is always approximately equal to W ^e^l2xi no matter 
which of the probable laws of force is adopted. The value of 
Xi depends upon the particular metal considered. Also, in the 
notation of p. 106, W=Wa. 

If is the potential necessary to extract the electron W 
Thus ^=Wfe=el2xi enables the value of Zi to be calculated. 
When observed values of ^ (or W^) are substituted, Xi is found 
to be of the order 1 or 2 x lO"’® cms., which is of the order of 
the radius of an. atom. The short range forces therefore 
operate over atomic dimensions only. As <f>oc:llx i electrons can 
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more easily escape from, heavier atoms .than lighter, .for the' 
atomic radius is larger and therefom ^ is smaller. ■ 

■ If an electron is to escape by^ virtue of its own kinetic energy 
then the latter must be in excess of 

Tie Seiettkf effect ■ 

In direct thermionic emission an electron escapes when its 
thermal energy suffices to enable it to overcome the electrical 
image forces, ' If an external anode is placed close to ■ a 
thermionic emitter, exerting a force which tends to draw 
electrons away from the hot metal, it is clear that at some 
distance from the hot surface the two fields balance. Any 
electron having sufficient thermal energy to enable it to reach 
this point will succeed in escaping. The greater the external 
field the nearer is this critical point to the hot surface. As 
this point moves in, less and less energetic electrons can reach 
it and thus escape. Effectively there is a reduction in work 
function because of the presence of the external field. An 
increase in the latter raises the thermionic emission. 

This effect was first pointed out by Schottky who derived 
an expression for the effect which is I=I()CiK[p.(cE^/T) where 
1q is the thermionic current when there is no external field, 
I the current when the external field strength is E, T the 
absolute temperature, and c a constant, A field of some 2,000 
volts per centimetre, which is easily attained, increases the 
zero field emission by 10 per cent. 

Cold emission 

Clearly the greater the field strength the more important 
becomes the Schottky effect. With a sufficiently intense field, 
however, an entirely new effect sets in. The maximum of 
potential near the surface of the metal becomes exceedingly 
sharp and a wawe-mechanical potential-barrier effect occurs. 
The more energetic of the electrons constituting the main 
body, with kinetic energies less than Wi, and independent of 
the temperature, possess a finite probability of escape through 
the barrier. There is then cold cathode emission, sometimes 
called jicW emission. Both theory and observation show that 
the cold emission current is given by I==aE%'^*^® where E is 
the field strength, and a and b are constants for a given metal. 
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Fields exceeding 10® volts per centimetre are usually required 
before cold emission becomes manifest. Up to about 700° C. 
the emission is independent of the temperature, but after this 
point true thermionic emission begins to assert itself. 

If a thin surface layer of copper is separated from a massive 
metal copper base by a thin semi-conducting blocking layer 
of CU 2 O, only some 10-® cm. thick, the application of but a feio 
volts across this film gives a field strength sufficient to produce 
cold emission. When the surface of a copper plate is oxidised, 
oxygen atoms are occluded in the copper-oxide film as impurity 
atoms forming a true sem i -conductor. If a piece of copper 
gauze be placed upon the top of the film to act as a contact 
maker, the combination acts as a rectifier to alternating 
currents. The application of even small voltages produces 
cold emission, but as many more electrons are available in one 
direction than in the other, owing to the massive metal base 
acting as a relatively infinite source of electrons, the flow is 
easier in this direction than in the other. The system there- 
fore acts as a rectifier. This fact has been made use of in 
electrotechnics and in mdio work where metallic rectifiers have 
become of importance. The rectifying actions of the early 
radio crystal detector and of the coherer are considered to be 
similar in nature fo copper oxide rectification. 

The shot effect 

Interesting support for the correctness of the atomic con- 
ception of electricity, and indeed a means for measuring the 
charge on the electron, is afforded by the so-called '‘shot 
Owing to the atomic nature of the thermionic emission 
the electron stream is not perfectly uniform. It is to be 
regarded as a hail of particles lihe small shot, and therefore 
exhibits statistical firntmtions in any given time interval. The 
srmller the time interval considered the larger are the possible 
fluctuations in the number of particles emitted in any one of 
these time intervals. These random fluctuations are equiva- 
lent to the superposition of a small alternating current on top 
of the average direct current thermionic emission. A statistical 
examination of the emission shows that the average fluctuation 
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of charge d in a time interval t is given by S^-\/Te/l where i is 
the mean direct current and. e the eIectro.!iic charge. .It is. 
possible by this means to obtain a value for the electronic' 
charge. 

The fluctuations producing the shot effect are of very great 
importance in thermionic valves using high amplifications. 
These fluctuations clearly set an upper limit to the degree of 
amplification that can ever be obtained by thermionic vahos. 
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CHAPTER 7 


PHOTO-ELECTRICITY 

r 

Introduetion 

When substances, particularly metals, are irradiated with 
light of wavelength shorter than a certain limiting value, 
electrons are emitted. This, the photo-electric effect, has 
already been briefly mentioned in connection with the develop- 
ment of the quantum theory. The discovery of photo- 
electricity goes back to an observation made in 1887 by Hertz, 
who noticed that when ultra-violet light is allowed to fall upon 
a spark gap, the spark passes more easily than when the gap 
is not so illuminated. A year later Hallwachs discovered that 
a negatively charged metal loses its charge when irradiated 
with ultra-violet light, but the light has no effect at all on a 
positively charged body. A further step was made by Elster 
an*d Geitel, who proved that the electropositive metals potas- 
sium, sodium, and rubidium easily show photo effect when 
irradiated by ordinary white light. It is clear that ions must 
be emitted from bodies which lose charge when irradiated, and 
the Hallwachs effect proves that these must be negatively 
charged ions. In 1899 Lenard measured e/m for the photo- 
ions and by this means proved that they were electrons. 
Since the photo-electric effect is much more marked in metals 
than in other solids, liquids, or gases, the discussion following 
refers largely to metals. 

Lenard *s determination of e/m for photo-ions 

The apparatus employed by Lenard for measuring the ratio 
of the mass to the charge for the ions emitted by a metal 
irradiated, with ultra-violet light, is shown in Fig. 7.1. The 
apparatus is highly evacuated. Ultra-violet light, entering by 
the quartz window B, strikes an aluminium plate A. This is 
given a negative potential so that the negatively charge photo- 
ions which are liberated are repelled in a direction away from 
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A towards the e6irthed electrode E, which has a small circular 
aperture. This aperture isolates a beam of the charged 
particles which falls upon the electrode D and is detected with 
an electrometer. A magnetic field can be applied with its 
lines of force perpendicular to the plane of the paper (the 
circle diagrammatieally indicates the position of the pole- 
pieces), and when this is done, the ions traverse a circular path 
reaching the electrode C which records them. * 

In considering the forces acting upon the ions it will be at 
first assumed that any velocity imparted to them by the 
actual act of emission can be neglected. This being so, the 
ions will acquire a velocity v due only to the potential P 



Fig. 7.1 

applied between the electrodes A and E. If e and m are the 
charge and mass of the ions respectively, it follows that 
Fe=mv^j2. In the magnetic field, of strength H, the particles 
describe the arc of a circle of radius R given by R=«m/Hc. 
The radius can be calculated by measuring the distances of 
the electrodes G and D from the aperture E. Combining the 
two expressions gives e/TO==2P/R2H2 and i;=2P/RH. The 
experiment showed that e/m for the photo-ions was identical 
with that for the electron, thus it must be concluded that the 
photo-ions are electrons. 

In Lenard’s original experiment the applied voltage P was 
equal to 12,600 volts which, the above expression shows, gives 
the electrons a velocity of 6*4 x 10^ cms./sec. 


116 INTEODUCTION TO ATOMIC PHYSICS 

It has been assumed that the initial velocity of ejection, if 
any, can be neglected and it is easy to show that w^ith such a 
high applied voltage this is justified. The emission velocity 
can be measured directly by giving the electrode A a positive 
potential Pq, which just suffices to cause the emitted electrons 
to return back to the electrode. Clearly Poe=mt;„2/2 where 
is the velocity acquired by the electi-ons due only to the act 
of photo-electric emission. In the particular experiment con- 
sidered Vq was found to be equal to 10® cms./.sec. which is only 
one-fiftieth of the velocity produced by the accelerating poten- 
tial P and can thus be neglected, unless an accurate value of ejm 
is required. In practice it is convenient to describe the energy 
of electrons in electron volts. An electron in falling through 
a potential difference of 1 volt acquires a velocity of 5-9 x 10’ 
cms./sec. 

With the apparatus just described Lenard made a very 
important discovery. He found that the emission velocity of 
the photo-electrons could vary from zero up to a maximum 
value, Vq. The value of this maximum was independent of 
the intensity of the light, being affected only by the wavelength 
used and by the nature of the electrode A. He show-ed further 
that the number of emitted electrons is proportional to the 
intensity of the illumination. These two fundamental law's 
were applied by Einstein to the development of the quantum 
theory. Being of such importance, a critical re-exa,mination 
was undertaken by Millikan with the object of testing the 
validity of the conclusions arrived at by Lenard on thelbasis 
of only approximately exact measurements. Millikan’s experi- 
mental refinements enabled him to achieve a high degree of 
accuracy and the laws were completely vindicated. 

MillUrao s investigation of the velocities of ejection of nhoto- 
electrons 

As a first essential, Millikan considered it necessary to 
irr^ate surfaces which were chemically clean, since by analogy 
with thermionic emission, it is to be expected that surface 
contarnination will affect the work of emission and therefore 
the velocity of ejection of photo-electrons. In order to be 
able to study the effect of the wavelength of the incident light 
the experiments were carried out with the alkah metals since 
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they exhibit photo-electric emission with light from the visible 
region down to the ultra-violet. , The^ tise of these metals 
therefore gave an extended wavelength range over which 
observations could be made. The apparatus used was 
designed to enable the experimenter to cut clean surfaces of 
the metals in vacuo. It is illustrated in Fig. 7.2. 

A wheel W, which can be rotated from outside, has attached 
to it three cylinders, each made of a different alh!hli metai 



K is an externally controlled knife mechanism by means of 
which the metal surfaces can be scraped clean. It is rotated 
electrically. The whole apparatus is highly evacuated in 
order to avoid secondary collision effects. A cleaned metal 
surface is brought opposite the window O and illuminated with 
monochromatic radiation of known wavelength. Photo- 
electrons are ejected. By means of a field applied between the 
emitting surface and a cylinder of gauze (dotted) the photo- 
electrons are retarded and can just be prevented from reaching 
the gauze which is made of oxidised copper, since this material 
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itself shows no photo'-eflect with the light used. The voltage 
bet%¥eeii the emitting surface and the coltecting gauze is varied 
regularly, the electron^ cnixent which .reaches the latter is, 
measured with an electrometer. This is repeated in turn for 
each different wavelength of light nsed. 

The results obtained for the different -Blkali metals are 
similar in nature, a typical voltage-current curve being that 




shown in Pig. 7.3a. The potential difference between the 
emitter and the gauze can be made accelerating or retarding. 
It can be seen that a high accelerating potential gives a 
maximum current which represents the total photo-electric 
emission. As the voltage is diminished, a critical point is 
reached at which the photo-electric current for all wavelengths 
begins to fall, ultimately reaching zero. Now the potential 
applied between gauze and emitter is not the true potential 
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cliff ereoce acting between them across, the evscoated, space,, 
since there exists a contact potential difference between ■ th.e^ 
respective materials. (This contact potential difference is that, 
which supplies the driving voltage in primary electrolytic cells. 
It introduces a small potential di.fference, between the gauze 
and metal, of the order of 1 volt.) When the contact , poten- 
tial difference (measured against the electrode S) is corrected 
for, the current-voltage curves are displaced as ^hown , in 
Fig. 7.36. Thus when the gauze has a positive ■ potential 
relative to the emitter a constant current passes, but when it 
is negative the current falls with increasing field, reaching 
zero at a point the value of which depends upon' the wave- 
length of the light used (marked on the respective curves in 
Angstrdms). 

Einstein’s photo-electric law 

The intercept of each curve with the potential axis is the 
“ stopping potential/' the value of which gives directly the 
maximum, velocity of emission. For clearly the gradual fall 
off in emission current with increasing retarding voltage proves 
that some electrons have a small initial emission velocity and 
are easily stopped. In fact the velocities vary from zero to 
that requiring a retardation given by the stopping potential. 
When these maximum voltages (the intercepts V) are plotted 
against the frequency of the light, they fall upon a straight 
line obeying the relation V=jfcv— V q. V is the stopping 
potential for light of frequency i/, a constant which has the 
same value for all metals, and Vq a quantity which differs 
from one metal to another. Electrons which require a stop- 
ping potential V must have an energy equal to Ye (c being the 
electronic charge), thus we have Ye^kev’—Y^e^mVin'^jt. 
This relationship had been derived before Millikan undertook 
his investigations, and the earlier measurements had shown 
that the numerical value of ke was approximately equal to that 
of Planck’s radiation constant, h, Einstein therefore proposed 
that the true relationship is \mvm^==^hv--Y^e. This assump- 
tion was shown by Millikan to be: correct, since the value he 
found for ke w^as 6%57xl0-”27 etglmc., which is identical 
numerically with Planck’s constant; ' 

The expression mvm^l^=^h¥—Y "(Einstein’s photo-electric 
law) is of fundamental signMcance,: in connection with the 
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qiiaiitiiiB' theory and with Bohr’s theory of atomic spectra. 
For some frequency pq, will equal ¥<56, in which; case the 
■emission velocity v will be zero. Thus it is clear that ' no 
emission will take place if the incident light has a frequency, 
less than ■ v^. This critical light frequency is the photo-electric 
threshold frequency, the corresponding w^avelength to it being 
described as the long wavelength limit, since light with longer 
wavelength is ineffective. It will be shown later that the 
threshold frequency is related to the thermionic work function 
and, like the latter, depends upon the nature of the emitter 
and the state of its surface. 

If the Einstein photo-electric law holds good, the intensity 
of the incident light should have no effect at all upon the 
emission of the photo-electrons. This is indeed the 

case. Experiment shows that only the number of electrons 
emitted depends upon the intensity. The number is directly 
proportional to the intensity of the incident light, but for a 
given metal the velocities depend only upon the frequency. 
This has been tested over wide spectral regions with large 
intensity variations and is found to be true under all conditions. 
A more intense source of light merely supplies more quanta, 
not more energetic quanta. It is the energy associated with 
each quantum that determines the maximum emission velocity. 

No matter how intense the light source may be, if the light 
frequency is less than vq no emission takes place. If the 
surfoce of the emitter does not happen to be uniformly clean 
and is patchy, more than one value of vq can be observed. 
In Millikan’s experiments changes in vq were observed if the 
surfaces were left exposed for some time to any traces of 
gaseous impurity left in the evacuated apparatus. Changes in 
the value of this frequency can also be brought about by 
recrystaliisation effects upon the surfaces after they have been 
scraped clean in vacuo. 

It should be noted that the velocity which occurs in the 
Einstein formula is the maximum velocity that an emitted 
electron can have, the actual velocity can vary from zero up 
to this limit. The velocity distribution can be either derived 
from the shapes of the curves in Fig. 7,3A or measured directly 
by deflecting the photo-electrons with a magnetic field. 
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Eieet if watiteagth ipoa the HEmber if phito-eleetrois 
• amitlei 

Different W'S¥elengt.tis have different efficiencies in exciting 
emission. ■' " Thus two sources with the same absolute intensity 
but, wjth different wavelengths produce different numbers of 
electrons.. The,, effect of wavelength is clearly shown in 
Fig. 7.4. The curve A is that shown by a given pure metal 
with a chemically clean surface. The wavelength Is plotted 
against the quantum yield, which is defined as the number of 
electrons per quantum of incident radiation. The quantum, 
yield is clearly a measure of the excitation efficiency. The 
curve is smooth, the quantum yield increasing from zero at 



Fig. 7.4 

the threshold (about 4,000 A.) as the wavelength of the 
incident light diminishes. There is evidence suggesting that 
the yield should reach a maximum value in the far ultra-violet 
region. 

If the surface of the metal is contaminated either by adsor bed 
gas or impurities, or if a very thin film of some foreign metal 
is deposited upon it, the curve B is observed. The threshold 
in B has moved considerably to the red end; and instead of a 
smooth, regular curve showing steady increase in quantum 
yield with wavelength, the curve now exhibits a marked 
maximum. With some metals two maxima have been 
observed. Photo-electric emission in the neighbourhood of 
one of these maxima is called “ selective emission, elsewhere 
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it is called ‘*riomal/V The names .have an historical origin, 
since early workers considered that the maxima were due to 
some abnormal selective effect* When the emission is normal 
it, is independent' of the plane, of polarisation of the incident 
radiation, , but when it is selective the emission is usually 
gre.ate.r when the light is polarised, with the electric vector 
perpendicular to the surface. A. great deal of the confusion 
existing in earlier investigations upon polarisation effects was 
caused by inattention to chemical cleanliness. 

Apart from the ‘‘ selective humps, the regular increase in 
quantum yield with diminishing wavelength is quite under- 
standable. The theory of metals shows that the electrons 
within a metal have different , energies, hence light with A. 1/ 
gradually increasing beyond the threshold value will be able 
to eject more and more electrons with less and less inherent 
energy. 

The theory of the photo-eleetrie effeet 

As' in the case of thermionic emission, a metal which has an 
adsorbed surface film is .able to emit two kinds of electrons, 
either , conduction electrons from the base metal or valence 
electrons from the surface film. When valence electrons are 
being emitted we get ‘‘ selective emission ” produced bj^' the 
selective absorption of the incident radiation by the atoms in 
the surface film. This is a form of resonance, a particular wave- 
length being more effective than others in ionising the atoms 
in the surface film. In contradistinction, the '' normal effect '' 
represents the emission of CQvduction electrons which have been 
ejected from a pure metal without surface contamination. 

When an electron of energy W, within a metal, absorbs a 
quantum of radiation of energy hv, its energy is increased to 
W+Av. When this energy equals the work W® required to 
be done by an electron in overcoming the surface forces, the 
electron will emerge from the metal with zero velocity. In 
general the kinetic energy of a photo-electron will be 
mt;2/2=W+AF— Wa. According to the quantum theory of 
metals, electrons at absolute zero of temperature have energies 
varying from 0 to a value Wt. Thus at this temperature we 
have, for the electrons with maximum energy, W = W^. From 
this it follows that W^ where Vm is the 
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nmxmmm veloc4’l.y attained by an emitted electroo* ' lilinstcin's 
plioto-electric law showss that mnmrl2^hp—hv^, hence 
: As the tliermionie w’ork fonction is equal 
to (Wff— Wi)/e then This, relationsliip shows that 

the photo-electric threshold energy ' at the absolute zero is 
equal to the work required for a thermion to oyercome the 
surfaces forces- Experiments carried out with palladium have 
proved that this theoretical prediction is obeyed. 

It will be noticed that there is a close analogy between the 
photo-effect and the thermionic emission when there is surface 
contamination. Just as adsorbed layers can increase ther- 
mionic emission, so they can also influence the position of the 
photo-electric threshold. Some metals can be made photo- 
sensitive in the infra-red by preheating in hydrogen, the 
resulting adsorbed surface layer producing a large shift in the 
threshold frequency value. 

Photo-electric fatigue 

An effect described as photo-electric fatigue ’’ was reported 
by the earlier investigators of photo-emission phenomena. It 
was observed that the emission from a prre metal began to fall 
off with increasing age of the specimen, and this was attributed 
to some form of fatigue.'’ It is now known that this so- 
called fatigue ” is due to slow oxidation of the surface. This 
results in an increase in the surface work function, with corre- 
sponding diminution in photo sensitivity. The importance of 
even slight surface impurities was not clearly realised by the 
earlier workers. 

There is, however, a form of fatigue which is not due to 
surface oxidation and which sets in if the photo-emission takes 
place in the presence of gases. It is produced by temperature 
changes arising from the bombardment of the metal surface 
by atomic and molecular ions created in the gas by the photo- 
eleetrons. This fatigue effect (due to ionic bomtodment) is 
not exhibited when the photo-emission is being given off by a 
pure metal surface, but only when the emission is from a 
metal covered with a surface film. The latter is very sensitive 
to ionic bombardment. The fatigue is due to an alteration in 
the state of the surface film caused by heating by ionic bom- 
bardment. In particular, metals w'hich have been sensitised 
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with ^hjdrogen are very liable to exhibit this form of fatigae. 
The, surface heating does. not materially affect pare metals., 
' Theory predicts that photo-electric emission from pure metals 
should be almost independent of temperature, providing the 
temperature is not great enough to cause thermionic emission 
to set in. This has been verified by experiment. 

Pboto-eleetMc effects with Bonnmetals 
Photo-electric emission is not confined to metals, being also 
exhibited by non-metals, gases and liquids. Some metallic 
compounds, such as oxides, sulphides, etc., are photo-active 
when dry, others require first to be moistened. Quite a 
number of organic compounds give an emission, either in the 
solid state or in solution. Certain liquids are also photo- 
sensitive. The photo-activity of gases has already been met 
with in the method of producing gaseous ions by the irradia- 
tion of a gas with X-rays or ultra-violet light. This is a 
direct photo-effect, frequently in an innef electron shell. The 
electrons which : X-rays eject from solids in general are also 
photo-electrons from an inner shell. 

The phenomenon of phosphorescence has a fundamentally 
photo-electric mechanism. A very large number of phos- 
phorescent materials (phosphors) can now be made, according 
to var3nng recipes. A typical phosphor is as follows. Barium 
sulphide is mixed with sodium carbonate which acts as a flux, 
and to this a trace of an alkaline earth metal is added. Such 
a mixture is strongly phosphorescent and at the same time 
markedly photo-active. It appears that certain molecular 
groupings behave as active centres, electrically insulated from 
one another by the flux. On irradiation photo-electrons are 
emitted from the active centres. Most of these are trapped in 
the flux mass which is non-conducting. They tend to leak 
back to the ionised atoms in the active centres and when 
recombination takes place there is emission of light. A finite 
time is taken for all the electrons to leak back, so that the 
material continues to emit light for a considerable period. 
This is the phenomenon described as phosphorescence. At 
very low temperatures the phosphorescent light-emission is 
quenched, but when the temperature is increased the trapped 
electrons can collide more frequently with ionised atoms, so 
that the intensity of the phosphorescence increases. 
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‘ Pfaoto-chemicai reactions , are also examples of effects 
,, directly due to photo-electric emission. It has been' proved 
.that each, .quiantnm of .light j absorbed is able to produce ■ a. 
reaction with a molecule. This may set a chain of reactions 
in motion.' A well-known typical photo-chemical reaction is 
the production of HCl by the irradiation of a mixture of 
hydrogen and chlorine. Ail life is, moreover, dependent upon 
a photo-chemical reaction — ^the formation of sugars in plants 
from carbon dioxide by photo-chemical absorption. The 
action of a photographic plate is a practical application of a 
photo-chemical reaction. Silver halides are strongly photo- 
active, a photographic plate being essentially a suspension of 
a silver halide in a gelatine emulsion. The irradiation prodnces 
ionisation which forms the latent image. There is either a 
local chemical change where the light falls or else a physical 
change, and at each point affected a grain can be developed 
up. The latent image is not absolutely permanent, disap- 
pearing if and when the trapped electrons in the emulsion return 
to their parent atoms. This leaking back is similar to that 
which produces phosphorescence but takes place at a much 
slower rate. 

The physiological effects of light, which are responsible for 
vision, etc., are usually photo-chemical in nature. It has been 
suggested that the act of vision is largely a simple photo- 
electric effect, since there is evidence of electrical changes in 
the retina when the eye receives light. 

The inner and outer photo-eleetrie effects 

When a light quantum falls upon a metal it can only be 
absorbed by an electron if the energy in the quantum is suffi- 
cient to raise the electron to some higher vacant state. In a 
metal there are always vacant states immediately above the 
band of filled Ip vels. Hence any light that is at all absorbed 
raises electrons into higher states with a resulting increase in 
electrical conductivity. At ordinary temperatures the increase 
in conductivity is only very slight since the conduction band 
already contains a niimber of electrons. ' 

In the case of insulators the energy in the quantum must 
exceed that of the gap between the occupied lower and vacant 
upper bands before an electron can be lifted into the latter. 
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Similarly, in semi-conductors the' energy in .the . mcideM 
quaiituBi must exceed that required to raise an electron from 
an impurity level to a vacant' upper band level. If the energy 
in the quantum exceed this, electrons are raised into the 
conduction band producing a relatively large incrmse' in the 
electrical conductivity. This is called the inner photo-effect. It is 
made use of in “ conductivity cells,'" a selenium cell being typical. 
For if selehium is illuminated the inner photo-effect leads to a 
fall in the electrical resistance. This can readily be measured 
aud may be used as a measure of the intensity of the incident 
radiation. 

An electron cannot leave the boundary surface unless it has 
acquired energy sufficient to overcome the image force. Still 
more energy is therefore needed to detach the electron alto- 
gether, even though it has already been raised into the con- 
ductivity band. This emission of electrons, the normal 
photo-emission, is the outer photo-effect. It should be quite 
clear that the inner photo-effect does not lead to electron 
e7mssio7i whilst the outer photo-effect does. 

Both the inner and outer j>}u)to-effects have been made use 
of in practical applications to photo-electric cells. Such a cell 
is a device for the detection and measurement of light. It is 
clear that instruments capable of doing this will have wide 
applications. The measurement and recording of light inten- 
sities is technically of importance, particularly in talking films, 
television, etc. Photo-cells have many valuable purely 
scientific applications also. A number of distinctly different 
types have been evolved. We shall examine these according 
to the photo-electric properties involved in their operation. 

Emission cells 

These make use of the outer photo-effect and can be divided 
into vacuum cells and gas-filled cells. The vacuum cell consists 
of a f)repared photo-sensitive surface upon* which light is 
allowed to fall, leading to electron emission. The electron 
current between the sensitive surface and an anode in the cell 
is measured, a potential difference of about 100 volts being 
applied between the sensitive cathode and the anode. Many 
different types of sensitive surface have been employed. For 
the detection of white light a compound surface is used, a 
cjesium film being deposited upon a silver base which is covered 
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witE' cesium oxide. The emission can be considered to. be 
given off by a composite surface described as a Cs— 0~Ag 
surface. For spectrophotometric work a K — 0 — ^Ag surface is 
found to be extremely good. If a narrow spectral region is 
nndeiC examination increased sensitivity can be achieved by 
the employment of a photo-sensitive material which has a 
maximum (selective effect) in the region studied. 

Vacuum cells are extremely accurate in their response, the 
photo-electric emission being strictly proportional to the intensity 
of the light. If the cathode is suitably chosen the sensitivity 
of a cell does not alter over very long time periods. They 
are by no means as sensitive as cells which will be described in 
following paragraphs, but are essential if precise intensity 
measurements are required. 

A tenfold increase in sensitivity results if a small quantity 
of gas is introduced into a vacuum cell. Such a detector is 
described as a gas-filled emission cell. The increase in sensi- 
tivity is due to the production of increased current by ionisation 
by collision. At a suitable gas pressure the photo-electrons 
ionise the gas by collision and the current increases. It is 
known that the time taken to eject a photo-electron from a 
sprface is less than 10“-® second, and as the time taken for one 
of these electrons to reach and ionise an atom is usually less 
than second with the cells in general employ, the time lag 
between the reception of the light and the production of the 
amplified photo-current is very small. The ceil can therefore 
safely be used with light of very rapidly fluctuating intensity 
if need be. 

The typical commercial cell, made by evaporating csesium 
on to a silver surface which has upon it a deposit of csesium 
oxide, has a high red sensitivity, the work of emission being 
low and the threshold being far in the red region of the 
spectrum. The increase in sensitivity produced by the intro- 
duction of the gas has made this type of cell commercially 
important. It has a good frequency response but has an 
accuracy of only 2 per cent. A constant light intensity can 
produce photo-currents which can fluctuate to within 2 per 
cent, because of the irregularities in the amplification in 
ionisation by collision. The small photo-currents are usually 
amplified further by means of thermionic valves. 
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leeilir ealls 

. The iiiaer photo-effect has been applied tO; the detection of 
light ■ and two forms have emerged, the rectifier cell and the 
cmMmtivity cell, which will be discnssed later. A photo-mtive 
boundary results when a semi-conducting : layer is forirfed on 
the surface of a metal plate either by heat treatment or by 
cathodic sputtering. A typical case is the formation of a semi- 
conducting layer of CugO by heating a copper plate in air. It 
is considered that oxygen acts as the impurity in the insulating 
oxide, converting it into a semi-conductor. 

The rectifier cell with a sputtered film is more often used, 
as the film thickness and its nature are under control. , In 
such a cell the light falls upon the front wall of the semi- 
conductor in the manner shown in Fig. 7 . 5. The surface film 

Light 

I i i 

film 

Semi-conductor 


Metal base 

Fig. 7.5 

is effectively transparent and when light is absorbed at the 
interface of the film and semi-conductor electrons travel against 
the light. Illumination therefore results in the passage of a 
current through the cell. This current is not proportional to 
the intensity of the light flux in a simple linear manner but 
depends upon the resistance of the current detecting instrument 
in the circuit. The smaller the latter the njiore nearly linear 
is the relation between current and light intensity, 

Bectifier cells require no external application of poteMiaL 
They are robust and cheap and have high sensitivity, being 
able to detect light with the same degree of sensitivity as gas- 
filled emission cells. They have one drawback in so far as 
the current cannot easily be amplified by thermionic valves. 
The currents produced by strong light sources, such as daylight, 



PHOTO-ELBCTBICnT 


129 

suffice to operate galvanometers directly without amplifica- 
tion. The cells have therefore been widely applied to the 
manufacture of instruments used in lamp photometry, general 
illumination meters, and exposure meters for photographic 
work, etc. 

All rectifier cells exhibit a marked selective effect in the 
green or red. They are sensitive to temperature- changes and 
have no effective time lag in o^peT&Uon. . 

Conduetivity cells 

Conductivity cells also employ the inner photo-effect but 
differ from rectifier cells regarding boundary conditions. In a 
thick slab of semi-conductor the electrons can accumulate at a 
boundary and set up a back electro-motive force which ulti- 
mately can prevent the flow of the primary photo-current. In 
some semi-conductors, amongst which selenium occupies an 
important place, a large secondary current flows in addition 
to the primary photo-current. The origin of this secondary 
current is as yet obscure. It makes the material more con- 
ducting and arises from a change in the state of the material 
occasioned by the accumulation of primary electrons at the 
boundary. A definite time is required before the secondary 
current is folly established, leading to considerable time lag in 
the attainment of the final state for a given intensity of 
illumination. Selenium and thallous sulph^e are particularly 
good materials for the construction of conductivity cells. The 
change in resistance which takes place on irradiation can be 
measured in the usual manner by a bridge circuit. 

These cells require the application of a potential of about 
100 volts. They are sensitive to temperature changes (one 
degree rise in temperature leads to a 2 per cent, change in 
response) and have a time lag of approximately one-tenth of a 
second between receiving the light and registering full change 
in resistance. TKe light sensitivity is not linear. The cells are 
very selective with a sharply marked maximum in the red or 
infra-red. This makes them very much more red sensitive 
than the human eye. They cannot be used at all for accurate 
work or for measurement but are best used merely for the 
detection of light. 


m 


mmOBtrCTIOK TO ATOMIC PHYSICS 


ILIght coiiiiters 

When extremely weak sources of light are to be detected 
photo-counters are used. Ordinary photo-cells are more sensitive 
than the eye and in the red the conductivity cells are very much 
more sensitive than visual detection. , For white light the visual 
threshold is 10^ lumen. A sensitive cell gives a current of 
6 X 10*"^ amp, with this intensity of illumination if it has the same 
aperture m the eye (a disc of 6 mm. diameter). Such a current 
can . be detected with the aid of amplifiers. A typical cell has 
a much greater receiving area than the eye and is correspond- 
ingly more sensitive if a wide aperture beam is available. 

A light counter, or photo-counter, is a modified form of a, 
Geiger-Bliiller counter, the application of which to radioactive 
observations will be 'discussed later. In the Geiger-Mtiller 
counter a metal cylinder (cathode) is enclosed in a glass tube. 
Down the cylinder axis passes Sb clean wire (anode). The tube 
is filled with gas at about a pressure of 5 cm. and a potential 
applied Just below the spark breakdown potential. The pro- 
duction of ionisation near the wire by any means leads to 
ionisation by collision' with resulting breakdown and the 
passage of a large current' which can. be detected readily. 

\ ^ In a light counter the inside of the cylinder is coated with 
a" ■photo-sensitive material and the axial 'wire with a high- 
resistance film* The applied potential exceeds the breakdoim 
' potential for a clean wire- but no discharge takes place because 
of the high-resistance film. When light falls upon the sensitive 
cathode photo-electrons are released. They ionise by collision. 
Owing to the high-resistance coating on the wire a single pulse 
of current is produced for each photo-electron liberated. 

The photo-counter is ' essentially a device , for the detection 
of extremely weak light sources. With a detecting area of 
12 sq. cms. it is possible to detect a light flux of only a single 
quantum^per second. The remarkable nature of this will be 
appreciated when it is recognised that a quantum of yellow , 
light (sodium light) has an energy content of only ' 

a-3xl0"“^2erg. 
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CHAPTER 8 

ATOMIC SPECTRA AND THE PERIODIC f ABLE 

The spectrum of ionised helium 
Helium (atomic number 2) has two electrons in its outer 
structure and a nuclear mass of about 4. If it is ionised by 
the complete removal of one of the electrons the residual atom 
possesses only one outer electron and is therefore like hydrogen, 
except that the nucleus has twice the charge of the hydrogen 
nucleus and about four times the mass. In Bohr’s simple 
theory for the Balmer series it is assumed that the nucleus is 
so much heavier than the electron that to a first approximation 
its mass may be treated as infinite. An infinite nucleus would 
remain at rest, but actually the nucleus and the electron both 
rotate about their common centre of gravity. It can be 
shown from a simple treatment of the dynamics of rotating 
bodies that the formulae derived on the basis of an infinitely 
massive nucleus still hold for a non-infinitely massive nucleus 
if the electron mass m in the formulsa is, throughout, replaced 
by the ** reduced mass ’’ fi where M being the 

nuclear mass. When account is taken of the finite nuclear 
mass, interesting differences appear between the spectra of 
hydrogen and ionised helium. 

The spectrum of ionised helium should be similar to that of 
hydrogen since both atoms have a single electron, but there 
will be differences due to : 

(1) The nuclear charge being 2 instead of 1 ; 

(2) The nuclear mass being approximately four times that 

of hydrogen. ^ 

Considering first the effect of the increased charge, and 
neglecting the difference in nuclear mass by assuming both to 
be infinite, it is clear that ionised helium will give series similar 
to the Balmer series, the lines obeying the formula 

131 
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v' = {27T2Z2e*m/cfe3 } { 1 /% 2 _ j 

Rh is Rydberg’s constant for the hydrogen atom. Since Zs=2 
the series of He"*" will be identical in form with that of hydrogen 
but with 4Ra replacing Rh. To a first approximation this is 
experimentally confirmed since the alternate lines of the 
ionised helium series, discovered by Pickering, almost coincide 



with hydrogen lines as predicted by the Bohr theory (see 
Mg. 8.1). 

The coincidence between the lines from the^two atoms is, 
however, not absolutely exact, the cause of the difference being 
the different nuclear masses. The Rydberg constants for the 
two atoms are not quite identical when the reduced masses of 
the electrons are employed. The gerieral expression for the 
Rydberg constant using the reduced mass (defined as for 
Z=l) is 


R = (27T^e*m/chs}{l /(I +m/M) } 
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If R+h» and Eh are the Rydberg constants for ionised helium 
and hydrogen respectively and Mh. and Mh the nuclear masses, 
we have from the above 

R*h./Rh=(1 +JW/Mh)/{ 1 +m/MH<) 
=(l+TO/MH)(l-m/MH.) 

to a first approximation, since the ratio of the mass of the 

electron to that of a nucleus is small 
"Thus 

' == 1 +(^/Mh)— («^/Mh«) 

= 1+(w/Mh){1~-Mh/Mh.) 

The quantity Mh/Mh<j is the ratio of the mass of the proton to 
that of the helinm nucleus and is knomi from mass spectro- 
graphic date to be 1/3*98. Therefore an experimental deter- 
mination of the ratio leads to a value for wi/Mh which 

is the ratio of the mass of the electron to that of the proton. 
The numerical experimental value for is 109,722 and that 
for Rh= 109,677. When these values are inserted into the 
above expression the ratio w/Mh is found to be 1/1843 which 
is very close to the value found from deflection experiments 
upon electrons. This was one of the early triumphs of the 
Rohr theory. So accurately is the formula obeyed that the 
spectroscopic method is now considered one of the best means 
for precisely measuring the electron mass and the ratio of the 
mass to the charge. 

Series in line speetra 

The series which appear in the spectra of hydrogen and 
ionised helium are obvious to the eye. Most spectra are con- 
siderably more complex than these two, and although many 
contain thousands of lines it ha^ been fouTtd possible to arrange 
all the lines of any spectrum into series. In the large majority 
of cases the individual members of a series overlap into other 
series and a great deal of skill is required to separate the series 
members from the confused mass of lines usually observable. 
The spectra emitted by the many-valent atoms to the right of 
the Periodic Table, and by the rare earths, are particularly 
complicated. We shall therefore first consider a type of 
spectrum called hydrogen like,^^ Such a spectrum is one 
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.emitted by a iiioHovaleiit atom such as, an alkali metal, or an 
alkali earth metal which has had one electron remoYed by 
ionisation. The spectra of all the atoms which occur in a 
given column of the Periodic Table are closely similar to each 
other in structure so that a discussion of the, characteristips of 
the spectrum of sodium will cover the general details to be 
found in all hydrogen-like spectra. 

Althougli the Bohr theory fits the grosser details of the 
hydrogen spectrum extremely well, refined observation shows 
that each mefnber of the Balmer series is not a simple Ime but 
has a very narrow structure. Each line is complex, exhibiting 
what is called a fine structure.'' The explanation of the 
origin of this fine structure is related to the explanation of the 
complex series found in all hydrogen-like spectra. Sommerfeld 
succeeded in accounting for both phenomena by postulating 
the existeiM^e of elliptical orbits in addition to the circular 
orbits proposed by Bohr. 

Elliptic orbits 

An electron in an elliptic orbit has two degrees of freedom. 
When represented in polar co-ordinates these are r, the distance 
of the electron fi*om the nucleus, and the azimuthal angle 6. 
Each deijree of freedom must be quajitised employing a separate 
quantum condition. Bohr’s quantisation of the angular 
momentum in a circular orbit was shown by Wilson and 
iSommerfeld to be a special case of a more generalised expression 
for quantisation which is 

^pdq^nh. 

in this /> is a momentum and q the corresponding position co- 
ordinate. Tims for a Bohr circular orbit the integral carried 
over a conqdete revolution gives 

riTtf 

mv.dx^nh 
Jo ^ 

■i.e, ■ mvr^nhfZTT. 

This is Bohr’s condition of quantisation. 

For an elliptical orbit, each variable obeys the Wilson- 
Sommerfeld relationship, therefore 

lpQdd=^lch 

jpfdr^nrh 
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P 0 and j5r are the angular and radial momenta. Two mw 
quantiim numbers, k and have^ appeared replacing , the' 
■previous one, n. By integrating over a complete revolution 
it can be proved that 

■n 

where c is the eccentricity of an ellipse with semi major and 
minor axes a and b respectively. Since both the quantum 
numbers k and Uf are integral, the sum n=k+nr can have 
values 1, 2, 3, . . . The quantity n is called the total quantum 
number of the electron. It follows that only a certain number 
of possible orbits exist, namely, those in which the ratio of the 
major to the minor axis is the ratio of two whole numbers. 

The evaluation of the total energy of an electron in an 
elliptical orbit by the method of Bohr shows that 

E = -~.27r2Z264m/n2A2 

which' is identical in value with that for a circular Bohr orbit 
with radius equal to a, the semi major axis of the ellipse. As 
far as this approximation is concerned, therefore, circular and 
elliptical orbits with the same n value have the same energy 
and therefore wall not be distinguishable. Actually this is not 
exactly the case. 

From the expression for the eccentricity of the ellipses given 
above, it will be seen that when the path is circular since 
€ is equal' to zero. The quantum number i can itself never 
equal zero since the ellipse then degenerates into a straight 
line passing through the nucleus. Clearly for a given value 
of n=^k-\-nr, k can take on n possible different values. There 
are therefore n types of ellipse, the orbits becoming more 
eccentric the lower the value of k. (According to this picture 
the angular momentum of the electron in its orbit is khklrr, 
but detailed analysis has shown that the picture is not entirely 
correct: it is preferable to use a quantum number l=k—\, 
then the wave mechanics indicates that the orbital angular 
momentum is . hl2rr.) Fig. 8.2 illustrates the type of 

elliptical orbit which the theory allows. 

Although simple theory predicts that all orbits with the same 
major axis will have the same energy, Sommerfeld proved that 
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.this is not strictly true. An electron in an elliptic, orbit 
..approaches close to the nucleus and acquires a high Telocity in 
doing so, the velocity near the nucleus being greater than when 
farther off. ' The Theory of Relativity shows that when a par- 
ticle increases its velocity its mass also increases. : The effect is' 
only appreciable at very high speeds' but is sufficient to make 
the energy of the electron in a more elliptic orbit greaUr than 
•that in a less elliptic orbit, even if the major axis remains 
unchanged. Thus of aU the orbits with a given n value that 



Fig. 8.2f 

with J=0 has associated with it a somewhat greater energy 
than that with 7==1, that with 1=1, a greater energy than that 
with 1=2, etc. This will now be applied to the explanation 
of the details of hydrogen-like spectra. 

One electron spectra 

As will be discussed in more detail later, the structure of the 
Periodic Table enables us to conclude that the extra-nuclear 
electrons in atoms can be arranged in closed shells. Effectively 
the alkali metals consist of a nucleus, a number of completely 
filled closed shells and a single outer electron, the optical electron. 
The members of the next group of the Periodic Table have 
two optical electrons, those in the succeeding group three, etc. 
Sodium can thus be treated as an atom in which only one 
electron is involved in the production of the spectrum. 

This optical electron can occupy different orbits and when 
in a particular orbit it is described by a small letter which 
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ideEtiies the' orbit; :Wheii. the electron is in an orbit with 
l*=i:0 it is called an s Mectron, .when in. an orbit with 1=1 it is 
called a p electroiij etc. . The particular' letters employed arise 
from earlier, empirical classification (see below). In Table T 
the small letters designate the electron. ■ When the dectrm is 
in a certain orbit the atom is then said to be in a corre- 
Bpondmg' state, indicated by a capital letter. Here the. same 
letter is used for the electron designation and the atomic state, 
but this only occurs in one electron spectra. In calcium, for 
instance, where there are two valence electrons, one of these 
may be ap electron, the other a d electron, and the atom may 
be in an F' state. - 


Table I 


Orbital angular quantum 
number of electron . 

0 

1 

2 

3 

4 

5 

6 


Electron designation . . 

8 

p 

d 

/ 

9 

h 

i . 


Atomic state .... 

s 

p 

D 

P 

G 

H 

I .. 

» 0 


Orbital designations are also shown in Pig. 8-3. The total 
quantum number n is placed before the letter indicating the I 
value of the orbit. An electron in the second orbit with Z==l 
is described as a 2p electron, one in the fifth orbit with i=4 is 
a Bg electron, etc. From what has previously been discussed 
it follows that the lowest possible n value associated with a 
given value of I is always Z+1* Thus Is, 2p, 3d ,, , are the 
lowest possible orbits with I values 0, 1, 2, . . . etc. The 
orbits Ip, 2d, 3/, . . . etc., do not exist. On plotting the 
energies associated with the orbits a diagram like that in 
Fig. 8.3 is obtained. Each energy level, which corresponds to 
an orbit, is cajled a spectral ‘‘ term.^' When the electron is in 
a particular orbit the atom is said to be in an atomic state 
which has the same notation as the term. 

Transitions can take place between specified terms, and 
when the electron moves from one term to another, the atom 
radiates a single quantum, which is one line of the spectrum. 
The complex spectrum usually observed represents line transi- 
tions from a large number of atoms, since one transition means 
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ODe emission line. For any given value of I the terms, run to 
a Imit, the serim limit, such a group of terms being called 

a sequence, , 

The well known sodium yellow line was formerly described 

as IS — 2P, since it was treated as a transition from an upper 
2P level to a lower IS level. Both theory and observation 
show that Jhe number of possible transitions is limited by a 
“ selection principle,^ ^ that is to say, only selected transitions 
can take place. Transitions are only possible between two 



/onisation 

limit 

5F 


.4F 


terms whose I values differ by ±1. This is usually written as 
^^ — ±1- Id accordance with this rule transitions can take 
place between any S and any P term, for example, ot any T? 
and any D term, but not between an S and an S term (for then 
or an S and a D term (Jl=2), etc. It is clear that 
series similar to the Balmer series can arise by the transitions 
from all the terms in a sequence to 07ie term in another sequence. 
Clearly, for example, IS— mP represents a series, if m has the 
values 2, 3, 4, . . , etc. 

Historically certain sqries were found and named before the 
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advent of the quantum theory of spectra. In sodium these 
were : 

Sharp series . . . . . . . . . 2P— jwS 

Principal series . . , . .... IS— mP 

Diffuse series . . . . . . . . . 2P— mD 

Fundamental series . . . . . . . 3D— mP 

The names were adopted mainly because of the appearance of 
the lines. The letters s, p, d, f, are the first letters of the 
names of the series. The above notation is a short form of 
writing down the term energies, since we know that the 
frequency of a line is given by the difference of two terms as 
in the Palmer series. Observation, in fact, shows that all 
series are built up in the same manner out of terms of the form 
Rjn^'^ in which R is Rydberg’s constant, but, in the general 
case, is not necessarily integral. Each term can also be 
written as RKn-p)'^ where n is integral and p is less than 
one. This quantity, p, the quantum defect, represents the 
deviation from a whole number and is found to be practically 
constant for all terms in a sequence. The value of p differs from 
sequence to sequence, diminishing with diminishing ellipticity. 
It is very small in / orbits (which have Z=3), hence the latter 
give terms closely similar to hydrogen terms. For this reason 
these were called “ fundamental,” but we now know that there 
is no special significance to be attached to them. The total 
quantum numbers in these transition descriptions are not the 
same as those now generally employed. The above were 
purely empirical and are now usually replaced by the true 
quantum numbers shown in Fig. 8.4. The empirical descrip- 
tion has however persisted in some publications, the quantum 
number adopted being based upon the “ effective ” number in 
the Rydberg sequence. 

The spinning electron 

Although the recognition of the existence of elliptical orbits 
with different I values succeeded in accounting, in a general 
manner, for the term combinations observed, the muUiplet 
structure of spectra (sometimes called the fine structure) finds 
no explanation without the introduction of further electronic 
properties. Thus it has been known for many years that the 
yellow sodium line, and the remaining members of the whole 
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of ':'its series, are dose doublets. .Close triplets are found for 
series members in magnesrain, ■ and as one moves to the right 
of the Periodic Table the members of series become more and 
more complex. The heavier the atom the greater is the wave- 
length separation of these multipiets. For instan^o the 
doublet components of the sodium yellow line are only 6 ang- 
stroms apart, whilst the. visible mercury triplet extends over 
1,400 angstroms. The name fine structure ” is clearly not 
applicable to the heavier atoms so that “ multiplet structure 
is to be preferred. 

Since the quantum numbers n and I fail to account for 
multiplet structure, Goudsmit and Uhlenbeck in 1926 put 
forward the theory of electron spin. According to this every 
electron has a spin of (l/2)(A/27r). Clearly a spinning electron 
must have a magnetic moment and as the orbital rotation of 
an electron also produces a magnetic moment these two will 





interact. The spin angular momentum, denoted by the 
quantum number s can combine vectorially with the 

orbital angular momentum I to form a resultant denoted by 
the quantum number y, which thus represents the total angular 
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momentum of the electron. The vector addition is usually 
shown as j=ldtz^, the addition being quantised. 

Consider now the effect of electron spin upon the S, P, D, 
and P terms of sodium. The S terms each have an I value of 
zero and as j must be equal to The j value is always 
indica^ by a suffix, the term now being described as Sj. 
The P terms each have 1=1, hence the vector addition of s 
and I produces when the vectors oppose each other, and 
j=Sj2 when they act paraUd.^ What was previously treated as 
a single P term is now seen to split up into tw Zcwefe, since the 
energies of the electron orbits differ in the two cases. The 
two terms are described as Pj/g and P3/2 respectively. In like 
maimer D3/2, Ds/2 and F5/2, F7/2 terms arise from the interaction 
between electron spin and orbital angular momenta for t) 
and P levels. Apart from the S term, which alone remains 
single because I =0, every term is double. The terms are therefore 
called doublets. This is indicated 
by a superscript 2 written to the 
left of the term, e.g. ^ 8112 , ®Pi/2. 

^P3/2) 

V^en account is taken of 
the electron spin the transition 
3S— 3P (the yellow line) becomes 
the doublet shown in Pig. 8.4. 

A selection principle also operates 
in the multiplet terai transitions 
such that 41=^1 or 0 {but the 
transition 0 -»■ 0 is forbidden). 

The operation of the selection 
rule makes, for example, 3P— 3D 
have three constituent lines, since 
the transition is not. 

permitted. The three lines are 
still said to form a doubled 
muUiplet since the terms involved have a doublet structure 
(see Pig. 8.5). 
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Many eleetroE spectra 

When an atom possesses a number of valency electrons the 
multiplicity becomes more complex. Each of these electrons 
has its own particular I value and also a spin of I. In different 
cases the spin and orbital momenta can combine differently. 
It is possible for the I and s of each electron to combine to 
give a j value for each. The j values then combine to form a 
total resultant J which represents the total angular momentum 
of all the valency electrons. (In the vector notation capital 
letters are iised to represent resnltant vector sums for the whole 
atom, srnall letters referring to individual electrons,) This type 
of vector coupling is called jj coupling. In an alternative 
arrangement the I values of all the electrons unite to form a 
resultant L and the s values unite to a resultant S. Then, as 
before, we have J=L±S. When there are a number of 
valency electrons, S can have more than one value for a given 
L since the individual s values can combine in various ways. 
This leads to more than one multiplicity. The manner in 
which this arises will be made clear by a consideration of a 
two-electron spectrum such as calcium. 

With two valency electrons S can have the value 0 or 1 
according to whether the two electron spins oppose or assist 
each other. In the first case, when S =0, J is, in every term, 
equal to L, the result being that all the terms are single valued, 
^So, ^I> 2 v The multiplicity (1) is written to 

the left, as in the case of the doublets, and it will be noticed 
that the J value is in each case the same as the L value. 

When S==l each term (other than the S terms which are 
always single) becomes triple. For example, a P term has, L= 1 
and as S =1 these two vectors can combine to give the quantum 
numbers 0, 1, 2 for J. The possible terms are then ^Pq, ^Pj, 
^P 2 . In like manner a D term Avith L==:2 gives resultant J 
values 1, 2, 3 when combining with S=l. The triplet D 
terms are thus ^Di, AH the remaining terms of the 

spectrum split up into triplets. It is easy to show that the 
multiplicity is in every case 2S + 1. When S =0 we have 
singlets, when S=| we have doublets, triplets when S=I, 
quartets when S =3/2, etc. An atom possessing, for example, 
seven d electrons in the outer shell can have S values up to 


ATOMIC SFECmA AI^'O THE TEEIOOIC TABLE 


143 


7/2 leading to octet multiplicity. , - More complex multiplicities 
also exist. 

The iEter¥al and intensity, rules 

The levels constituting a multiplet in many cases are found 
to obey fairly accurately a rule called the Landi interval rule. 
This states that the interval in frequency between two terms 
with total angular momenta J+1 and J respectively is pro- 
portional to J + 1, Take the case of a multiplet, the terms 
in which are ^.03, ^©2, In this, the levels are spaced so 

that the frequency -intervals between them are in the ratio 
3 :2. A multiplet with 4D7/2, ^1)5/2, terms 

would exhibit interval ratios of 7:5 : 3. There are many 
deviations from the interval rule but these can be accounted 
for. They usually occur when the electron coupling is neither 
completely of the jj type or the LS type, but is intermediate 
between these two extremes. 

The line transitions forming a multiplet are generally of 
different intensities. It can be shown both theoretically and 
experimentally that the sum of the intensities of all the lines 
coming to, or starting from, any given J term of a multiplet 
is proportional to 2J + 1* Applying this, for example, to the 
two members of the yellow sodium doublet 3^81/2 and 
32P3/2, shows that the intensity ratio of the two lines 
should be 1:2. This is indeed the case as confirmed by 
observation. 

The Pauli exclusion principle. 

One of the most outstanding successes of the spectroscopic 
approach to the study of atomic structure is the manner in 
which the Periodic Table of the elements can be accounted 
for. It has already been pointed out that an electron requires 
the quantum numbers ly S, and J to define its orbit. There 
are other ways of looking at this. If the emitting atoms are 
maintained in a moderately strong magnetic field each single 
spectrum line splits up into a smaU group of lines usually 
symmetrically spaced. This is the Zeeman effect which has 
been known for many years. Each term is found to split up 
into 2^+1 magnetic levels. Physically this means that in a 
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msguetie'Md the TOOtor.j em only take up distinct .quantised 
directions .with reference to the external magn'etic field which 
is being applied. It must be concluded that a further quantum 
number is required. This is called the magnetic qmntum 
nwmMer'm and clearly exists theoreticafiy even if there' , is no 
magnetic field. . '■ 

Suppose we consider a' single electron only with its I and s 
values combining to form a resultant The external magnetic 
field' can be increased until it is so strong that the magnetic 
coupling between I and a is broken, since the latter are coupled 
magnetically. There is then no resultant- j and we now have 
instead of m the magnetic quantum numbers mi and ms which 
are respectively the projections of I and ^ in the direction of 
the magnetic field. When this takes place a Faschen-Back 
effect is said to have set in (after the discoverers). An electron 
can therefore more precisely be defined by the quantum 
numbers n, I, s, mi, Mg, for the magnetic quantum numbers 
are possible properties even when there is no field. Since for 
every electron the spin, ^==|, is the same, it follows that any 
electron can be dwtinguuhed by the four quantum numbers n, I, 
mi, mg that it would possess if it were in a strong magnetic field. 

The possible four quantum numbers which an electron can 
acquire are governed by a fundamentally important rule, the 
Pauli Exclusion Principle. This states that no two electrons 
in an atom can have the same four quantum numbers n, I, mi, mg. 
When this principle is applied numerically to the electrons in 
atoms two important deductions can be made. Firstly, as a 
result of this limitation, it can be shown that in an atomic 
electron configuration there can be no more than electrons 
with the same quantum number Secondly, it can be proved 
that for any given n value there can only be 2(21+1) electrons 
with any particular value of 1. These two deductidm account 
completely for the form of the Periodic Table in the following 
manner.' 

Tie Periodie Table 

Consider first aU the possible electrons with n^l that can 
exist in an atom. Since the maximum possible number is 2n^ 
there can Only be two. It is clear also that I must be zero for 
both of these electrons. There are therefore two possible 
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electrons, and no others with n=l. All the electrons which 
have the same total quantum number h are said to belong to 
a shell, the shells being lettered K, L, M, N, etc., for re=l, 2, 
3, 4, etc. The completed first shell, the K shell, consists then 
of two Is electrons. 

For the second or L shell, the total quantum number is 
n==2 so that the shell can contain up to eight electrons (2n^~8). 
The second rule shows that this shell can contain no more than 
two 2s electrons and no more than six 2p electrons {2{2i!+l)=6 
when 1=1}. As a result of the second rule sub-groups form 
within each shell, all the electrons within a sub-group having the 
same n and I values. These groups, first classified by Stoner, 
are shown in Table II for the K, L, M, N shells. AH the 
electrons belonging to a sub-group are called “ equivalent 
electrons," and it is usual to denote the number of such 
electrons in an atom by an index. Two Is electrons are 
written as Is^, four 2p electrons as 2p^, seven 4/ electrons as 
4/7, etc. 

Table II 

Shell . . . . . . j K L M N 

1 2 3 4 

28 2p $8 3p 3d is ip id if 

2 2 6 2 6 10 2 6 10 14 

Total 2n* ..... j 2 8 18 32 

The structure of the Periodic Table will now be considered 
in the light of the possible numbers of electrons in the sub- 
groups. The fundamental assumption made is that the number 
of electrons in an atom equals the alomic number, i.e. the 
numerical position of the atom in the Periodic Table, starting 
with hydrogen as the first atom. The chemical properties of 
an atom are completely determined by the number of outer 
electrons which in turn is fixed by the nuclear charge. Any 
atomic electron structure is formed by the addition of a single 
electron to the electronic structure (or electronic configuration, 
as it is often called) characteristic of the preceding atom in 
the Periodic Table. The quantum numbers chosen for the 


n , 

Possible electrons . 
Maximum of electrons 



■ 146 . 


INTEOBFCTIOH TO ATOMIC ^PHYSICS 


added electroB, are' such 'as to place this electron the most 
bmnd state possible, reducing thereby the potential 
energy of the atom to a minimum. The atom is said to be in 
its normal state when the potential energy is a minimum. 
Starting with' hydrogen, which has one extramuclear 
electron, it is clear jErom Table II that this electron in the 
normal state occupies a Is orbit. (It can occupy any of the 
higher orbfts when the atom is excited,} 

Helium has two electrons, both of which can go into Is 
orbits. By doing this the potential energy is at a minimum. 
The configuration of normal helium is then thus the K shell 
is closed, A hew period should therefore begin again with 
lithium, as indeed it does. 

The third electron required for the formation of the lithium 
atom goes into a 2s orbit (to keep the potential energy again 
a minimum), so that.the configuration for this atom is 2 ^. 

Berylium, the next atom in the Periodic Table, has the 
configuration 2s^. The K shell is therefore completed and 
the s electron sub-group of the L shdl is also filled. 

The next atom is boron, and as the 2s sub-group is now 
filled the added fifth electron must go into a 2p orbit so that 
the electron configuration becomes 2s^ 2p, So the process 
continues until at neon the whole of the L shell is completed and 
a new period begins at sodium with a configuration which is 
Is^ 2s^ 2p^ 3s, the 3^ electron being the single valency or 
optical electron. In Table III the configurations of the first 
nineteen atoms are shown. This can be continued until all 
the Periodic Table is completely accounted for. 

It wiU be noticed that at helium, neon, and argon the K, 
L, M shells are completed respectively (strictly, with argon 
only the first two sub-groups of the M shell are completed) and 
after each a new period begins, exactly as required by chemical 
data. The completion of a shell means chepiical inertness, 
since valency is really determined by the degree of incompletion 
of the out^ shell. 

Not only are the chemical properties of the atoms completely 
accounted for, but this arrangement of sub-groups explains all 
the observed spectra of the elements. Take for example the 
alkali metals. The Table shows that each has closed shells 
and a single outer electron occupying the 2Sy SSy iSy etc,, orbits 
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for lithmiii, sodium, potassium, etc. All lia¥e the same 
valency, all should have similar chemical properties, and ■ all 
should have similar doublet spectra, as is the case. 

It is also clear that if an atom is ionised its spectrum should 
resemble that of the atom directly preceding it in the Table. 
This is invariably the case and has been verified for a large 
number of atoms. 

Theory shows that the 45 orbit is more tightly bdund than 
the Zd orbit. As a result of this, when potassium is reached 

Table III 
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the nineteenth electron goes into a 45 rather than into a Zd 
orbit. This accounts for anomalies in the spectra of the 
elements following argon. 

Hyperfine structure and nuclear spin 
When individual spectrum lines are examined with very 
high resolving power "it is found that many of them exhibit a 
very close complex structure. This is now called hyperfiiie 
structure.^^ The name ^'fine structure has also been used, 
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. thoiigh tile origm of the ■ effect is quite distinct .'from' that of the 
“ fine stroctiire of the Ba'imer lines. It can be proved that 
the hyperfine strnotnres are always due eifhet to the existence of 
di^ereni isotopes in an element or d$e to the fact that the atomic 
nuclei themselves have a spin. The study of hyperfine stractnre, 
has recently led to important information about, the intemal 
constitution of atomic nuclei. We shall consider briefly the 
effect of A nuclear spin upon spectrum lines. 

Since nuclei are positively charged a spinning nucleus will 
have a magnetic moment. The spin of the nucleus must be 
quantised and can be represented by a quantum number I , 
the nuclear spin (the nuclear angular momentum) is therefore 
Investigation proves that all the atoms with odd 
atomic weight have half integral values of I, ranging from | 
to 9/2. It is fairly certain that atoms with mass numbers which 
are multiples of 4 have zero nuclear spin, but the remaining 
even atomic weight isotopes need not necessarily have a zero 
spin. 

The magnetic moment of a spinning nucleus couples with 
the magnetic moment of the optical electrons which the latter 
have in virtue of their total angular momentum J. The inter- 
action between the nuclear and electronic magnetic moments 
takes place in a quantised manner. The final result of this is 
that what was previously considered to be a single spectro- 
scopic term splits up into a group of hyperfine structure levels. 
Owing to the relatively large nuclear mass, the nuclear magnetic 
moment is very much less than the electronic magnetic moment 
so that the splitting of the term due to nuclear magnetic 
moment is very small, hence the name hyperfine structure. 
It is apparent that what was formerly treated as a single line 
transition between two terms now becomes a small-scale 
multiplet since each term has a multiplet structure. The 
following particularly simple case will illustrate what takes 
place. 

It can be shown that the nuclear spin I of arsenic is 3/2. 
Consider the effect of this upon the arsenic line 
For any term the spin couples with the total angular momentum 
J to form a set of hyperfine structure levels with quantum 
numbers F such that F =1 + J. This is strictly analogous to 
the formation of an ordinary multiplet as represented by 
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'.JssrL+S. ^ The lower term has J=sl which can combine 
with I ==::3/2- to give three F values, namely, F— 1/2, F=3/2, 
F 5==5/2. TMepositkms^ of the levels in a hype^ne structwe mnltipM 
are smch that the Land£ interval rule is obeyed, ' The^ upper term' 
has J equal to zero, hence F is single valued and equal 
to I. A selection rule operates, namely, JF=0, ±1 {with the 
transition 0->0 excltided). Hence ■ the complete hyperfine 
structure of the line under consideration, taking account of 
intensities ' which in this case are proportional to 2F+1 for 
each lower level, is as shown in Fig. 8*6. 


F 



Fig. 8.8 


An actual photograph of this faj^perfine structure is shown 
in Plate IIb which is a reproduction of successive orders of 
the triplet hyperfine structure as given with a Fabry-Perot 
interferometer. The repeating order is marked in black. 
The whole pattern is about 0*1 angstrdm wide so that it is 
quite clear that very sharp lines and very high resolving power 
are needed for the study of hyperfine structure. 

Isotope effeets. 

The presence of a number of isotopes in an element can 
have different effects upon the hyperfine structures. The first 
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infliience of isotopes is the simple mass effect already disctissed 
for the case of ionised hehum. ' The slightly different masses 
of the isotopes lead to different Rydberg constants for each , 
as a result of this the series .lines of each isotope are displaced 
slightly from each other. This effect has been observed only 
in the very light elements. For example, when the red neon 
lines are examined with high resolving power each is found to 
consist of two components with relative intensities 9:1. 
These correspond to the neon isotopes 20 and 22 whose abniid- 
ance ratio is 9 : I. In effect, the isotope hyperfine strnctnre 
is able to show the existence of isotopes in the same way as 
the mass spectrograph. 

When an element {e.g. platinum) has both even and odd 
isotopes the former are unlikely to exhibit hyperfine structure 
due to nuclear spin since this is almost entirely a property of 
atoms with odd atomic weight. On the other hand, the odd 
isotope has a spin and therefore a hyperfine structure. As a 
result, a pattern due to the old isotope appears and at the 
optical centre of gravity of this we should expect a strong 
additional line representing the contribution of the even 
isotopes. However, in heavy atoms like platinum, mercury, 
etc,, it is often found that the even isotope lines do 7iot all fall 
exactly together at the optical centre of gravity of the pattern 
of the odd isotope, but are slightly displaced from each other. 
It is probable that this is due to different nuclear volumes for 
different isotopes. The study of isotope displacements leads 
to knowledge concerning the relative volumes of the nuclei of 
isotopes. 

Recently it has been found that certain hyperfine structures 
fail to obey the interval rule and it has been proved that this 
arises through the particular nucleus involved not being 
spherically symmetrical. It is therefore evident that the study 
of hyperfine structure is of great value since |rom it informa- 
tion is derived about (1) nuclear spins, (2) nuclear magnetic 
Tuoments, (3) nuclear volumes, (4) nuclear symmetry, (5) isotope 
abundance ratios, 
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CHAPTER 9 


X-RAYS AND THEIR PROPERTIES , 

The preiiietioB of X-rays 

In 1895 Rdntgen discovered X-rays, which are generated 
when a beam of fast cathode rays strikes a solid target. The 
major portion of the kinetic energy of the electrons is dis- 
sipated in the form of heat, the remaining small fraction pro- 
ducing X-rays which are electromagnetic waves of short 
wavelength. The nature of the emitted X-radiation depends 
upon the voltage applied across the cathode ray discharge 
tube, the amount of residual gas present, and the constitution 
of the solid target which is struck by the rays. The latter, 
called the anti-cathode, is usually a massive metal electrode 
suitably placed to receive a concentrated beam of fast electrons. 
The radiation from an anti-cathode is usually mixed, consisting 
of a continuous or white radiation ’’ upon which is super- 
posed a line spectrum containing relatively few lines. 

The earlier types of discharge tube were low-pressure gas 
discharge tubes, containing only a trace of gas, and upon 
applying a high potential across this, a stream of cathode rays 
resulted. This was directed on to an anti-cathode which then 
radiated. The voltage w’hich can be maintained across such a 
tube depends in a critical manner upon the gas pressure, a 
factor which is very variable when the pressure is low. It was 
difficult with such a tube to maintain constant both the 
quality and the intensity of the X-radiation for any reasonable 
period of time." This created difficulties in measuring the 
effects due to the radiation. The introduction of the CooHdge 
tube overcame most of these troubles (see Fig, 9.1). 

The distinction between this and the earlier tube is that 
here the vacuum is so extremely hard that even the application 
of a potential difference of 100,000 volts will not cause a 
current to pass. The source of the electrons is a heated 
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filament of special design. The thermions liberated from this 
filament a^e accelerated by means of an applied potential of 
the order of 50,000 volts and directed on to an anti-cathode 
consisting of a small piece of moiybdenmn embedded in a 
massive copper rod. (The molybdenum is replaced by another 
metal for some purposes.) The copper rod is often water 
cooled since there is a considerable development of heat. The 
amount of-thermionie emission, which, of course, depends only 
upon the filament temperature, controls the intensity of the 
X-radiation produced, whilst the quality can be critically con- 
trolled by varying the applied voltage. Owing to the absence 
of gas, the potential can be maintained constant with little 
difficulty. Many modifications of the Coolidge tube have been 
designed. Some tubes are demountable to enable rapid inter- 



change of filament or anti-cathode. Since the anti-cathode 
becomes pitted after long usage, some tubes have a special 
device whereby the anti-cathode can be slowly rotated to 
reduce the effective time that any point is exposed to bombard- 
ment. 

The form of the emission curve 

Although X-rays are electromagnetic waves capable of 
producing interference and diffraction effects, "the wavelengths 
encountered are so much shorter than that of ordinary light 
that an optical grating used in the normal manner is not suit- 
able for studjdng X-rays. As will be shown in detail in the 
next chapter the atoms in crystals are arranged in a regular 
order and are sufficiently close to each other to enable one to 
use a crystal as a diffraction grating for X-rays. By the use 
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of this metliod, introduced and developed by Bragg, X-ray 
wavelengths can be accurately measured. 

The Bragg X-ray spectrometer is illustrated in .Fig. 9.2. 
The X-rays from a tube are collimated into a narrow beam, by 
the sMts Si and S^ cut in lead plates, and then pass on to the 
crystal C which- acts as a diffraction grating. The angular 
position of C is read by means of a vernier. After diffraction 
the rays, enter an ionisation chamber D, filled wfth methyl 
iodide which strongly absorbs X-rays. The electrometer E 



Fig. 9.2 


records the intensity of the ionisation in D. As will be shown 
later the wavelength can be derived from the angle of diffrac- 
tion and a knowledge of the structure of the crystal. In 
addition to measuring wavelength, the ionisation spectrometer 
also measures the intensity for any particular wavelength. 

When a plot is made of the intensity of X-ray emission 
against the wavelength, curves similar to that in Fig. 9.3 are 
obtained. This particular curve represents the emission from 
a target consisting of rhodium. The three curves correspond 

6 
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to the emission observed when 23, 32, and 40 kilovolts respec- 
tively, are applied to a tube of the Coolidge type. In each 
case there is a continuous spectrum beginning at a definite 
wavelength which depends only upon the applied voltage. 
When 23 kilovolts are used there is a continuous emission, 
but with higher potentials a fine spectrum emerges. The lines 



are characteristic of the metal constituting the anti-cathode. 

The two main peaks in the intensity distribution are called 
the K-Iines of the X-ray spectrum of the anti-cathode material. 
The K-radiation of every element consists of two lines (each 
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of m“.hic}i is actually complex), , In addition to this., each 
element emits softer radiation {Lt. longer waYeiength radia- 
tion), the L-rays, consisting of three' complex lines Ly, 

and still softer emission, M, N, etc. 

Moseley law 

In lil3 Moseley discovered an important law relating X-ray 
spectra with atomic number. He was led to enunciate this 

K lines 



Atomic number 
Fig. 9.4 


law after examining tfie X-ray spectra of a laige number of 
elements. He found a simple relationship between the 
frequency of the K lines of an element and its atomic number 
F. The latter is the numerical position the element occupies 
in the Periodic Table. On plotting the square root of the 
frequency of the K lines against atomic number, for the 
and lines, respectively, curves are obtained which are 
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nearly straight lines. The results obtained by Moseley are 
shown in Kg. 9.4. The Ka and K^. lines are each double. " _ , 
The wave numbers of the lines are given almost exactly 
by the relationship 

;;==(3/4)R(N--1)2 

where R is the Rydberg consiunt of optical spectroscopy. This 
formula can be rewritten 

V=R(N--l)2(l/l2-^i/22). 

Clearly this expression is simply that for the Lyman series of 
a hydrogen-like atom with nuclear charge (N— -1). In plotting 



the members of the K series, jumps occurred at various places 
where elements were missing in the Periodic Table. Many of 
these missing elements have now been found and identified by 
means of their X-ray spectra. Fig. 9.5, given by Moseley, 
shows that nickel follows cobalt. This is in accordance with 
chemical properties, although the atomic weight of cobalt 
exceeds that of nickel. It was clear, in fact, that the atomic 
nuclear charge is more important than the atomic weight, a 
conclusion confirmed later by the discovery of isotopic 
constitution. 

Moseley concluded from his investigations that the relation- 
ship between N and v definitely proves the existence in the 
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atom of a fnnciamentai qiiaBtity . which inoreases by regular 
steps up the Periodic Table. This quantity can only be the 
positive charge on the nucleus. 

The X.*ray spectra originate in the inner closed electronic 
shells of atoms and do not therefore exhibit the periodic effects 
rkaracierisiic of optical spectra^ such as alternating multipMcities, 
etc. „ They are very much simpler than optical spectra, which, 
with many valent atoms, are highly complex. This is clear 
from iigs. 9.4 and 9 . 5. The striking simplicity and similarity 
of the spectra of the different atoms is quite apparent. 

Energy levels and X-ray spectra 
Since X-ray lines obey a law strictly analogous to that 
governing optical spectra, they must arise from electron transi- 
tions betw^eeii two terms. The critical energy required to 



excite the K hues is just that needed to eject an electron from 
the innermost K sliell. The vacant space left behind is filled 
by an electron falling into it from a higher orbit. As in the 
optical case, the electron transition results in the emission of 
a quantum of radiation, a K line. In hke manner \hhe; P 
spectrum is excited when one of the electrons belonging to the 
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completed L shell is ejected, and so on. It is clear that a 
definite amount of energy (greater than hv) must be absorbed 
by an atom before the K-radiation of frequency v is emitted. 

Detailed investigation shows that the K level is single, the 
L level triple, the M level quintet, etc. The multiplicities of 
these levels explain fully the complex structures of the indi- 
vidual Ka, Kjj, etc., lines. As an example of the levels found 
Fig. 9.6 ilQustrates the K, L, M, N energy levels for X-rays for 
uranium. The different levels are lettered Ki, L^, Ln, Lux, 
etc., the n, I, j values for each being shown to the right. The 
usual selection rules of optical spectra apply, reducing the 
complexity of the individual compound lines. The vertical, 
lines show the K and L line transitions. 

The eontinuous X-ray spectrum 

The above discussion has been concerned with the charac- 
teristic line spectrum of the anti-cathode. The properties of 



the background continuems spectrum are quite different. As 
the potential across an X-ray tube is reduced, the K-radiation 
weakens, disappearing when the voltage is less than that 


X-MAtB mp TEBIB 'BBOBEETIES 


159 


critical value giving the incident electrons an energy, equal to 
the Ionisation energy for the K shell. The continuum, how- 
ever, is still emitted. F’roro Fig. 9.3 it can be seen that the 
intensity drops to zero, on, the short wavelength side. This, 
takes place at a limiting frequency given by eV where' 
V is the potential applied across the tube. Although all ,t,h,e 
incident electrons have energy Ve there is a continuous emission 
degrading down, to the long wavelength side i,nst6ad of a single 
strong line of' frequency Pm because only very few of the 
electrons give up the whole of their energy at a sing,le impact 
with one of the ta,rget. atoms. Most of them, require repeated 
atomic collisions before finally stopping, leading t,hu,s to a 
regular increase in wavelength. The elfect of the alteration 
of the applied potential V upon the continuous emission alone 
is show,n in Fig. 9.7. The total amount of this “ white radia- 
tion depends upon the nature , of the anti-cathode, being 
approximately proportional to the atomic weight of the 
cathode material. 


X-ray absorption 

Like many optical spectra, X-ray spectra are often more 
easily studied in absorption than in emission. A beam of 
X-rays is weakened when passed through matter; a fraction 
being scattered away from the beam, and a fraction being 
absorbed in the photo-electric act of ejecting electrons from 
atoms. The scattering effect is only an appreciable fraction of 
the whole when the atomic weight of the absorbing material is 
small and the wavelength of the X-rays short. With mono- 
chromatic radiation, the intensity of a beam 1q is reduced to 
I after passing through a thickness of material t so that 
being called the linear absorption coefficient. 
As the absorption of X-rays depends upon the mass of the 
absorber this is usually rewritten as where 

/x/p is defined as the mass absorption coefficient, being 

the mass per square centimetre of the absorbing screen. ‘The 
coefficient /x/p can be divided into two parts /x/p:=a/p,-f r/p, a/p 
being the scattering coefficient (usually quite small) and r/p 


ISO INTBODXTCTIOH TO ATOMIC PHYSICS 

tlie transformation coefficient, so called since it is measure 
of the amount of radiation absorbed by transformation into 
photo-electrons. 

The absorption by a screen increases rapidly with the wave- 
length of the radiation and with the atomic number of the 
absorber. It is found that the basic variation is represented 
by an expression of the type 

where A and N are the atomic weight and atomic number of 
the absorbing screen material, C being a constant. The 
C|uaBtity jxa is the gram atomic absorption coefficient. How- 
ever, the above law is not obeyed in a simple manner, as is 
evident from the absorption curve shown in Fig. 9.8. 



The complexities of the actual case are explained by the 
fact that photo-electric absorption takes place in all electron 
shells of the absorbing material and because different shells 
are characterised by different values of the absorption energy. 


X-BAYS AND THBIB PEOPBETIES 


161 


Before an L electron can be ejected the quantum energy must 
exceed the approfjriate absorption energy, that is the wave- 
length must be below a critical value. Similarly the wave- 
length must be lower still before a K electron can be ejected. 
The. complete curve of /xo against A is therefore obtained by 
superposing curves, each with an approximate A^ form, but 
each cut off at a characteristic critical value of A. At these 
values of A g suddenly falls (as A increases) and the appearance 
of K, L, M . . . absorption edges follows. 

The frequency of each absorption edge is a measure of the 
energy required to lift an electron from the corresponding 
X-ray level to the periphery of the atom, hence the difference 
in the frequency of two absorption edges gives the frequency 
difference between the two X-ray levels involved. By this 
means the term structure constituting an X-ray spectrum can 
be built up. 


The Compton effect 

X-rays can be scattered by matter in two quite distinct 
ways. In the first, coherent rays are scattered, mthout any 
wavelength change. This type of scattering leads to diffraction 
effects of which use is made in the crystal grating. The second 
type of scattering is incoherent, the scattered radiation having 
a longer wavelength than that of the incident rays. This is 
called the Compton effect, being first demonstrated and 
explained by Compton in 1922. 

Compton directed a beam of X-rays on to graphite and 
measured the wavelength of both the incident radiation and 
of that scattered in different directions, using a Bragg ionisa- 
tion spectrometer for the purpose. The scattered radiation 
was found to consist largely of the incident radiation but 
associated with this was some radiation with longer wave- 
length. The change in wavelength was found to depend upon 
the angle through which the radiation had been scattered. 

This effect has been explained by Compton by attributing 
momentum to the incident quantum of radiation. When such 
a quantum strikes an electron the latter recoils, absorbing some 
of the energy of the radiation. The quantum is thus scattered 
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witli reduction in energy, leading to an increase in wavelength. 
f\)nsicler what takes place wdien a light quantum of energy hv 
strikes a free electron. ■ 8uch a quantum can be showm to have 
a momentum, hvjc wdiere c is the velocity of light. As shown 
in Fig. t.lie ■ incident quantum., after striking the ' electron, 
is seattered in the direction ^ with reduced frequency rk The 
electron moves . off with energy mv^j2 in the direction 6, 
(Actually the electron mass is when the effect of 

increase of mass due to relativity is taken into account. Since 



the relativity correction cancels in the more exact analysis, it 
is neglected here.) 

From the conservation of energy we have 
fej;z=Av'+mt?2/2. 

Also, since momentum must be conserved, the forwards 
momentum equation is 

kvfc^ihv'jc) cos cosF, 
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arici for the transverse eoiiipoBeDts 

(hp'lcj sm sin 9. 

When these equations are solved, the change in frequency 
i;' which takes place when the radiation is scattered through 
an angle can be evaluated. Converting into wavelengths, 
if irfA is the wavelength change, it can be shown from, the above 
equations that , 

rfA=(I/mc){l —cos ^). 

The numerical value of (himc) m 0-024 A, whence , 
gA=0*024{l— cos angstrom* 

This show’s that the change in wavelength depends upon the 
angle of scatter the maximum possible change being 0-04B A 
w^hich occurs w’hen ^=180"^. The measurements made , by 
Compton are in complete agreement with the above theory. ■ 

It is to be noted that the mass of the recoil particle is 
involved in the expression for the wavelength shift. The 
above value has been derived for a free electron.. Strictly 
speaking there will be a Compton effect when any radiation is 
scattered by any particle. If the latter happens to be an 
electron bound in an atom its effective mass can be anything 
from about 2,000 to about 400,000 times that of a free electron. 
It is not possible to detect the resulting minute wavelength 
shift. 

The refraction of X-rays 

If X-rays are essentially similar to light waves they should ■ 
suffer refraction on entering matter. ■ Optical refraction is' a 
consequence of the displacement of firmly bound electrons in , 
the direction of a force applied by the incident electromagnetic 
wave, leading tb refractive indices grealer than unity. , In^^ 
X-rays the frequency of the wave is so much greater' than that 
of light weaves, that in all cases it exceeds the natural frequency 
of vibration of the electrons in' matter, ■ As a , result, the 
electron displacements due to the radiation are opposite in 
direction to that of the force exerted,' leading to a refractive 
index less than unity. This result /is perhaps best seen with 
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the' aid of Sellmeier’s generalised formula for refractive index, 
|A,, which is 

^2 1 4. ^2 _ ^2). 

1 

In this expression % is the number of electrons per unit ; volume, 
each with characteristic frequency Ps, e and m are the electronic 
charge and mass, N the number of different kinds of electron 
(ix, differently bound electrons), and p the frequency of the 
incident light wave. 

Clearly if v> Ps then p. must be less than unity. Further- 
more, if p> > Vs we have approximately 

/i = 1 —ne^l27rm 



Although this formula was originally derived classically, wave 
mechanics methods prove that it is still valid. Since v is 
very high with X-rays, the refractive indices given by the 
above expression are only slightly less than For example 

when the calculation is made, by substituting for a wave- 
length of 0*7 A, calcite is found to have a refractive index 
ju, = 1 — 1 • 84 X 1 The very,. . small difference between ' the 
refractive index of air and that of solids makes the: measure- 
ment of the latter very difficult. Detection of deviation by a 
solid prism is not easy, but has been achieved by Siegbahn, 
Larsson, and Waller with the arrangement showm in Fig. 9. 10. 
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Tlie X*ray beam, falling at almost grazing incidence upon. a 
quartz ..prism, suffers bot.h refraction and reiection, as iUns- 
trated. The refractive index of the prism can be calculated 
fro.iii the posit.ioiis of the images. 

leieetion and interferiiiee of X-rays 

Siii.ce for X-rays the .refractive indices' of metMs are less 
than one, it is clear that at a suitable angle it is possible ' to 
produce ioial reflection^ for the air is the dense medium and 
the metal the less dense medium. There will therefore be 
total external reflection, exactly analogous to the total internal 
reflection of optics. The critical glancing angle for total 
reflection can be shown to be tf='v/2(l— p). Compton first 
observed total reflection in 1923. X-rays of wavelength 
1*28 A were totally reflected from a glass mirror, the critical 
angle being small. Below this glancing angle 90 per cent, of 
the incident radiation is reflected. 

The fact that so large a fraction of the incident beam suffers 
reflection at small angles, implies that within this limited 
angular range X-rays should exhibit interference phenomena 
similar to those observed optically. A ruled grating is in fact 
found to exhibit diffraction spectra, providing the angles of 
incidence and diffraction are close to grazing. Under such con- 
ditions, not only are the X-rays reflected, but also the number 
of effective lines per centimetre on the grating is considerably 
increased. Siegbahn has developed a special technique for 
the measurement of X-ray wavelengths with the aid of ruled 
gratings. Wavelengths can now be measured accurately both 
by crystal gratings and by mechanically ruled gratings, con- 
stituting thereby an important check upon the values derived 
for the spacings of atoms in crystals. 

In addition to diffraction effects, direct interference can be 
demonstrated. Larsson, in 1929, obtained diffraction patterns 
with a slit wide, repeating well-known, optical phenomena, 
Liiinik has succeeded in obtaining direct interference fringes 
with a Lloyds mirror arrangement. Thin film interference 
fringes have been obtained by Kuhlenkampf in the following 
maimer .: A thin nickel film 1,400 A thick is deposited upon 
glass..' X-rays' are directed on to this 'at an angle .slightly 
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exceeding the critical angle for nickel. A part of the radiation 
is reflected from the nickel-air interface and part penetrates 
and is reflected from the nickel-glass interface. These two 
beams unite, producing fringes which can be seen. 

There is now a complete bridge between the properties of 
X-rays and of light, since the former show all the characteristic 
interference effects to be expected from electromagnetic waves 
with short wavelengths. 

REFERENCES 

The Crystalline State.’* Vol. 1. W. L. Bragg. (1933.)^ 

** Beport on Progress in Physics.” Vol. 1. (1934.) Physical Soc. of Lond, 


CHAPTER 10 


THE STRUCTURES OF CRYSTALS. 

latrodiiction 

T}if3 regular geometrical form of a crystal implies the occur* 
reiice of regular atomic or molecular arrangements in three 
dimensions. An atomic unit of pattern, the unit cell, is 
repeated and the crystal thus built up. A crystal will there- 
fore possess an inherent periodic structure, the apparent form 
of which depends upon the direction of observation. In 1912 
it occurred to von Laue that such an arrangement of atoms is 
essentially a- three-dimensional grating and should therefore be 
able to produce diffraction effects with X-rays. This novel 
idea opened up an entirely new" field of study and from its 
development both X-ray v^avelength measurement and the 
study of crystal analysis evolved. At that time, existing ruled 
gratings w^ere too coarse to be employed with X-rays. 

Shortly after von Laue’s discovery of the diffraction of 
X-rays by a crystal, W. L. Bragg show^ed how the structure of 
a crystal could be ascertained by using an elegant simplifica- 
tion of von Laue’s method, and largely because of the work of 
this investigator a vast new field in the physics of solid bodies 
has been developed. The studies of crystal structure inaugu- 
rated by W. L. Bragg have both great scientific and great 
technical importance. An incidental development has led to 
high precision X-ray spectroscopy. It is clear that the con- 
clusions to be drawn from an exhaustive study of matter in the 
solid state ate of ' fundamental scientffic importance. . The 
technical applications' to engineering, chemistry, biology, 
textiles, etc., cover a very wide and rapidly growing field. 
Observers quickly found that the detailed study of, complex 
crystals is difficult, a fact leading to highly specialised tecli-' 
niques. We /shall review here 'only the, general principles as 
applied to., the: cases. 
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CJrpM lattices aM crystal plan 
For many years crystallographers have classified, crystals 
according to tlieir external sy'tmmtry characteristics revealed by 
the angular relations between the crystal faces. Thirty-two 
classes were distinguished and named, each representing one of 
the possible geometric configurations of the centres, axes, and 
planes of symmetry which can exist. When the existence of 
these exterfial symmetry requirements is combined with the 
assumption of an internal structure based upon a repetition of 
identical unit ceils, one is led to a description of 230 possible 
spam grotips or ways of grouping symmetry elements. A 


C 



Fig. iO-l 


knowledge of the theory of space groups is essential to the 
analysis of the structures of complex crystals. 

The three-dimensional unit cell upon which any crystal struc- 
ture is based is defined by the lengths of its edges, c, and 
the angles between them. A typical cell is shown in Fig. 10.1, 
the three directions OA, OB, OC being called the axes of the 
crystal. The corners of the cell are lattice points, each point 
being occupied by an atom or molecule or group of molecules. 
It will be seen shortly that what is of importance in the X-ray 
study of crystals is the situation of crystal that is, 

planes containing large concentrations of atoms. Any such 
plane is identified with respect to the crystal axes by a group 
of three numbers known as the Millerian indices 1) of the 
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■plane in question. Such a plane makes intercepts on the 
axes <3, c proportional to cjl, A two-dimensional 

model will make this clear. 

Let the pattern in Fig. 10.2 represent a two-dimensional 
crystal built up by repetition of the unit cell of lattice points 
A, 0/B. lengths of the cell sides being a and b. Since 

•we are -dealing with a model in two dimensions instead of three 
we consider crystal rows instead of crystal planes. In the 
unit cell the corners only are occupied by atoms or molecular 
groups. Consider, for example, the row lying on the line LM. 
The intercepts of the line on the X and Y axes of the pattern, 



Fig. 10.2 


OM and OL, are simple integral multiples of the lengths a 
and h. The Millerian indices for this row are the reciprocals 
of these integral walues reduced to their lowest terms. Thus 
in this case the lengths OM and OL are both the same number 
of integi-al multiples of the units a and b and the row is 
described as a •(11) row. The same designation clearly 
applies to any parallel row, e.g. NR. 

Another example is represented by the row PQ. In this 
case the X intercept is one-fifth that of the Y intercept (in 
terms of the respective units a and b) and is negative, hence 
the row notation is (5 I). A minus sign is placed above the 5 
as the row';sto^ a different sense. ■ By the same reasoning 
rows parallel to the Y axis are called (1 0) for then the Y 
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intercept is infinite, 'and rows parallel to the X axis are termed 

(0 1 ). 

On extending the iw-dimensional model to three dimensions 
it is dear that all crystal planes can be described by three 
Miller indices (h, k, 1). An example is illustrated in Fig. 10.3 
in which the unit cell is a simple cube. The nomenclatlire for 
all planes parallel to the diagonal plane ABC is (1 1 I). That 
for planes parallel to the diagonal plane AGFB is (1 10), since 
the intercepts are equal upon the x and y axes and infinite on 
the z axis. As further examples may be quoted the planes 



parallel to OAGC which are (0 1 0), those parallel to ADIG 
which are (1 0 0), etc. 

It may be noted that there are three possible forms of cubic 
lattice leading to different concentrations of atoms in special 
planes. These three types are the simple cube (above) with 
an atom (or molecule) at each corner, the body centred cube 
with an additional single atom at the cube centre, and the 
face-centred cube which is the simple cubic lattice plus an 
atom at the centre of each of the six faces* 

X-ray diftraotion by crystals 

Laue was the first to realise that the close, "ordered; array ;of 
the atoms in a' natural crystal would; act as. a diffraction grating : 
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to X-rays if the latter were electromagnetic waves. In 1912 
Laue, Friedrich, and Knipping passed a narrow pencil of 
X-rays through a crystal of zinc blende (ZnS) and then on to 
a photographic plate. The latter was found to exhibit an 
intense central image surrounded with a pattern of spots due 
to beams which had suffered deviation from the direct ray. 
Laue proved that the observed pattern could only have 
resulted from diffraction by a cubic arrangement of scattering 
centres. This experiment was of fundamental importance for 
it demonstrated conclusively that X-rays were short electro- 
magnetic waves of w'avelength some thousands of times smaller 
than light w'aves. A typical Laue photograph is shown in 
Plate IIIa. The Laue spots are only developed if the incident 
X-ray beam consists of “ white radiation,” i.e. is effectively a 
continuous band of wavelengths, as in the ease of w-hite light. 
The mathematical analysis of the positions of the spots is in 
general very complex. 

A very elegant simplification in procedure was introduced 
by W. L. Bragg. In this treatment Bragg considers the X-rays 
to be effectively “ reflected "from each crystal plane, according 
to the following, mechanism. Suppose a beam of X-rays, this 
iime monochromatic, not “ white,” passes through a crystal. 
Each atom scatters a very small fraction of the incident wave 
and in effect each becomes an emitter of secondary wavelets in 
a manner precisely analogous to that of the elements of the 
wave front in the Huygens construction for the propagation 
of light waves. The scattered wavelets will reinforce in any 
given direction only if they are in phase. Now all thy scattered 
wavelets from the atoms in one plane will necessarily be in 
phase in that direction which bears to the direction of incidence 
of the X-rays the same relation as the direction of reflection 
bears to the direction of incidence when light falls on a plane 
surface. If, then, the radiation scattered from planes parallel 
to the plane under consideration also reinforces the contribu- 
tion from that plane, in the direction in question, great 
intensity of scattering will result, 

Consider parallel radiation, incident at glancing angle Q, 
reflected at the same angle from successive planes P|, Pg, 
w'hich are distant d apart. The retardation between the two 
beams is 2d sin ft. If 2d. sin d~nh, where w is an integer, there 
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be reitiforcement for' wavelength A in the direction 0 and in 
all .other directions there will be destructive interference. This 
ec|iiatioii, known as Bragg’s law, is the ftinda,meiital basis of 
crystal analysis. Assuming A to be known, then measurement 
of ^ gives d which is the spacing between' the parallel crystal 
|)Ianes. By .rotating the crystal to produce reflection from 
different sets of planes the shape and volume of the unit cell 



Fig. 10.4 

can be derived. If the density of the crystal is also known, 
then from the volume of the unit cell it is possible to evaluate 
the number of atoms of various kinds in the cell. 

Experimental methods of erystal analysis 
(a) The Laue. method . — ^The white ” radiation method of 
Lane is more' difficult to apply and less powerful than methods 
using' monochromatic radiation and the application of Bragg’s 
law. It will therefore^ be briefly examined only. The observed 
spots have the following origin. With a fixed crystal and a 
■fixed direction of incidence the various crystal planes con- 
stitute IB: effect a number of reflecting mirrors inclined at^" 
different angles to the .incident beam. The emergent beam 
exhibits reinforcement only in the directions 0 given by Bragg’s 
equation. The angle is fixed for each plane, but when the 
incident radiation is white the appropriate wavelength for a 
particular angle is selected- and reinforced. The result is the 
production of spots of reinforcement which exhibit clearty the 
basic symmetry of the, crystal when this is suitably orientated 
with respect to the direction of incidence of the X-rays. 

The interpretation of the Lane pattern is more difficult than 
the interpretation of the experimental data obtained by other 
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, methods,, which use monochromatic -radiation (frequently the 
K- doublet of molybdenum, two lines with w^aveleiigths 0*71.20 
and 0*7076 A). We shall deal, with these other methods now. 

(b) The ionisation specttomeier method. — ^This method .was 
developed by W. H. and W. L. Bragg for measuring reflections 
from' crystal planes. The method is of historical interest since 
by it the first X-ray wavelengths were measured 'and the first 
crystal analyses made. The details were given in the chapter 
dealing with X-rays. 

The crystal is successively turned through small regular 
increments, the detector being rotated through twice this angle. 
The particular plane involved in producing the reflection is 
deduced from the angular setting of the crystal and the 
direction of incidence. 

Compared with photographic methods the ionisation spectro^ 
meter is laborious and slow, but it has the great advantage 
over these of giving accurate quantitative measurements of the 
intensities of the reflected beams without the intermediate use of 
microphotometers which always introduce errors. A know- 
ledge of the relative intensities of reflections from different 
planes is necessary for complete analysis. 

(c) The rotation-photograph wMhod.—ln this method, due to 
Schiebold and Polanyi, a small crystal is rocked or rotated 
slowly about a vertical axis by a clockwork motor. A narrow 
X-ray beam is directed horizontally on to the crystal, the 
diffracted beams being detected by a photographic film bent 
into a cylinder with the axis of rotation as the cylinder axis. 
The method is particularly suited to small crystals with linear 
dimensions of the order of 1 mm. The diffracted beams lead 
to small spots or lines upon the film, for as the crystal rotates 
successive planes are brought to the correct angle for reflection. 
The resulting photographs are similar to that shown in Plate 
IIIb. BiUecemije horizontal lines (layer lines) are produced 
when an important zone axis of the crystal is parallel to the 
axis of rotation. For example, if it is the c axis of the crystal 
that is parallel to the rotation axis, these represent reflections 
from the planes {k k 0), (h k 1), (h k 2), etc., for the respective 
successive layer lines. From the distances between the layer 
lines the space lattice can be derived. 
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{^) The powder •‘photograph methods — The powder method 
was devised independently by Debye and Scherrer and by 
Hull. In it the X-ray beam is allowed to fall upon a tube 
containing the crystal in .a powdered form. The individual 
small crystals are oriented at random and amongst . these are 
always some at the correct orientation for producing reflection 
from a given {hkl) plane. ' Clearly , such crystals may. have 
the angle horrect in all directions around the direction of 
incidence so that the beams diffracted by a given (hkl) plane 
lie upon the surface of a cone. A ring is therefore produced 
upon a photographic plate which is set perpendicular to the 
incident beam. The concentric rings observed come respec- 
tively from different planes. 

In practice it is found convenient to surround the tube 
containing the powder with a cylindrical film which thus 
records beams diffracted up to nearly 180''. On opening up 
such a film the picture obtained is similar to that shown in 
Plate IIIc. The curvature of the trace on the film changes as 
the angle of diffraction passes through 90°, hence circles of 
increasing radius of curvature appear as the diffraction ap- 
proaches 90°, at which point straight lines are observed. The 
sign of the curvature then changes. For sharp lines it is 
necessary to have a fine powder, and a hair covered with fine 
crystals is often used. Since 

nX=2d sin 6 

then Ad, sin 0-f d cos 0 , id 0==O, 

i.e. tan 0jd, 

As the angle of incidence 0 approaches 90°^ A0/ Ad becomes 
very great so that small variations in produce large variations 
in 0, This leads to high resolution, and slight differences 
in the lattice distance d can readily be detected for the 
rays reflected back nearly through 180°. Such small vari- 
ations are of great significance in the study of metallic alloy 
crystals. 

The powder method is widely applicable since any type o£, 
crystalline matter can be examined no matter how small the 
individual crystals may be. Furthermore, when crystal 
mixtures are studied each type of crystal records its own lines, 
and as these can usually be recognised it is possible to make 
estimates of the relative concentrations of the different 
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materials. The interpretation of the photographs is, however, 
difficult and so far only the simpler forms of crystal symmetry 
have been studiefl by this method. 

It will be seen, therefore, that the different experimental 
methods wdiich have been devised are best suited to different 
types of crystal. For a large single crystal the rotation 
method is most suitable since (apart from the fact that the 
estimated intensities are only approximate) a few phbtographs 
give all the information needed. The Bragg spectrometer 
method is laborious, but is precise and gives all the data 
accurately. It is used for large crystals when other methods 
fail to give the accuracy required. When the material to be 
studied is either finely divided or has a microcrystalline struc- 
ture only the powder method can be employed. The Laue 
method has very limited applications. 

The struetures of KCl and NaCl crystals 

In this section the structures which have been derived for 
sylvine (KCl) and rock salt (NaCl) will be discussed. These 
were the first crystal structures to be analysed by X-ray 
methods. Both crystals have cubic symmetry. Fig. 10.5 
shows the ionisation spectrometer measurements made with 
the two crystals for the planes ( 100 ), ( 110 ), ( 111 ) using the 
radiation from a palladium tube. Two peaks appear in 
successive orders for each of the planes, due to and K^g 
radiations. 

Consider first the curves obtained with KCl. The peaks 
for the (100) face occur at glancing angles whose sines are in 
the ratio 1:2:3. They therefore represent the equation 
«A=2dsin 6 for values of » = !, 2, 3, i.e. they are successive 
orders.' Comparing now the angles at which the first order 
peak appears for the (100), (110), (111) planes respectively, we 
find the followdng. From Bragg’s law d cc 1/sin d so that com- 
parison of the values of 6 in the three cases gives the ratios of 
the spacings of the three* planes. From the observations it is 
found that 

l/d(ioo) : l/«^(iio) : l/<^(iu)=l : : Vz. 

From Fig. 10. 3 it is seen that these ratios arise from a simple 
cubic lattice structure of linear side d, since in such a unit cell 
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the (100) planes are d apart, the plane ( 110 ) is distant V2. d/2 

tne iiuu; jjxoii.cu, i , ^ (110) plane, and 

from the point 0, which contains tne neixi / f 

^^Thut frXth?KClmeaiurements it was concluded that the 
crystal has a cubic structure, but no information was available 
as to the nature of the constituents _at the latti^ 
i.e. are they molecules of KCl or ions of K and Cl alternately ^ 
The ansv’er to this was given by the observations made on 



NaCl. It is seen from Fig. 

a weak reflection near to 20 =10“ as well as that near to 20 . (In 
the curves the intensity is plotted ^ J ^ 

the peak corresponding to the first order of (1 1 1 ) m KU. It is 
clear that the weak peaks near 10° are the true first order, and 
the value of the angle for this leads to MjVS for the djm) 
spacing instead of the value d/Vs in the KCl crystal. Bragg 
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showed that the only, way of explaining this was by assuming 
the lattice points to be occupied by ions and ml by molecules. 
Th©' intensity of scattered X-radiation is roughly p'ropor- 
tional to the square of tlie atomic number of a scattering atom, 
and as the atomic numbers of potassium .and chlorine are 
respectively 19 and 17 both, scatter to approximately the, 
same extent. The result of this is that the lattice appears to 
have identical diffracting centres at all the cornersi? In the 
case of NaCI the atomic numbers are 1 1 and 17, leading to a 
marked difference in the scattering from the different con- 
stituent atoms. On referring to Fig. 10.6 it can be seen that 
the vertical planes (100) contain equal numbers of Na and Cl 
ions, succesvsive planes being identical. The same is true also 
for the (110) planes. But consider the case of the (111) planes 
and it will be seen that they consist of alternate parallel layers 
of Na ions and Cl ions. The spacing between a pair of parallel 
planes is djVZ but what is measured is the true grating spacing, 
that between identical planes, i.e. 2dl\/^. 

The relative weakness of the first order of the (111) spectrum 
comes about because the planes of the Na iom are exactly half- 
way between those of the Cl ions with the result that the rays 
reflected by the two are exactly out of phase and thus only the 
difference in amplitude between them is recorded. For the 
second order there will be reinforcement, as is clear by 
substituting in the Bragg formula. 

The observed intensities are therefore completely accounted 
for by adopting the structure shown in Fig. 10.6, with alternate 
ions at the lattice corners instead of molecules. This structure 
can alternatively be viewed as built up out of interlocking 
face-centred cubic lattices of like atoms. Having determined 
the form of the structure W. H. Bragg and W. L. Bragg were 
able to decide upon the actual scale dimensions of the unit cell 
and also to evaluyate the wavelength of the X-rays used. 

The mass of each small cubic cell is d^p where rf is the length 
of the side and p the density of the crystal. Each small cube 
effectively contains (for rock salt) half a sodium atom and half a 
chlorine atom, for there are eight atoms, one at each corner, but 
each of these is shared amongst eight cubic cells. Effectively 
the mass in each cell is half the molecular weight. Thus 
d3p==M/2 where M is the weight of the NaCl molecule. This 
is (234-35*5) times the weight of the hydrogen atom, and as 
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- -I u. Ua 1 .Af^ V 10”^^ sxxi-1 ^ cftxi 1)G found, wiiou 
the latter IS knowB to be 160 ^^ 0 ^ Jo the above expression. 

the value for P (^ ) ggj^xlQ-s cm. For the first order 

Substitution gives d=2 814x10 oWved value of B 

reflection A=2d sin B and on msertmg the obse^ 

the wavelength found for the radiation is _ ^ palladium 

i e 0-586 A. This determination of wavelength p 
:^aSn was the fimt wavelength measurement to be made in 

X-ray work. 
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Bv using the same radiation, the wavelength of w^eh was 
now known, W. L. Bragg and co-workers undertook the deter- 
mination of the spacings in more complex ‘ 

verselv having evaluated accurately the spacmg for rock salt, 
this crystal ixxld now be used for the measurement of the 

wavelength of any other X-radiation, 

More complex crystals ... .u 

The NaCl structure may be considered as arismg froin the 
interpenetration of two face-centred cubic 
lattices being displaced sideways (or upwards) by half its 
length This is the simplest form of displacement possible. 
The case of zinc blende (ZnS) is a more complex variant ot 
this It is found that the Zn atoms all lie in one face-centred 
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cubic system and the S atoms in another. The lattices are, 
however, . displaced in the manner exhibited in Fig. 10.7. 
The key to the determination of the position of the two sets 
• of lattices is given by the relative intensities of the reflected 
spectra. Each S atom.' is at the centre of one of ' the small 
cubes. Each Zn atom is tetrahedrally surrounded by four S 
atoms and vice versa. 

The diamond crystal has the same type of structure form 
as that of zinc blende but the atoms are identical in the two 



Fig. 10.7 

displaced face-centred cubic systems. Each carbon atom of 
the one system is surrounded tetrahedrally by four carbon 
atoms of the other system. 

In still more complex cases the interlocking systems are not 
symmetrically displaced. For example, in FeS 2 the S atoms 
are all situated one-quarter of the distance along the diagonal 
of a cubic element of Fe, not at the centre (see Fig. 10. 7). 

A knowledge of the intensities of the various orders from 
the selected planes is of the greatest value, being decisive in 
establishing the structures of the mor^ complex crystals. It 
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.has therefore been found essential to examine in more detail 
the dependence of the intensity upon' both the atomic number 
of a scatterer and upon the direction of scattering. 

Factors affecting the intensity 

Observation shows that tlie amplitude of X-radiation 
scattered by an atom is not directly proportional to the atomic 
number (ix, the number of outer electrons) in a simple manner. 
The simple proportionality only holds at small scattering 
angles. The amount scattered falls off with increasing angle, 
the rate of fall, for a given wavelength, being greater with 
lighter atoms than with the heavier, since with the lighter 
atoms the average distance between the scattering electrons is 
greater. 

According to classical electromagnetic theory, when a plane- 
polarised wave of amplitude A passes over and sets in vibration 
a free electron, the latter scatters a portion of the wave whose 
amplitude distant r from the electron in the plane of polarisa- 
tion is (Ae“/rmc2). An atom of atomic number Z contains Z 
outer electrons, and if each is assumed to scatter in accordance 
with the above expression, independent of its position, the 
resultant for the atom is Z times the above. As the angle 
of scattering, increases the waves from different electrons 
become out of phase, the resulting interference reducing the 
resultant amplitude in the above case to /. Ae^jnnc^ where / 
depends upon 6 and is only equal to Z when the angle is small. 
This / falls off as B increases. It is known as the atomic 
scatterm^ factor. 

When the scattering problem is treated from the viewpoint 
of wave mechanics analogous results are obtained, but with 
greater precision. Curves showing the relationship between 
/ and B can be constructed theoretically and are found to fit 
observations made upon the percentage of radiation scattered 
in different directions. Such / curves are use'd for calculating 
the intensities to be expected from different crystal planes. 

Representation as a Fourier series 

A strikingly elegant development in analytical technique 
has been introduced by W. H. Bragg. In this the relation 
between the periodic distribution of the scattering matter and 
the resulting X-ray diffraction can be expressed by regarding 
the crystal structure as represented by a three-dimensional 
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Fmtief series. Every iiieasiiremen.t of an X-ray, reflection in 
treated as a measiirement of the eorresporiding , Fourier com- 
ponent in the crystal structure.' The X-ray incms'ureiiients 
give the intensities (but not the phases) of the diffracted beams. 
Instead of, adjusting the positions of atoms by trial/ and error 
in order' to account for observed intensities, the, i.nten8ities of 
the reflections from different planes are olxserved a,'!i(i from, 
these the electron density throughout the crystal is calculated.. 

The electron density distribution is calculated by Fourier 
analysis methods and when completed automatically shows 
up centres of atoms as concentrates of electrical density. The 
different types of atoms can be recognised by the degree of 
electrical concentrationj which depends upon the atomic 
number. Such analyses are usually very difficult to carry out, 
but when results can be obtained they are very elegant, since 
a true contour picture of the electron distribution within the 
crystal is then obtained. The final analysis appears graphically 
in the form of a contour map, contour lines crowding in at 
high electron densities. In some analyses carried out with 
organic compounds molecular arrangements such as the 
hexagonal benzene ring appear clearly in the final diagram of 
the crystal structure. 

It should be noticed that in treating complex crystals it is 
often found convenient to group together acid radicles (e.g. 
SO4) and treat them effectively as units relative to the metallic 
components. In many organic crystals the whole organic 
molecule appears as the unit building stone of the crystal 
structure, since within the molecule the individual atoms are 
relatively much more tightly bound. This characteristic leads 
to a marked difference in the mode of approach to analysis of 
organic as compared with non-organic crystals. The positions 
of the molecules as structure elements can be found by the 
methods already^ described, but the location of individual atoms 
IS extremely difficult. This is due partly to the complexity of 
the structures and partly to the fact that the amplitudes of 
scattering from the frequently met atoms of carbon, oxygen, 
and nitrogen are so similar that it is extremely difficult to 
distinguish one from the other. To this must be added the 
fact that hydrogen, which chemically is of such profound 
importance, by virtue of possessing only one electron, scatters 
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m^”£ crjstal »te divided into two kinds, and we speak 
Srotially jMeropohr and hmuvolar Im>d3. We shall deal 
Lt with'the heteropolar bond, sometimes ^ 

The crystal of NaCl represents a typical heteropolar case^ 
m th^s, the electrostatic attraction between 
adiacent ions is the main binding force m the crystal. The 
2Se is completely ionised even in the sohd state the act of 
l!^lnXn leading not to the production of ionisation, as was 
previously thought, but merely to the destruction of the lattice. 
TiL sodium atom has a single valent optical electron which ^ 
relatively loosely bound and the chlorine atom has an outer M 
shell which is incomplete, one electron being missing. Sin^ 
an atom with an incomplete shell has a strong electron affim y 
the chlorine takes over the loose valency electron of the sodium 
with the resulting formation of the ions Na+ and Cl , the radius 
of the Na+ atom being less than that of the Cl" atom. Although 
the ions attract each other strongly they are prevented from 
falling into one another by the operation of strong repu sive 
forces which are only considerable when the ions approach 
each other to within a certain close distance. (This conception 
is quite reasonable, for when the total electrical complex repre- 
senting one atom begins to penetrate into that representing 
the other a force of repulsion may be expected. As an analogy 
consider two oppositely charged balls attracting each other. 
They will come into contact and when they touch and compress 
each other a repulsive force, in this case elastic, will begin to 
be set up until the equilibrium position is established.) 

The result of the equiUbrium between attractive and repul- 
sive forces is effectively to give the ion a radius (equivalent 
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the radius of the ball in, the aboTe analogy). The distance 
between the two ions, Na^'" and then the stun of the 

effecti¥e radii. ' Extensive observation 'sho’ws that the ionic 
radius for, a giveii element retains it.s approximate o.w,iiierical 
individuality wbeii the element is in different ehein.ical eoin- 
Hnations. In a similar manner the ionic- radius characteristic 
, of a complex ion such, as NH4’^ or COa’' also retains its approxh 
mate numerical value in different compounds. This fact is 
very helpful when an attempt is being made to analyse a 
crystal which contains elements or radicles for which the ionic 
radii have already been established. 

In the above ionic bond, which is typical for inorganic 
crystals, the distance between the constituent atoms is such 
that each retains its individuality and can be regarded as a 
separate entity. In contradistinction to this in the homo- 
polar, or valency, bond, the atoms are so close that their 
electron systems overlap into each other. As a result of this 
some of the electrons are in effect shared by both systems^ and 
this sharing of common electrons leads to the bonding. The 
simplest of such types of valency bond is the formation of the 
hydrogen molecule from two identical hydrogen atoms. The 
two atoms approach until the electron of each is under the 
mutual electrical fields of both the nuclei. This situation only 
arises when the approach is very close, much closer than that 
required to set up an ionic bond. This electron sharing Is 
equivalent to the exchange of electrons, and it is considered 
that a rapid interchange is taking place. The bonds of this 
type are therefore described in terms of “ exchange forces.'^ 
They are specific in direction and are restricted to the number 
of unpaired electrons. This latter fact explains the simple 
integral rules of valency. 

The erystal stmetures of metals 

■' The study of metallic structures is. a very wide field, for all ; 
metals are crystalline and since large numbers of alloys can be 
produced . great complexity can result. ■ In metals a special 
third t37pe of bonding is found, the metallic bond. A simple 
metal or alloy crystalline aggregate is a complex built up out 
of positive metallic ions and free electrons. The arrangement 
of the positive ions depends upon the particular alloy. Metallic 
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crystalline states result from two opposing tendencies : (a) the 
metallic cliaracter in which the bonds are non-directionalj, and 
(b) specific bonding of each atom to certain, of its neighbours, 
this being to- some extent homopolar in character. 

The first tendency, that of non-directional forces,' leads to 
simple packing of the atoms into regular arrays, similar to, the 
ways of close packing of spheres. The guiding factor in this 
packing is the ' te7idency to take up a mmmmm , volume. The 
face-centred cubic and hexagonal close-packed structures are 
equally tightly packed and another simple structure, the body- 
centred cubic, is only slightly more open. It is possible to fit 
many metallic cr^^stals into these packing schemes, showing 
that the first tendency predominates. 

’ The structures of alloys are of great theoretical interest and 
practical importance. The attempt to discuss alloys in terms 
of ordinary chemical concepts breaks down, for the chemical 
composition of an alloy phase often varies within wide limits 
while the physical properties characteristic of the phase remain 
effectively unchanged, and even if the composition of the 
phase lies within fairly narrow limits, the “ ideal ’’ composition 
may correspond to atomic proportions which are far from 
simple. Alloy structures are best considered as based in the 
first place on patterns of pMse sites — e.g, face-centred cubic, 
hexagonal close-packed, etc. — the phase pattern being deter- 
mined for a given alloy partly by the sizes of the various atoms 
which occupy the phase sites, partly by the ratio of the number 
of valency electrons to the number of atoms in the unit cell 
(the Hume-Eothery electron-concentration rule), but hardly at 
all by the purely chemical properties of the atoms. The dis- 
tribution of the atoms in a given phase structure among the 
available sites is determined by the equilibrium between the 
tendency of the structure to assume the most perfectly ordered 
arrangement, for which the potential energy is a minimum, 
and the disturbing influence of thermal agitation which tends 
to produce a completely random disordered arrangement, 
A highly ordered arrangement is called a superlattice, but it is 
to be understood that superlattice formation represents a 
refinement on the fundamental idea of the phase pattern which 
largely determines the physical properties of the alloy. 
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The si iTer-caclMiiJiB system- may 'serve as an example to 
ill;iist:rate the general prineiples stated above. Pure silver has 
a face-centred, cn,bic stractnre.. For alloys containing up to 
42 atomic per cent, eadminro, the phase-pattern is face-centred 
cubic, cadmium, atom.s replacing silver atoms at random, with 
a cortesponding small change in the dimensions of the stnic- 
tiire ; this single-phase alloy is called a primury solid sohitmn. 
Alloys containing between 42 and 50 per cent, cadmium con- 
tain two phases, one the primary so.lid solution (42 per ee,nt. 
cadmium,) a phase, the other a new phase-structure {^) co,b- 
taining 50 per cent, cadmium, with- a body-centred cubic phase 
pattern and the silver and cadmium atoms arranged in a 
perfect superlattice. This interniediate phase exists only for 
compositions very close to 50 per cent, cadmium — i.c. the 
limits of the phase are very close together^ — but this is rather 
a special case and should not be regarded as typical of alloy 
systems in general. From 50 to 57 per cent, cadmium the 
alloy consists of a mixture of jS and y phases ; from 57 to 
65 per cent, cadmium the alloy contains only the intermediate 
phase y ; and so on, single-phase and two-phase alloys alter- 
nating, the last alloys being single-phase primary solid solu- 
tions of silver in cadmium, with a phase pattern corresponding 
to that of pure cadmium. 

A further factor found to influence the packing arrangements 
of the constituents is the ratio of the number of the atoms to the 
valency electrons in a particular compound. This effect was 
discovered by Hume-Rothery. Thus a complex lattice with 
52 participating atoms may be formed w^hen there are in a 
compound 21 valency electrons per 12 atoms. Typical 
examples are AgsCdg, CusZng, and CU9AI4. The ratio of 
valency electrons to the number of atoms has been found to 
be a decisive factor in fixing the structure of a metallic alloy. 

OrgaEie erptals ^ , 

The complex nature of most organic molecules has prevented 
important advances in the study of organic crystals by X-ray 
methods. At first little more could be done than the con- 
firmation of structures already derived from stereo-chemistry. 
The fundamental basis of the chemical method of approach 
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depended largely upon the recognition of the existence 
of four valency bonds in carbon and upon the classical 
conception of the benzene ring. W. H. Bragg first applied 
X-ray metliods to organic crystals and succeeded in obtaniing , 
an analysis of the structures of naphthalene and anthracene 
(two and three linked benzene rings respectively). Later and 
more extended observations proved the benzene ring to be 
flat, the carbon atoms forming a regular hexagon with sides 
1-41 A long. In this, the three bonds from the carbon atoms 
lie in a plane, inclined at angles of 120° to each other. Thus 
not only is the existence of the classical benzene ring confirmed, 
but in addition its dimensions are now known. 

Crystal texture 

The properties of a crystalline mass depend not only upon 
the atomic arrangements characteristic of the particular type of 
crystal, but also upon the more or less accidental microscopic 
structure, that is, the mosaic structure of microcrystalline 
components out of which such a crystalline mass may be built. 
The microcrystals may be either completely ordered or else 
completely disordered and distributed at random. Further- 
more it frequently happens that a particular crystal is ^ in a 
state of mechanical strain, leading thereby to forms of distor- 

tion. n. r. 1 . 

The size of the crystalline conglomerate affects the observa- 
tions too. When the crystal particles used in the powder 
method are very mull the lines obtained become iU-defined 
and diffuse. From the line widths it is possible to estmate 
the sizes of the individual crystals. Ultimately, if the size of 
the crystalline particles is reduced sufficiently, the crystalline 
structure is replaced by an amorphous structure. However, 
even in such cases certain atomic arrangements are mwe 
probable than others and this leads to a form of texture which 
produces diffuse diffraction haloes. Such diffraction haloes 
with X-rays can even be observed with liquids and gases. It 
is hardly true to say that the liquids exhibit a crystalline 
structure, but they do in fact exhibit n texture of molecular 
arrangements and in a sense this is pseudo-crystalline. 

Many natural organic fibres are found to diffract X-rays in 
such a manner as to imply the existence of some ordered 
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arrangement even if the arrangement is not to be considered 
as truly crystailfne* There exist in these fibres long complex 
molecules wliich consist of similar molecular groupings repeated 
periodically along the length of the fibre.- When a group of 
fibres is oriented so that the individuals are approximately 
parallel a crystal-like pattern results. By this line of approach 
information has been derived about the structures of cellulose 
and rubber fibres. « 

The applications of the X-ray technique to the study of. the 
solid state are very wide indeed. Compounds which would be 
destroyed by chemical analysis can be studied intact as the 
material suffers no change during X~ray examination. .It -is, 
possible to examine and study very minute quantities of 
material, and even if the material is mixed with some other 
type of crystal separation of the two is not necessary. (Clearly 
with minute quantities such separation would frequently be 
impossible.) This avoidance of the necessity for separation is 
often of great practical value. Much light has been thrown 
upon the structures of alloys and upon the chemical constitu- 
tion of many complex compounds. Thus as a typical case, it 
was proved by X-ray analysis that the formula for amphibole, 
supposed to be CaMg3(Si03)4, is in reality {0H)2Ca2Mg5(Si40ii)2. 
Allotropic modifications of crystals can be distinguished by 
the new methods. By measuring the crystal lattice spacings 
accurately it is even possible to measure the thermal coefficients 
of expansion of the crystals and this can be done for very 
small particles when the pow^der method is employed. 
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CHAPTER 11 


THE WAYE MECHANICS 
The wavelength of the electron 

' Until 192^1 the electron was considered to be entirely corpus- 
cular in nature, but in that year de Broglie proposed a new 
theory of the electron which, when fully developed, has had 
remarkable success in explaining certain phenomena. De 
Broglie proposed that a moving particle, whatever its nature, has 
wave properties associated with it. Just as in optics the simple 
ray theory can explain lens properties, etc., but fails to account 
for fine details such as diffraction and interference effects, to 
explain which a wave theory is needed, so also the ordinary 
dynamical corpuscular theory of the electron fails when fine 
details are examined and by analogy a wave theory of the 
electron has been adopted. De Broglie proposed that the 
imvelejigth A associated with any moving particle of mass m 
and velocity v is given by X^hjmv where h is Planck’s constant. 

It has already been noticed in connection with emission of 
electricity from surfaces that the electron cannot be treated 
as a simple particle. In the experiments now to be described 
electrons must be considered to have wave properties, since 
they exhibit diffraction effects. The apparent contradiction 
between the wave and particle theory will be discussed later 
in more detail. For the moment we shall assume here the 
validity of the de Broglie relationship, for we shall see that 
only by this means can the experiments on electron diffractioii 
be accounted for. From this equation it is apparent that the 
greater the velocity acquired by an electron the shorter will 
be the wavelength of the associated de Broglie wave. Sub- 
stitution shows that a 150- volt electron^ which has a velocity 
of 7-2x10^ cm./sec., has a wavelength of 1 angstrom, and 
as the electron velocity is proportional to the square root 
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crf the applied ■ voltage, the wavelength for .a 15,000-volt 
electron is, for example, 0*1 angstrdm. 

The wave properties of electrons were first experimentally 
detected in 1927 by Davisson and Germer who succeeded in. 
measpring the de Broglie wavelength for slow electrons by 
diffraction methods. 

The experiments of Davisson and Geriner 
The apparatus used is shown in a simplified form in Fig. 11.1. 
E,lectroiis which have been given a known velocity are sent 
out from an '' electron gun ” which is a. device for creating a 
focused strong beam of electrons. These are directed in a 



Fig. 11. 1 

high vacuum at an angle on to the surface of a large single 
crystal of nickel. Electrons are '"reflected''' from the crystal 
planes in different directions, the angular distribution being 
measured with a Faraday cylinder which can rotate on a 
divided circle. The Faraday chamber is surrounded by a 
protecting cylinder to which a retarding potential can be 
applied, and by varying this the energies of the incoming 
electrons can be measured as well as the number. Although 
all the incident electrons strike the crystal with the same 
velocity, those which come away from the crystal contain 
amongst them secondary slow electrons excited by collisions 
with atoms. These can be excluded by making the retarding 
potential nearly equal to that of the incident electron beam. 
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It was found from these observations that there is, selective 
reflection, depending upon the velocity of the oncoming elec- 
trons. If source and chamber are fixed and the velocity of 
tl'ie electrons is gradually increased^ the number reaching the 
.Faraday cylinder follows the curve shown in Fig. 11.2. This 
selective reflection from the crystal is aimtogom to the reflection 




Fig. 11.2 (after Hoag : “ Electron Physics ”} 


of X-rays shown by the figure. If the electrqns are considered 
to be simple corpuscles, there is no valid reason for expecting 
a higher specific reflectivity to be associated with given 
velocities. However, if it is assumed that the electrons have 
associated waves, with wavelength varying with velocity in 
accordance with the de Broglie expression, then exactly the 
state of afl'airs which exists when a beam of X-rays of pro- 
gressively changing wavelength impinges on a crystal is repro- 
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ciliceci, with consequent se.leetive reflection according to Bragg’s 
law. .It is therefore possible to calculate the effeciim electron 
m'^avelengths . by the application of this law. The values ■ so. 
found are in complete agreement with those given, by the de 
Broglie equation. 

The experinients of G, P.. Thomson 
The experiments described above, which use slow electrons, 
were followed in 1928 by investigations made by G. P. Thomson 
with fast electrons. An entirely different experimental 
method, closely allied to the Debye-Scherrer powder method 
used in crystallographic analysis, is used. It is illustrated in 
Pig. 11.3. The right-hand side is a source of cathode rays 
which can be excited with potentials up to 50,000 volts. 

Screen 


or 

Plate 



i I 


Pump Pump 

Fig. 11.3 

By means of a diaphragm tube a fine beam of electrons 
is isolated and allowed to fall upon a very thin gold foil. The 
thickness of the foil is of the order of cm. A special 
technique is required to produce such extremely fine films. 
In one method metal is sputtered on to a celluloid acetate 
base, the latter then being removed by immersion in acetone. 

If the electrons are corpuscles, the foil will scatter them 
on to a fluorescent screen so as to form a regular patch, the 
intensity of which will fall off away from the centre. The 
distribution can be observed either directly with the fluorescent 
screen or using a photographic plate. Instead of a continuous 
patch the appearance observed is similar to that shown in Plate 
IIId in which distinct sharp rings can be seen. These rings 
are closely similar to those found when employing the powder 
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method for the X-ray analysis of crystals, and have a similar 
origin* The foil consists of a random distribution of minute 
metaliio crystal and those which are' just at the correct angle 
scatter electrons in accordance with Bragg’s law. The circles 
are therefore due to cones of diffraction, the intersection of a 
cone with the photographic plate producing a circle. The 
material of the foil and its state of aggregation decides the 
form of the pattern which is ultimately dependent upon the 
crystal structuio of the foil material. Clearly this experiment 
demonstrates in a very striking manner that the incident 
electrons behave as wave>s, since diffraction patterns can only 
be produced by waves. There remains one possibility to be 
examined, namely, is it possible that the electrons in their 
passage through the foil generate secondary X-rays which 
would show diffraction effects on the screen ? Thomson 
eliminated this possibility in a very simple way. When a 
magnet is brought up to the discharge tube the electron beam 
is deflected and with it the complete pattern, proving that the 
latter is due to electron waves and not due to X-rays, which 
would not be deflected. 

From the diffraction rings the wavelength can be easily 
calculated and is found to be independent of the foil material, 
being determined only by the velocity of the electrons. 
Measurement showed that the observed wavelengths are those 
given by the de Broglie equation, to within the 2 per cent, 
experimental error. The phenomenon described above is 
called electron diffraction and has recently become a powerful 
method of crystal analysis. Diffraction patterns can also be 
produced by reflecting electrons from crystal surfaces at small 
angles. As in the case of transmission, the different diffraction 
rings are due to reflections from different crystal planes. 
Surface films and surface crystalline structure can be studied 
by analysing the electron diffraction rings obtained by 
reflection. 


The dualistic nature of matter and waves 
It is clear from the experiments just described that the 
electron at times must be treated as a wave. On the other 
hand, experiments such as those in which ejm is measured 
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show lliat the electron .most .in these eases be eoiiskiered to be 
a paftich. In 1932 .Stern, proved that a beam, of atoms or 
.molecules, when '' reflected ’’ from a crystal surface, exhibits 
diffraction effects exactly as does a beam of electrons. The 
wavelengths of the associated ^'matter waves '' exactly fi.t into 
the de Broglie expression, which therefore holds for all matter. 
The characteristic wave properties of electrons must also be 
attributed to all rmUer, electrons, protons,' inokcules, etc.' 
This fundamental fact . leads to a new form of mechanics, 

umve mechanics'' which replaces classical dynamics when the 
fine structure details of matter are to be considered. 

The extension of a wave theory to matter has its counter- 
part in the treatment of light waves. Although light un- 
questionably exhibits the well-known phenomena of electro- 
magnetic waves, yet at the same time it has a true particle 
aspect, photons or light quanta having a definite momentum, 
as proved by the existence of the Compton effect. The only 
conclusion that can be reached is that both matter and radiation 
have a dual wave-particle " nature. 

The first attempt to explain this dual nature was made by 
Schroedinger by treating each electron as a tmve packet. 
Consider, for example, two sound waves with different wave- 
lengths, but travelling with the same velocity. At certain 
points m the path the amplitudes add up to maxima and 
minima producing beats. These successively move past any 
point with the same velocity as the waves. If we consider 
two sound waves with different velocities (i,e. in a dispersive 
medium) the velocity of the maxima and minima is not that 
of the component waves. If a large number of wave trains, 
each with slightly different velocity and wavelength, are com- 
bined together, these can be selected so that the vibrations 
cancel except over a very small region in space, where they 
add up to form what is called a wave packet. Such a packet 
moves forward Vith a velocity of its own, the group velocity 
The individual waves forming the packet may be considered 
to possess an average velocity, the phase velocity." 

' It: can be shown that , a wave pa.cket must ultimately dissi- 
pate. If the electron is considered to be a wave packet, it is 
necessary to postulate the existence of a> guiding wave " for 
it. Without such an assumption the wave packet theon' is 
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iinteBable, This guiding wave is that described by Schroe- 
dinger’s equation, which will be discussed later. Physically 
this equation related the amplitude of the guiding wave to 
the probability of finding an electron at a point. If the ampli- 
tude of the guiding wave is at any point zero, there is only 
an infinitesimal probability of finding the electron at that 
point. The mechanical process has associated with it a wave 
process the^square of whose amplitude gives a measure of the 
probability of the event taking place at the point considered. 
The value of the amplitude is therefore vanishingly small at 
all points except in the wave packet, hence one can expect to 
find an equivalent particle within the range of the packet and 
thus effectively it travels with the group velocity v. Thus the 
wave packet plus guiding wave have the properties of a particle 
moving with velocity p and also exhibit diffraction and inter- 
ference effects. So the difficulty is resolved. The particle 
and wave properties are strictly complementary. If we devise 
an experiment showing wave properties we are debarred from 
seeing particle properties, and vice versa. An electron cannot 
at the same time behave as a particle and a wave, it acts as one 
or the other in any experiment that can be devised. 

The wave and particle properties can be equated according 
to the following scheme. 

Wave property— Particle property — 

Wavelength Momentum 

Frequency Energy 

The only link between the two concepts is A, in the de Broglie 
expression. 

Heisenberg’s uncertainty principle 
A principle of far-reaching importance was proposed by 
Heisenberg in 1927. It was arrived at from considerations of 
the dualistic nature of the electron. The ver/ definition of a 
corpuscle implies that at any instant it has a definite momentum 
and occupies definite position in space. Unless we can 
sifnuUaneously determine both the momentum and the position 
in space we cannot actually say that a ‘‘particle” in the 
accepted sense has been observed. Since the electron is some- 
where within the wave packet, moving with group velocity, 
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uBcertainty .about, the, defined particle velocity arises, for the 
group is not infinitely naiTOw and has a. velocity spread,. It 
is impossible , to know when, within the gronp, the electron 
actually is and what is its mact velocity. For a long wme 
packet, with many crests, the position of the electron is very^ 
uncertain ' but the velocity spread is very small so that the 
particle velocity is fairly accurately known. In a short packet; 
the' position of the particle is more or less fixed,' but as the 
velocity spread of such a packet can be shown to be large, the 
particle velocity is indeterminate. Either the position or the 
velocity can be known accurately, but not both, and one has a 
doubtful value. It can be proved that it is impossible to deter- 
mine simultaneously both the momentum and the position of a 
particle with accuracy. This is shown by the following treatment . 

A wave packet representing a particle has a finite length 
Ax and the extreme ends have a wave number difference A v. 
It can be shown from general wave theory Azr^l/Av, the 
length of the wave packet being inversely proportional to the 
difference in wave numbers of the two ends of the packet. 
Thus Ax.Avr^l. Since we have also X^h/mv^h/p where the 
momentum mv is written as p, then 

p=zhv 

differentiating gives 

Ap/h=Av 

when, by substitution we get 

Ax.Ap^h, 

It is clear that Ax represents the uncertainty in determimng the? 
exact location of the particle within the packet, and as there 
is a range of wave numbers Av in the packet Ap is the uncer- 
tainty in evaluating the momentum. This then is Heisenberg’s 
uncertainty relationship which states that the product of the 
uncertainties in determining position and momentum is appmxi- 
tnately equal to PiancFs constant h. 

The more exactly we define the position, i.e. the smaller wo 
make Ax, the larger becomes Ap and vice versa. The relation- 
ship-shows that it is impossible to measure both the position 
and the momentum accurately simultaneously- Clearly this is 
fundamental since it sets a limit to the possible accuracy of 
observation. The uncertainty arises from the smeared-out 
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properties of wave packets compared with finite points 
repi*eseiitmg the centres of corpuscles. 

■No matter what method is tried it is impossible to avoid 
the consequences of the uncertainty relationship. Consider, 
for example, an attempt to observe mmrately the position of 
a particle with a microscope of extremely high resolving power. 
Optical theory show^s that the limit of resolution depends upon 
the wavelength of the light employed to view the particle. 
Let us imagine that we can use the shortest available wave- 
lengths, y-rays, achieving by this means the highest possible 
resolution in determining the position of 
the particles. Let v be the frequency of 
this illuminating radiation, and let the 
particle under observation be an electron. 
From classical optical theory the position 
of the particle is known to within an 
amount Ax where Axr^XjBm a, a being the 
angular aperture of the microscope. 

In order to see the electron, the radiation 
reaching the observer must of necessity 
have been first scattered from the electron, 
which, in the scatter process, suffers a 
recoil due to the Compton effect, the 
momentum change being of the order of magnitude Av/c in an 
indeterminate direction. The uncertainty in the direction of 
the scattered light quantum is just the same as the uncertainty 
in the recoil direction of the electron, As the experimental 
conditions are such that the particle is actually seen, the 
quantum of scattered radiation certainly enters the micro- 
scope. The uncertainty therefore in the direction taken by 
the quantum of radiation is equal to the angular aperture 
of the microscope. Thus perpendicular to the axis of the 
instrument the component of momentum is uncertain to the 
amount Ap'-^ihvjc) sin a. 

Multiplying, we have 

Ap . Ax'^ihpjc) sin a . A/sin a 

and as Ar=c 

we get Ap.Ax'^h, 


^ 

Gamma ray 

Fig. 11.4 


and as 

get 


'THE WAVE , MEGHAKICS 


197 


Tiiiis once again, there iS' no escape from tlie uncertainty 
relation, and in fact whatever attempt is made, ' the con- 
clusion is forced upon us that it cannot, be overcome. The 
philosophical and scientific implications of Heisenberg’s prin- 
ciple, are very wide .indeed as it is necessary to abandon the. 
law of exact causality in the classical sense. In effect, probability 
takes the place of ejxactmss in physical science. .Phenomena 
■ are to be described only in terms of probability and statistical 
distributions. Events impossible to the classical theory are 
found, when treated by wave mechanics, to have a very Hmall 
but finite probahility of taking place. 


The Sehroedinger wave equation 
The guiding wave obeying the Sehroedinger wave equation 
has been referred to as necessary to explain the non-dissipation 
of the electron wave packet. In this section the derivation of 
the wave equation will be considered. Sehroedinger begins by 
considering the dynamical equation for the propagation of 
elastic waves. Assuming for the moment propagation takes 
place in the x direction only, this is 


1 


dX^ C2 dt^ 

W being the wave displacement and c the wave velocity. The 
solution to this equation gives F as a periodic displacement in 
terms of time, namely, In this, ip is a function of 

X but not of ty and w is equal to where v is the frequency. 
On differentiating this twice witli respect to x and f we get 

dW 

dt^ ^ 

dx*^ , dx^^ 


By substitution 


i.e. 


m the equation for elastic waves we get 








ey 

dx^ 


I w~ 


=0. 
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Since A=- = — this can be rewritten 

V w 


d^tlf 47r^ 


So far the treatment is general. The wave mechanics concept 
is now introduced by substituting X==hlmv from the de Broglie 
equation teading to 


dx^ 


47T2m%2 , 


In this equation i/f is the amplitmle of the wave associated ndth 
! he moving par tide. 

If W is the total energy, V the potential energy, and mv^jt 
the kinetic energy of the particle, then mv'^/2=W—Vf and if 
tl)i« is substituted in the wave equation just derived above 






(W-V)^=0. 


If this is generalised to include wave rnotioii for the a:, y, and 
2 axes it takes on the form 


v¥+-^?(W-V)iA-o. 


The Laplaeian, is 

The above relationship is Schroedinger’s wave equation. 


d^iff 


The wave picture of the hydrogen atom 

It is necessary to replace the orbital theory of Bohr by an 
equation of the Schroedinger type in order to arrive at a more 
correct picture of the hydrogen atom. Actually the wave 
mechanics aspect is closely allied to the simpler orbital theory. 
Instead of considering an electron moving in an orbit the 
formula implies that there is a definite probability of finding 
the electron in a given volume dv. This probability is ^*dv 
where ifi* is the complex conjugate of ift. 

Tlie potential energy V for an electron distant r from a 
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nucleus with charge Ze is — e^Z/r and, making this substitution, 
the Schroedinger equation of such a system becomes 

VV4-^(W+e2Z/r)^&=0. 

To solve' this expression solutions must satisfy boundary 
conditions such that ^ and its first derivative are^ everywhere 
single valued^ continuous, and finite. Such solutions are called 
“ eigen-functions,^’ the values so found for W being of great 
importance. It is found that the Schroedinger equation can 
only be solved when W where n has integral 
values 1, 2, 3, etc. For all other values of n the de Broglie 
waves in the Coulomb field of the nucleus destroy one another by 
interference. 

The remarkable fact is that these possible energy values 
are exactly the same as those given by BohFs orbital theory. Thus 
the experimentally observed Bohr energy levels are predicted 
from the wave mechanics un’^Aou/ the introduction of any of 
the arbitrary assumptions made by Bohr. Furthermore, many 
observations not in accord with the Bohr theory can be 
explained with the aid of the newer theory. To a certain 
extent the Bohr theory can be looked upon as a first approxi- 
mation. More detailed analysis of the equations sho%vs that 
the quantum numbers m and I also appear in eigen-function 
solutions. 

Electrical charge distribution for atomic states 

The quantity is the probability of finding an electron 

in the volume element dv. When is plotted as a function 
of r the distance from the nucleus the resulting curve (for the 
hydrogen atom) is that shown in Fig. 1 1 . 5a. The electric 
distribution ia spherically symmetrical. The probability of 
finding the electron within a given volume element is large near 
to the nucleus and falls off rapidly with increasing r. The electron 
distribution function, defined as is shown in 

Fig. The quantity Ddr is therefore the probability of 

finding the electron in the shell bounded by spheres of radii r 
and r+rfr. D is a maximum at the radial distance r^-a where 
a is the radius of the first Bohr orbit. 
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The Eolir orbit is therefore replaced by the electron distri- 
bution function* To a first approximation the electron is 
situated ai the Bohr orbital distance but it is not an effective point 
in space. It is to be re^^arded as being smeared out over 



Distance from nucleus 
Fig. 11.5a 

the range of the D curve. The calculated electron distributions 
for the quantum states with Z=0 and ?^=l, 2, 3, are shown in 
Fig. 11.0 (the horizontal scales of the figures are different ; unit 
interval is proportional to n in each case). The vertical line in 
each curve represents the amplitude of the corresponding 



Fig. 11.56 

(purely radial) motion (ib=0) derived from the dynamical 
theory. Although the D function theoretically extends to 
infinity it will be seen that its value is virtually zero except 
within a radius of the order of magnit-ude of the major semi-axis 
of the ellipse of the older orbital theory. 

The older theory can only give ajrproximately correct values 
for integrated or average fields, etc., and it is found that the 
values derived from it are in closer agreement with those 
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given by wave mechanics methods if k is replaced by Vlfl+l) 
instead of .by (1+1). Even then certain equations require 
modification. For example orbital formni© involving 
when derived more precisely by wave mechanics methods 
involve instead the quantity 1(1 +-|)(Z+ 1). These modifications 
were ’ actually suggested empirically before being derived 


Distance from nucleus 
Fig. 11.6 

theoretically. I'^^he theory has justified the application of these 
empirical changes which were originally adopted to fit observa- 
tion. For descriptive purposes and also for practical applica- 
tion in experimental .work, the older model is still of immense 
value, but for the interpretation of very refined observations 
and for the derivation of complex formulae, such as those for 
atomic and nuclear magnetic moments, the wave mechanics 
improvements require to be introduced. 



202 


USTTBOBtrOTIOH TO ATOMIC PHYSICS 


EleetroE disMtatioEs for mmy eleetroE atoms 
The methods first applied with success to the hydrogen 
spectrum have now been extended to atoms of higher atomic 
number. Hartree has developed a method whereby the 
distribution for an atom with a number of closed shells and 
with outer valency electrons can be deduced. The alkali 
atoms, for example, have one outer valency electron and 
removal of this leaves an alkali ion which has the same closed 
shell structure as a rare gas atom. The total electron pro- 
bability function for a closed group depends only upon r, hence 
alkali ions have a spherically symmetrical distribution. A 
typical result is that shown for K’^ in Fig. 11.7. There are 



Fig. 11.7 

three maxima in the distribution, and these can be identified 
with the K, L, M shells respectively in the orbital model 
The wave mechanics analysis thus also leads to a structure 
effectively equivalent to the existence of closed shells. 

f 
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CHAPTER 12 


ELECTRON COLLISIONS IN GASES* | 

The Ramsaiier effect I 

On sending a beam of electrons throngli a gas, collisions 
with gas atoms take place. These can be divided into' two' 
kinds : (a) elastic collisions, in which the electrons are merely 
deflected from their paths without loss of energy, and (6) in- 
elastic collisions, in which there is an energy interchange I 

between the electron and the atom. The total kinetic energy i 

is conserved in the first case, whilst in the second type of | 

collision, energy of motion may be, and usually is, converted | 

into radiation. Some of the electrons in the incident beam are 
effectively absorbed by colliding with gas atoms, the number 
so removed from the beam defining the cross-section of the 
atoms for the process in question. 

Consider a beam of electrons, with a cross-section of 1 sq. cm., 
entering a given gas. Let A be the effective cross-section of 
each atom of the gas. If there are n atoms per cubic centi- j 

metre the total effective absorbing cross-section in a path 
dx cms. long is iiKdx, If the cross-section of the electron : 

beam contains N electrons at the point x in its path, the ; 

number absorbed, — cIN, is equal to ('/iArfa;)N. Integrating 
this expression gives N=Noc:cp(-~-?^Aa;), No being the number 
of electrons in the beam at ^=0. This Is the ordinary expres- 
sion for logarithmic absorption, hence by measuring the 
reduction in the number of electrons in a beam brought about 
by the passage through a thickness of the gas x cms., the 
absorption coefficient, nA, can be determined. The number 
of atoms per cubic centimetre, % is known from the gas 
pressure, thus the effective atomic cross-section A can be 
derived. Clearly nA is inversely proportional to the mean 
free path of the electrons. Kinetic theory shows that nA==l/A 
where A is the mean free path. On the assumption that both 
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atoms and electrons are hard spheres, A should be quite inde- 
pendent of the Telocity of the incident electrons and equal to 
the value, deduced from measurements of viscosity, etc., for 
collisions between molecule and molecule in the same gas. 

The absorption of electrons has been studied by Ramsaiier 
with the apparatus shown in Fig. 12.1. A beam of ultra- 
violet light L liberates photo-electrons from the plate Z. 
These are accelerated to the slit Bj by an electric field. A 
magnetic field is applied perpendicular to the plane of the 
paper, deflecting the electrons into circular paths. The 
system of slits, . . . Bg enables a beam of electrons of 
constant velocity to be selected, since the slits lie upon a 



£, E, 

Fig. 12.1 


circle. Aj and A2 are Faraday cages connected to electro- 
meters by Ej and E2. The apparatus is filled with gas at 
pressures that can be varied. The electrons scattered in the 
path from Bg to B7 are measured by Ei and those passing 
beyond this by Eg. Hence Nq is the sum of the currents to 
Ej and Eg since this is the total beam strength, and the current 
to Eg is N, the intensity of the beam after passing through the 
distance Bg — B7. The slit system keeps away from the 
Faraday cages those electrons whose velocities have been 
affected by collisions. 

Ramsauer did not find A to be constant, particularly when 
the rare gases were used as the absorbing atoms. The effective 
cross-section of the atoms was found to depend upon the 
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velocity of the electrons. When the electron ¥eIocities are 
high, the observed valnes approach those calculated from the 
.kinetic theory .of gases, but as the velocities decrease A rises 
tO' a maximum and then falls sharply to a value below that 
given by theory. • The existence of these anomalously small 
cross-sections prove that atoms are not solid spheres but have 
an open structure. ■ ' ' 

• ' 

Elastic scattering of electrons 

The absorption experiments of Rainsauer throw some light 
upozi the nature of the gas atoms producing the absorption. 



Fig. 12.2 

When, however, the elastically scattered electrons are studied 
in more detail’light is also thrown upon the nature of the 
electron. An electron beam is sent into a rarefied gas {e.g. 
mercury vapour) and only those electrons which have not 
suffered any energy loss at all are selected and studied. The 
angular distribution of the scattered electrons is of particular 
interest. Most of the electrons are scattered through small 
angles, but as the scattering angle increases the number 
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scattered goes through maxima and minima. This is shown 

in.Kg. 12.2, 

' ■ - The shape of the scattering curve is closely analogous to^the 
halo - difiEraction pattern, made by sending a beam of light 
through, a suspension of fine particles, or through a fine pow^der 
spread upon a glass base. These observations confirm that the 
electron has wave properties associated with it, the maxima 
and minima being due to diffraction of electrons. 

Critical potentials 

We shall now consider what takes place when there are 
inelastic collisions between electrons and gas atoms. In such 
collisions the electrons part with some of their energy and this 
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* Fig.'12.3 

does not reappear as kinetic energy of struck atoms but is 
emitted in the form of radiation. 8uch inelastic processes 
only take place wlien the electron energy exceeds a certain 
critical value depending upon the gas through which the 
electrons are passing. The experiments of Franck and Hertz 
in 1914 first demonstrated the existence of inelastic collision. 
The method of investigation used by these authors is shown 
in Fig. 12.3. The apparatus contains a trace of the gas to be 
studied. Electrons, generated by the hot filament F, are 
accelerated to a grid G by a potential V|. A much smaller 
opposing potential V 2 is applied between the grid G and a 
plate P. The gas pressure and dimensions are such that the 
distance GP is much less than the mean free path for the 
electrons whilst the distance FG is slightly greater than 
the mean free path. 

As the applied voltage Vx is increased from zero, the current 
reaching P rises, following the curve shown in Fig. 12.4. The 
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firsi peak, at voltage V, means that a number of electrons 
with a critical energy mv'^j2~Ye begin to lose nearly all of 
this energy by inelastic collision before reaching G. They are 
therefore turned back from P by the small retarding potential 
Vg, the result being that the number recorded falls after the 
voltage V instead of increasing steadily. The electrons at 
first only acquire sufficient velocity when they are already 
close to G, but as Vj is increased the point at which the 
critical velocity is reached moves back towards P so that 
more and more electrons suffer inelastic collision and the 



current falls until Vi becomes equal to V+Vg, after which 
there is again an increase. 

Another peak appears at twice the critical potential, since 
now electrons can suffer two inelastic collisions before reaching 
G. This effect is repeated if the voltage Vj is stili further 
increased, and in fact it is found that the peaks are all separated 
by the same voltage, V. This is termed an excitation poten- 
tial. More refined observation shows that each type of atom 
has associated with it a number of characteristic excitation 
potentials. 

The observations prove that energy can only be absorbed in 
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discrete quanta. The amount of energy absorbed is that 
required to lift an electron from the normal, or ground state, 
to a higher orbit. This is therefore a direct proof of the 
existence of distinct energy levels within an atom. When the 
incident electrons have a sufficiently high velocity, lomsation 
by collision sets in so that by this experimental procedure 
ionisation voltages can be measured. 


Controlled excitation of spectra 

If the quantum theory of spectra is true, it is clear that no 
radiation can be emitted by an atom unless it receives energy 
at least equal to that necessary to raise the electron from the 
lowest to the second lowest orbit. Corresponding to this energy 
is the first critical potential, or resonance potential of the atom, 
V. It follows that if 0 is the velocity of the electron required 
to do this, we haVe mv^l2=Ye=hv where v is the frequency 
of the resonance line. If a gas is bombarded with electrons 
with just this energy, the optical electron in the atoms can be 
raised to the first excited level and after a short time (of the 
order of lO"® sec.) falls back to the normal state, a spectrum 
line being emitted in the process. Only a single line will be 
emitted. When the velocities of the incident electrons are 
increased a second line can be emitted. With stiU higher 
velocities a third line, then a fourth, etc., wifi in turn be 
radiated, until, when the ionisation potential is reached, the 
whole arc spectrum will be given out. 

This prediction of the quantum theory was first verified by 
Franck and Hertz who showed that with mercury vapour, an 
impacting voltage of 4-9 volts resulted in the emission of the 
line 2537 A, the resonance line of mercury. Substituting for 
this wavelength in the expression Ye=hv gives V=4-87 volts, 

a value in excellent agreement with that observed. 

The phenomenon of single line excitation'is illustrated by 
the photographs in Plate lie taken with magnesium vapour. 
At an impact velocity of 3-2 volts the single principal resonance 
line is emitted. At 6-6 volts a second fine is radiated, and as 
the voltage is increased the individual fines of the spectrum 
appear one by one. 

A knowledge of ionising potentials is of particular value to 
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both spectroscopy and chemistry. They can be obtained 
either from observations of the limits of line series, the study 
of the spectra of dissociating molecules, or by direct electron 
impact experiments. There is excellent agreement between 
the values derived by the different methods. Ionisation 
potentials are found to vary from about 4 to 24 volts for normal 
spectra, but for multiply ionised atoms as much as 390 volts 
may be required. • 
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CHAPTEE. 13 


RADIOACTIVITY AND THE RADIOACTIVE 

TRANSFORMATIONS 

Historical 

The discovery of radioactivity in 1896 by Becquerel proved 
to be the beginning of one of the most fruitful and important 
developments of modern physics. Becquerel originally noticed 
that a uranium salt which was wrapped up in paper, and had 
been so for a long time, emitted penetrating radiations which 
affected a photographic plate. These radiations were given 
off quite spontaneously, requiring no previous excitation of 
the uranium salt in order to cause them to be emitted. The 
photographic action was extremely weak, but investigation 
proved that in addition to this power, the radiations were, 
like X-rays, also able to produce ionisation in the gases through 
which they passed. Rutherford then began a series of investi- 
gations of this phenomenon. He first proved that the radia- 
tions given off by the uranium salt were of two distinct kinds. 
The one, a-radiation, w^as easily absorbed by thin sheets of 
matter and was capable of producing intense ionisation. The 
other, jS-radiation, was found to be much more penetrating 
than the former and correspondingly much less effective as an 
ionising agent. Villard later discovered that a third still more 
penetrating radiation, y-rays, was also emitted. This property 
of emitting radiations is an atomic property being entirely 
independent of the state of chemical combination of the 
uranium. It is called radioactivity. 

After the discovery of this phenomenon, the question imme- 
diately arose whether radioactivity was an atomic property 
characteristic of uranium only and to test this point an exten- 
sive search was carried out. As a first result thorium was 
found to possess radioactivity comparable in intensity with 
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■that of iiranimm and similar in. nature, 'Whilst potassium' and 
rubidiuni were found to exhibit a ■ relatively 'Weak ^-ray 
activity, the intensity of the latter being approximately one- 
thousandth that of uranium-. A very important step was taken 
in 1898 by Mme. Curie who noticed that pitchblende, a uranium 
mineral, was four times more active, . weight for weight, than 
' a pure uranium salt itse.If. By fractional crystallisation and 
the use of an electroscope to indicate the concentrations of 
radioactive material, Mme. Curie succeeded in separating from 
the mineral two new extremely active materials of high atomic 
weight which were named polonium (Po) and radium (Ea). 
The activity of these materials is very great, that of radium 
being several millions of times that of uranium, for equal 
w^eights. 

The natural production of radioactive matter 

In 1900 Crookes showed that if uranium salt is precipitated 
from solution by ammonium carbonate and then redissolved in 
excess of the reagent, a residue is left which possesses the whole 
of the radioactivity, the original uranium being apparently 
deprived of all radiating power. This active residue he called 
uranium X (UX) and its occurrence appeared at first to con- 
tradict the view that radioactivity is an atomic property of 
uranium. However, Becquerel found that if the uranium and 
the uranium X were laid aside separately for a year, a remark- 
able occurrence had taken place. The uranium entirely 
recovered its former radiating power, whilst the uranium X was, 
as far as could be observed, inactive. Careful investigation 
showed that the uranium X activity decayed exponentially, 
whilst the radiations from the uranium recovered in a comple- 
mentary manner. The decay and recovery curves are shown 
in Fig. 13.1. 

The figure shows that after twenty-four days the activity of 
the uranium X has fallen to half its initial value. The sum of 
the activities of the uranium and the uranium X remains 
constant. This explains why the activity of the unseparated 
mixture is constant. The experimental decay curve for the 
uranium X obeys the law where h is the 

intensity of the activity.after time Iq the original intensity, 
and A a constant, called the transformation constant since it 
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is' a. measure of the rata of traiisformatioii of the active 
iiiateriaL In a similar manner the recovery, curve of the 
uranium is found to, fit the law ■ the 

8y,i]ametry of the curves showing th.at the same co,nstant A is 
invollred in both decay and recovery. The time required for 
the decaying intensity to reach half the original value is called 
the period. All radioactive bodies exhibit decay, but the 
periods in some cases are so long (reaching 10^^ years) that 
these may be considered to have a constant activity. On the 
other hand, periods as small as 10“*^ second have also been 



inferred. Decay periods covering the whole of this wide range 
have been found in different radioactive bodies, a large number 
of which are now known. It has been found quite impossible 
to effect any alterations in the rate of decay or recovery of 
any radioactive body by physical or chemical means. The 
rate of production of active substances like uranium X is a 
natural phenomenon, a property of uraniuimthat cannot be 
altered. 

Radioactive decay 

The decay and recovery, although quite independent 
phenomena, take place at exactly the same rate. This can 
only be explained if it be assumed that there is a constant rate 


BABJOACTIFITY .A.XT), THB EAPIOACTIVE 'TRAKSFOIII^r ATfOXS 2 1 .1 

of production of. for cxaiiii^Ie, uraniiuo. X'by the parerii railio- 
actiYe body. -The activity of the' newly formed matter must 
decrease exponentially immediately from the time it is formed. 
The new matter is, in this ease, chemically different from the 
parent which has produced it. As we have seen, .mathemati- 
cally the decay law is of the ' form whicli can be 

rewritten -as N0e:rp(-~“ A^), where is the number of atoms 

as yet unchanged, after time t, Nq being the number at the begin- 
ning. Differentiating this expression gives 
i.e. the rate of change is proportional to Ni the nu,mber as yet 
unchanged. Consider the growth of uranium X in uranium. 
If ^0 particles of uranium X are produced per second by a given 
mass of uranium, and N is the number of particles of uranium 
X present at time t after the complete removal of the initial 
amount of uranium X, the following holds. As the rate of 
change of uranium X atoms due to decay is —AX, the net 
rate of increase is 

dN/dt^qo-m 

which integrates to Ns=Aexp(— Af)4-B. As N=0 when t=0 
and as N reaches a steady value No when t is infinite 

N ==No — Noea;jp( — ■ Af ). 

This value of N is the number of paitiicles of uraxuum X present 
at time t after the removal of all the uranium X originally 
present. The expression for N therefore gives the law of 
recovery. This agrees with the experimental values shown 
in Fig. IS. 1. 

The theory of disintegration 

The phenomenon of the spontaneous production of radio- 
active matter was first explained by Butherford and Soddy 
who show^ed that the of the radioactive elements must 

undergo disintegration. In disintegrating, a radioactive atom 
sends out a or ^-radiations which are material in nature, that 
is, they consist oi 'particles. According to present views, we 
should say that a small definite portion of the nucleus of the 
radioactive atom is ejected with very high velocity and a 
different atom is left behind. The residual atom is also radio- 
active, leading to a long chain of radioactive atoms in the 
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■form of a series. ■ The sequence goes oH; until a stable substance 
is reached. For both the uranium and thorium series of 
elements the stable end-product is an isotope of lead. The 
transformation constant of a particular substance is interpreted 
as the probability per unit time that any atom of that sub- 
stance will disintegrate; this probability is, of- course, the 
same for all atoms of the substance in, question. 

The deduced probability of atomic disintegration is not high. 
For instance, in thorium about one atom in^ 10^® breaks up in 
a second. The initial disintegration of the thorium or uranium, 
results in the ejection of an a-particle, only one being ejected 
from each disintegrating atom. It will be shown later that 
the a-particle has a mass four times that of the hydrogen atom, 
the residual atomic weight after the a-particle disintegration 
being four units less than that of the parent atom. In some 
disintegrations only a jS-particle is ejected, and as a ^-particle 
has a charge but only very small mass, the nuclear charge 
only and not the nuclear mass is effectively changed by the 
disintegration. 

Radioactive equilibrium 

If one begins with a pure sample of radioactive matter, after 
an interval it will have associated with it various radioactive 
products. After some time an equilibrium position will set in 
wherein the rate of creation of new material will be balanced 
by the rate of decay. The equilibria which can result in 
various particular cases can be studied by a method due to 
Rutherford. When a large number of products are possible 
the calculation becomes complex. As an example of the 
method we shall consider the equilibrium which is set up when 
a radioactive body A can disintegrate into a radioactive body 
B which again can disintegrate into a radioactive body C. 
The transformation constants for these three bodies are not 
necessarily the same ; let them be Aj , A2, A3 respectively. Let 
P, Q, R, be the number of atoms of A, B, C, present in the 
mixture after time t. The rate of increase of the B atoms is 
the difference between the number supplied by A and those 
of B naturally disintegrating. Therefore 
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,Ia a similar manner .the rate ,of merease of C atoms is given, by 

If 'ft. is the immber of A atoms present at tbe beginning, i.e. at 
the time when B and C are not present, we know that 
from the form of the elementary decay curve. iSiibstitiifcirig 
gives 

dQ ~ Ai'me — A2Q. 

which integrates to 
By substitution 

.a=4“A|/(A2— ‘Ai), 
and as Q==0 when ^=0 then also 


therefore 




b Ai/{A2~~A|) ; 

nAi 


Ao — A| 




By substituting for Q in the expression for R we get 


where 


Ai Ao 


y— 


A1A2 


{A|“~A 2 )(Ai-~A 3 ) (Ai— A 2 )(A 2 ‘— A 3 ) (Ai~-A 3 )(A 2 -~A 3 ) 

If the constants Aj, A2y A3 are known, the expressions for P, 
Q, R give the quantities of A, B, C, present at any time t 
These formulae represent a special case involving three 
products only. The general expression for n products is much 
more complex. The formulae are best applied graphically. 
Pig. 13*2 is an example. If a plate be held for a short time 
in the neighbourhood of radium it coats with a deposit of 
radium A. If the plate is removed and its a activity measured 
over a period of some 2|- hours, the intensity of the radiation 
is found to fall off in the manner shown by the heavy curve 
marked A+C. •Radium A disintegrates with a period of 
3*05 minutes (with a disintegration) into radium B which is 
j3 active, decaying into radium 0 which is a*ray active, the 
period being 19-7 minutes. The decay of the radiation from 
A is shown by the falling curve A and the growth of the radia- 
tion from: Cbj' the curve C. The heavy observed curve is the 
resultant of these two. In practice the curves A and C are 
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deduced from the combined curve and from these the separate 
values of the decay periods are calculated. Considerable skill 
is required in interpreting curves built up Out of many com- 
ponents. The curves of the separate components have in a 



large number of cases been verified by separating the individuals 
and making a separate decay determination with each. 

The radioactive emanations 

.An interesting characteristic of three of the known radio- 
active bodies is that they continuously emit an emanation 
which behaves like a radioactive gas of high atomic weight. 
Over 40 radioactive bodies fit into the radioactive series, but 
of these only radium, thorium X and actinium X give off 
emanations. Since radium emanation is much more striking 
in its effects than the other two, its properlies only will be 
considered. The properties of the others are very similar. 

Rutherford fet proved by a few simple experiments that 
radium emanation was a true gas which could be transported 
away from the parent by a current of air. It passes through 
cotton wool and bubbles through water without losing any of 
Its activity and behaves thus differently to the gaseous ions 
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produced in a gas by any means. The emanations lose their 
activity rapidly, decaying exponentially like any other radio - 
active body, the periods for the emanations from radniin, 
thorium X, and actinium X being 3-8 days, 54 seconds, and 
.3-9 seconds respectively. The decay of the radium emanation 
has been measured directly by isolating it from its fiarent, 
radium For reasons which will appear later the emanations 
from radium, thorium X, and actinium X are called radon, 
thoron, and actinon. 


Some properties of radon 

The rate of production of radon by radium is constant and 
not affected by physical or chemical agencies. The same is 
true for the rate of decay of the radon itself. Although the 
radon is generated at a fixed rate by radium, it can be occluded 
in the parent compound (say radium bromide) and is therefore 
released when the latter is dissolved or fused. The radiation 
from radon consists onlp of a-particles, but when kept some 
time B-particles and y-rays also appear. These do not, how- 
ever, come from the radon itself but from the active deposits 

left when the radon disintegrate.?. . 

A direct chemical atomic weight determination is difficult 
since the quantities of radon available are very_ small. An 
approximate estimate has been made by comparing the rate 
of diffusion with that of mercury vapour. From its properties 
radon can be classed as a chemically inert gas of the same 
famUy as hehum, neon, argon, krypton, xenon, and the same 
is true for thoron and actinon. It is for this reason that the 
radioactive emanations have been separately named with 
“ on ” endings. A conclusive proof of the fact that radon is 
a true gas and not an aggregation of particles was given by 
Rutherford and Soddy who were able to condense it at 
temperatures below -150° €, Like many other gases radon 
can be absorbed by water and porous substances. 

When radon disintegrates it loses its gaseous natoe and the 
residual changed atoms are deposited as solid active deposits 
upon any available surface. The amount of active deposit 
formed is proportional to the amount of radon present. Being 
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active it also ■' disintegrates, giving rise to a long', chain of 
products. , The volume of radon which, is in equffibrium ■ with 
a, fixed quantity of radium is co,n,staiit, this fact being ^ used to 
define a standard of radioactive intensity. The amount of 
radon in equilibrium toith one gram of radium is called the 
'' curie/’ all radioactive intensities being referred to this or its 
sub-unit, the millicurie.” The volume of the -curie can be 
calculated^ by measuring the number of a-particles given off 
per second by a gram of radium and determining the trans-' 
formation constant of radon (Avogadro’s number being 
assumed known) and by this means is found to be 0%59 cub. mm. 
This is in excellent agreement with the directly measured 
volume 0‘60 cub. mm., as the smallness of the quantity makes 
a direct determination liable to error. Since the atomic weight 
of radium is 226, that of radon should be 222, if only one 
a-particle is emitted in the transformation from one to the 
other. This is the value found by direct density determination, 
affording thus strong evidence for the postulated mechanism 
of a-particle emission. 

Analysis of the active deposits 

A body exposed for a short time to radon coats with an 
active deposit which emits a-, j3-, and y-radiation and exhibits 
a regular decay. If the body is exposed to the radon for 
several days a residual a-activity results, increasing slowly over 
the first year and then decaying with a period of about 20 years. 
A great deal of experimental skill has been devoted to the 
problem of analysing the highly complex changes which occur. 
The analysis of the decay curves for both short exposure and 
long exposure to radon help to explain the nature of the trans- 
formations which take place. The conclusions so reached have 
been confirmed by making use of an ingenious method of 
separation by recoil. When a radon atom disintegrates, an 
a-particle is ejected and the atom which is left behind, called 
radium A (Ra A), recoils backwards. When radium A itself 
disintegrates a recoil atom, radium B, moves backwards, and 
so on for the whole of the series. Consider the recoil of the 
radium B atom which takes place when 'radium A emits its 
a-particle. The radium A disintegration results in the emission 
of an a-particle of mass 4 and velocity 1-82 x 10^ cm./sec. As 
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the niasB of tlic residual radium - B atom., is 214, its reenil 
velocity, from the conservation of mom-ant.tim, is .14 x cm,;' 
sec. When the radinm B disintegrate to radinin r\ only a 
|S-partide is ejected, and owing to the relatively small ^-fiarticle 
momentiiin, the resulting radium fh recoil velocity is only 
5x 10'^ cm. /sec., i.e. one seven-hundredth, that of radium .By 
The recoil of tlie residual ato.nv can be used as a direct 
method for separating the disintegration products. ' These are 
always positively charged and if a negatively charged plate is 
placed close to the active matter, the recoil ato.nis can. be 
captured and collected. They can then be removed and their 
individual decay periods determined, the- values so found being 
in agreement with those deduced from the com,plex decay 
curves. By carrying out observations upon the deflections 
of the recoil atoms in magnetic and electric fields, values for 
the velocities and for E/M can be found. These results are iu' 
agreement with theoretical prediction. The recoil method, 
and the analysis of decay curves taken separately for the a, jS, 
and y activities of the active deposits, have enabled investi- 
gators to track out the whole series of complex transformationB 
which take place. 

The radioaetive series 

Although radium is not the parent of a series, the successive 
transformations following it will serve as an indication of the 
common type. The beginning of the sequence of changes 
following radium is showm below, the upper arrow indicating 
the radiation emitted in going to the succeeding atom in the 
series. Below each atom the period is shown 

oc cc oc y a, y 

XXX X X 

radium — ^>radon — ^>radium A — >mdium B ^radium C— -> 

Period. 1,600 years 3*8 days. 3 mins. 26*8 mins. 19*7 mins. 

The equilibrium decay curve of Fig. 13. 2 is based upon the 
above periods for radium A, radium B, and radium C. ■ 

When all the radioactive transformations are linked up into 
their respective series three main lines appear, beginning with 
uranium, thorium, and protactinium {which is the parent of 
actinium). The three series are independent, and there is some 
indication that the actinium series has a uranium isotope of 
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mas8 235 as- its ultimate f)arent. ' Each .series continues imtil a 
stable |)rodii.ct is reached, but each. alsO’ exhibits an occasional 
l)ranel:iiiig. The ejection of an a-particie leads to a reduction 
by 4 ill the atomic weight of the remaining atom and by 2 in 
the nuclear charge. When a /3-particIe is emitted the atomic 
weiglit remains unchanged whilst the nuclear charge and 
atomics number increase- by 1. The three series given by 
Kutlierfold are'shown in Tables I, II, III. The names of some 


THE RADIOACTIVE SERIES 
Table 1 


Element 

Atomic 

weight 

Atomic 

number 

Period 

Sequence 

Eriiriium I 

U 1 

238 

92 

4 ’5 X 10^ years 


a 

y 


Uranium Xj 

LTX, 

(234) 

90 

24-5 days 



Uranium X o 

i; X, 

(234) 

91 

1*14 mill. 


P 

Uranium Z 

uz 

(334) 

91 

6‘7 hours 



I' 

\P 

Uranium 11 

V li 

{234} 

92 

years 


1 

Ionium 

To 

(230) 

90 

--wlO® years 


a 


Rati i urn 

Ka 

(226) 

88 

1,600 years 


a 


Radori 

Rn 

(222) 

86 

3-8 days 


a 


Radium A 

Ra A 

(218) 

84 

3-0 mins. 

> 

a 


Radium ii 

RaB 

(214) 

82 1 

26-8 mins. 


a 


Radium C 

Ra C 

(214) 

83 

19*7 mins. 

1 

’|8 


Radium O' 

Ra C' 

(214) 

84 

I*.*! X I0~* sec. 

i 

P 

a 

Radium C'' 

Ha 

(210) 

81 

1*32 mins. 

1 

' a 


Radium D 

RaD 

(210) 

82 

^26 years 



'p 

Radium E 

RaE 

(210) 

83 

5*0 days 




Ha<iiurn F 

RaF 

(210) 

84 

136*3 days 




Radium G 

Ra G 

200 

82 

Stable 

V 

a. 
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TABI.E II 


EleiJieiit 

1 Atomic 

1 weight 

Atomic 

rmmber 

j ■ .Ferioci 

1 

S<-*qticiire 

Frotactiniiiiii 

Pa 

j (m) 

1 91 

1*26 X 10"* years 

i 


Actinium 

Ac 

■ C22?| 

j 89 

13*4 years 

i 

! -*4 


Radioactiniuiii 

Rd Ac : 

(227) 

90 

1,8*9 days 

! 


Actlniuin X 

AcX 

(223) i 

88 

11*2 days 

1 a 

1 

1* 

1 

J ,<v 


Actiaon 

An 

(219) i 

86 

3*92 sec. 


Aletinium A 

1 

Ac A 

(215) 

84 

2-Ox 10-3 gee. 

1 


Actinium B 

AeB 

(211) 

82 

36*0 mins. 

1 a 

1 


Actinium C 

AcC 

(211) 

83 

2*16 mins. 

1 

1. 

1 1 


*4ctinium C' 

Ac cr 

(211) 

84 

5 X 10~® sec. 

ja J 


Actinium C'' 

AcC'' 

(207) 

81 

4*76 mins. 

i 

!iS 

a 

Actinium 3 

AcD 

(207) 

82 

Stable 

i 

r 


Table III 


Element 

Atomic 

weight 

Atomic 

number 

Period 

Thorium 

Th 

232 

90 

1*65 X 10^® years 

Mesothorium 1 

MsThl 

(228) 

88 

6*7 years 

Mesothorium 2 Ms Th 2 

(228) 

89 

6*13 hours 

Radiothorium 

RaTh 

(228) 

90 

1*90 years 

Thorium X 

ThX 

(224) 

88 

3*64 days 

Thorofi 

Tn 

(220) 

86 

54*5 sees. 

Thorium' A 

Th A 

(216) 

84 

0*145 sec. 

Thorium B 

Th B* 

(212) 

82 

lO'lv hours 

Thorium C 

The 

(212) 

83 

60*5 mins. 

Thorium C' 

Th C' 

(212) 

1 :-84 

2 X 10-’- sec. 

Thorium V" 

Th C" 

(208) 

. ; 'Hi. 

3*2 mins. 

Thorium D 

Th D 

(208) 

1 82 : 

Stable 


Sequence 


ia 


4 


!/S 

y 


jee 

Y 


|a 


a 


a' 


> 


a 





1 


a 
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atoms, sii'ch as EaC' and Ra C", involve primes since tlaey 
were only discovered after Ra D, RaE, etc., had long been 
known and named. 

The atomic weights in the brackets are deduced from the 
transformations, only. Those of Ul, Ra, RaG, Th, ThD, and 
AcD have' been determined chemically, but are only given here 
as approximate whole numbers. The sequences described as 
j3-ray transitions are nsnally accompanied by y-radiation, a. 
point which will be discussed later. It is clear from Table I, . 
that radium is a member of the uranium series. Polonium, 
the early discovery of Mme. Curie, is radium F. 

In the majority of cases an atom disintegrates in one way 
only but there are four exceptions which show branch products, 
the branching atom setting up its own disintegrating series. 
These can be seen in the series tables. The disintegration of 
Ra C is typical, the branching chain being as follows. It will 
be seen that the side branch to Ra C" constitutes only 0*04 per 
cent, of the total disintegration of Ra C so that the main chain 
is hardly affected at all. In three of the cases of branching 
the branch atom is produced only as a small fraction of the 
main disintegration. 

Branching of Ma C 


RaC 



Ra C" (82) 


In the The branching, the branch atom constitutes 35 per 
cent, of the total disintegration. 


Radioactive isotopes 

The chemical properties of an atom are determined by its 
atomic number which fixes its place in the Periodic Table of 
the elements. Reference to the tables of the radioactive 
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series shows that frequent eases occur wherein atoms of 
different atomic weights have the same atomic number and 
thus occupy the saine position in the Periodic Table. For 
example, U Xj, U Y, Jo, Ed Ac, Th, Ed Th all have different 
atomic weights and yet the same nuclear charge, 90. They 
constitute radioactive isotopes and, in fact, isotopes were first 
discovered by thi.s means. In Table IV the radioactive atoms 


At 

No. 

92 1 ....V ! ini 

1 


Table IV.— Eadioactive Atoms 


\ 

91, UZ. 




90 

89 

88 

87 

86 

85 

84 

83 

82 

8! 


\ 
tJ X, 


.lo 


i VI 
i I 

.UY...L 


i 


.RcITh 


i 

•Ra. . 


i t 

I / I i 

Ae |, ■...|....MsTh,2 

1 
i 


.AeX ...MiTTh, Th X 


Rn. 


.An . 


4 

..T» 


RaA RaC'.....RaF ...Ac A Ac '...'TliA 


RaB, 


RaC'' 


.Til CT' 


/ 

/ 

/ 

. Ea E . . . . . 


/ 

/ 

/ 

/ 

....Anf! 


/ 

/' 

TIiO. 

1 



/ 






./ i 

. \ 



L 

/ 

I 

? RaD. -Pli. . R 

Ph ....TfiR ... 

.Pis 




-If 


"f 




./ 


/ 

4/ 



r'/ 


/ 


Ac €' 


,ThC 


are arranged according to atomic number and from this it is 
seen that isotopes are very frequent and also very numerous 
in some cases. All atoms which are isotopic are joined by a 
dotted line. Particular attention may be drawn to the 
.elements with the atomic numbers 83, 82, and 81, for in the 
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.Periodic Table the noil-radioactive atonis of bisnautiij lead, 
.and thalliiiiB possess these atomic nnmberS: and are therefore 
also isotopic with those radioactive elements of corresponding ■ 
nuclear- charges. This fact has proved to be of great value 
chemically, for if one of the radioactive isotopes of bismuth, 
say, is mixed with the latter, it behaves as an indicator and 
the bismuth can . be 'traced by means , of the associated radio- 
isotope, as both behave identically to chemical and physical 
reactions. By this means the absorption of minute amouiits 
of metal by materials, or by the body, etc., can be studied 
and a whole new field has been opened by the use of the 

radioactive indicators.'* 

The study of the chemical properties of the radio elements 
has led to the Displacement Law which states Aat when an 
a-particle is emitted the element shifts back its position in the 
Periodic Table by two places, whereas when a ^-particle is 
ejected it goes forward one place. It is obvious from this rule 
that isotopes must result, as more than one type of atom can 
occupy a given place. The end product of each of the three 
series has atomic number S2, which is that of lead. Three stable 
lead isotopes of atomic weights 206, 207, and 208 arise from 
uranium, actinium, and thorium respectively. These are 
called uranium lead, actinium lead, and thorium lead, and are 
found separately in the minerals containing their parent atoms. 
This has been proved in a number of different ways. Direct 
chemical analysis of thorium and uranium minerals showed 
that the leads associated with these had the respective atomic 
weights 208 and 206. Ordinary lead is a mixture containing 
the three leads discussed above, as has been proved by the mass 
spectrograph and by hyperfine structure observations. An 
elegant proof of the correctness of the radioactive series has been 
made by examining with high resolving power the spectra of 
the leads obtained from different parents. Although chemically 
identical (excluding atomic weight) the different leads exhibit 
a slight isotopic displacement in their line spectra and can be 
individually identified. The chemical determination of the 
atomic weights of the respective leads has completely vindi- 
cated the w^hole theory of the radioactive series, 'since the 
atomic weights of the leads can only be deduced after the 
analysis of the whole series has been completed for each. 
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■Stme popirttis of raiiam . 

Siace radiam lias proved to be practically of great imfiortimfe 
because, of the high iEtensity of the radiations emitter! some 
of its properties will be considered here. ■ Radium is present 
to the extent of 3‘4x l0"-’^ gram in each gram of mineral 
uranium.. Its extraction therefore presents great difficulties. 
It is mmriaMy found in uranium ores, being a nieniber of the 
uranium series, and i.s separated by successive cryg?t«a!lisatioiii 
of the bromide. Like any other atom, it has a characteristic 
line spectrum. Pure metallic radium melts at about 700® C. 
and' is chemically analogous with barium. Since the first dis- 



Fig. 13., a 


integration produces radon, which is usually partially occluded 
ill the radium compound, a .mass of radium gives off radon in 
a gaseous form. Radium continuously maintains itself at a 
temperature a few degrees higher 'than that of the surrounding 
air, this heating effect remaining unaltered at very low 
temperatures. * 

The first determination of the rate of emission of heat was 
made . by Curie and Dewar , with the apparatus shown ' in 
Pig. 13. 3. ■ The Dewar flask. B contains liquid air and in it 
is immersed a second smaller Dewar flask A also containing 
liquid air. The radium is enclosed in a small tube which 
warms up and communicates its heat to the thermally isolated 
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liquid air in the inner, flask A. No heat can be. transferred, to 

the flask from outside, so that all the evaporation of liquid 
air in A is entirely due to the heat given out by the radium. 
The air is collected and measured, and from the latent heat of 
evaporation, the amount of heat generated can be calculated. 
It is found that 1 gram of radium in equilibrium with its 
products emits 140 grm. cals, per hour. It can be shown also 
that each 'atom of uranium in finally transforming itself to 
lead emits 7-1 x 10-® erg, which corresponds to the energy 
acquired by an electron in falling through a potential difference 
of 45,000,000 volts. The heat produced by radium (or any 
radioactive body) is due both to the absorption of radiations 
and the energy of the recoil atoms. Most of the energy arises 
from a-ray absorption. The enormous quantity of energy 
radiated in radioactive transformations can only have its 
origin in nuclear sources. Indeed the high energies associated 
with the disintegration process first pointed to the nucleus as 
the origin of the effect. 
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CHAPTER ,14 


THE a^^PARTICLE 

The radioactive radiations can be distinguished by their 
different penetrating powers and by their different responses 
to the effect of strong magnetic and electric fields. The a* 
radiations are completely absorbed by relatively thin metallic 
foils. They can be deflected by strong magnetic and electric 
fields, which proves that they must be rapidly moving charged 
particles. It will be shown later that they consist of streams 
of high-speed helium atoms which have lost two electrons. 
The jB-radiations are relatively much more penetrating than 
the a-radiations and are also much more easily deflected by 
magnetic and electric fields. Evidence will be given later 
showing that they are equivalent to cathode ray electrons of 
high speed. The y-radiations are extremely penetrating and 
cannot be deviated by magnetic or electric fields. They are 
light waves of extremely short wavelength, similar to X-rays 
but with a much shorter wavelength, and consequently more 
penetrating. 

The ionising power of the respective radiations is associated 
with the degree of penetration possible, the more penetrating 
the radiations the less are they able to ionise. It is possible 
to separate the three types of radiation to some extent by 
means of suitable absortog screens, but by this method 'only 
the y-rays can be obtained quite , free from admixture with the 
others., A compete separation is achieved by application of 
a strong 'magnetic field which deviates the positively charged, 
a-particles to one side and the negatively charged ^-particles 
to the opposite side, whilst the y-rays pass on undeflected. 
The a-particles constitute, the most energetic part of the radio- 
active radiations. This chapter will be devoted to the 

consideration of their properties., 
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Determiiiati©!! of E/M for the a-partiele 
The determination of the ratio of the charge E to the mass 
M was an important step in elucidating the nature of the 
a-partiele. The principle of the method first used by Ruther- 
ford and Robinson is identical with that employed in maldng 
the determination of ejm for cathode rays, A beam of a- 
particles is deflected by magnetic and electric fields and from 
the displacements produced, E/M can be calculated. Absorp- 
tion experiments show that the a-radiation given off by a 
mass of radium in equilibrium with its products is composite. 
If, however, a wire is exposed for some hours to radon, an 
active deposit of Ra A, Ra B, and Ra G is obtained, the decay 
periods of which are such that after a short time a-particles 



are emitted from the wire by Ra C only. This therefore 
(‘onstitutes a homogeneous a-ray source. 

The apparatus used for the magnetic deflection experiment 
is shown in Fig. 14.1. The source of a-particles, A, is set 
parallel to the sht B which is distant a cms. from it. At a 
distance h cms. from B is a photographic plate. .The apparatus 
is evacuated and placed in a strong uniform magnetic field 
with the lines of force parallel to the slit, i.e. perpendicular to 
the plane of the paper. The field can be reversed after an 
interval. The a-particles, with velocity v, are deviated by the 
field and thus reach the points P and P' respectively before 
and after reversing the field. The calculation for relating the 
deflection with the field strength is identical with that carried 
out for the cathode rays giving l/r—HE/Mt?, H being the field 
strength and r the radius of the curve through which the 
particles are deflected. From the geometry of the apparatus 
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it. can be shown that, for small deflections, 2ril ~<i(tf -fh), hence 
tie meas'iireiBent of the magnetic deflection gives the value 
of E/m. ' ■ ■ ■ 

111 , order to be able to calculate E/M ati e,lectric d.efleetioii 
expe,ri]meiit must ,now be carried out. Wiien the a-particles 
are allowed to. pass .between parallel plates inaintained at a 
differe,nt potential, the deflection produced is s.inall and diffi- 
cult to measure unless the deflecting path is long. * For long 
paths the radiation given o.ff by a coated wdre i,s insufficient 
to produce a photographic effect. The wire must therefore be 
replaced by: a tube containing a large quantity of radon, the 
tube, walls being very thin to reduce absorption effects, ..The 
experimental arrangement used by Rutherford and Robinson 
is show.n in .Fig. 14.2. The a-rays from the source S pass 
between the .deflecting plates AA which are .35 aim,. Io.'iig,and 
4 ram. apart. After passing through a mica^ slit one-sixth of a 
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Fig. 14.2 


millimetre wide the rays travel 50 cms. to P,.' a photographic 
plate. The whole apparatus is .evacuated aB,d a potential of 
2,000 volts applied between the plates AA. The treatment is 
again similar to that in calculating ' the cathode ray electro- 
static deflection. The rays have a parabolic path between the 
plates, the deflection being proportional to 1/v ^, , By reversing 
the voltage on AA, symmetrical deflections are obtained, 
leading to a high degree of accuracy in measurement;' Since 
the radon source radiates a-partlcles 'from radon, Ra A and 
RaC, three deflection bands appear upon the photographic 
plate. These particles are separated from each other since 
they have different velocities and are thus deflected differently* 
This introduces no complication; in the experiment as long as 
the field strength is sufficient to resolve the individual particles. 
A composite source can be used- in the magnetic deflection 
experiment too, providing the resolution is great enough.. 

The electrostatic deflection expferimeiit enables tlie value of 
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fi/Mf 2 to be calculated and as the magnetic experiment gives 
both E/M' and p are obtained by combining these. The 
^alne of E/M found for all a-particles, irrespective of the source, 
is 4,820 e.m.u. ' This is very close to the value for E/M calculated 
fcr doubly ionised helium, the latter being 4,826 e.m.u. Identity 
^as therefore suspected and this was proved in a decisive 
banner by Rutherford and Royds, using the following method. 
Ibe a-pafticles given off by a large quantity of radon enclosed 
a thin-walled tube were allowed to gather in a highly 
Evacuated discharge tube. After two days a spectroscopic 
Examination of the tube showed that helium had appeared in 
it. The helium lines gradually became more and more intense 
Mth increasing time. It had long been known, however, that 
Radioactive ores and radium itself occluded helium. Control 
Experiments were therefore carried out to prove that no 
Occluded helium was able to pass through the walls of the 
^Ube containing the radon. It is thus quite evident that the 
a-particles themselves, which do pass through the tube walls, 
give rise to the. observed helium spectrum. In the process of 
E'bsorption by the walls of the discharge tube the a-particles 
Capture electrons and become normal helium gas atoms. 

The helium found occluded in radioactive ores arises from 
absorbed a-particles. A further proof of the identity witli 
Wium is obtained by firing the a-particles into a sheet of 
which absorbs them. Electrons are captured by the 
harticles in the absorption process and they become normal 
helium atoms. If the lead is melted, this helium is evolved 
E-nd can be detected by spectroscopic methods. 

The electrostatic and magnetic deflection experiments give 
^so the velocity of the particles. These are found to be very 
^igh indeed, differing for different sources. For example, the 
^^locity of the a-particles from Ra C is 1*922x10^ cms./sec. 
^hich is one-sixteenth of the velocity of light. The pene- 
^t'ating power is the direct result of the higlr velocity, for the 
^peed reduces the chances of losing energy in collision with an 
^tom when passing through matter. 

^he detection of a single a-partiele 

The a-particles are extremely energetic, those from Ra t), 
instance, having each a kinetic energy of 1*2 x erg. 
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This corresponds , to the energy acquired .by an electron in 
falling through 7*66 million volts. The energy associated . with 
each a-particle is .relatively so great that, despite their atomic 
character, individual particles can be detected. Four methods 
have been employed for the detection of the . partic.les as 
individuals, these being conveniently described as electrical, 
optical, photographic, and expansion chamber. The electrical 
method depends upon the fact that in an average ^case, as in 
the emission from Ra C', a single a-particle can produce as 
many as 2*2 x 10'^ pairs of ions in its. path through air. As 
each of the ions formed has a charge of 4*8x10'“^^ e.s.u. this 
corresponds to a total quantity of about 1 x 10~‘* e.s.u. of 
electricity. Although, this quantity can be detected it is small, ■ 
and in order to magnify it Rutherford and Geiger made use 
of ionisation by collision in a very ingenious manner. The 



device employed for the detection of the individual particles 
is show'n in Fig. 14.3. The active material in C sends out a 
stream of a-partieles and as the vessel is evacuated these reacli 
the circular hole I), which has a . diameter of 1*5 mm. The 
number of a-particles reaching D can be cut down by the stop- 
cock F to about three per minute. D is covered with a very 
thin sheet of mica, which although it has only a small stopping 
power, enables the vessel C to be evacuated wiiilst the pressure 
in the vessel AB, the detecting chamber, is maintained at a 
few centimetres of mercury.' The detecting vessel consists of 
a metal cylinder A, along the axis of which passes an insulated, 
wire B, The gas: pressure is adjusted so that if a voltage is 
applied between the wire^ and the cylinder the ions produced 
by the entry of an a-particle are enormously increased by 
ionisation by collision and the momentary current produced 
can quite easily be detected. With this apparatus, the total 
number of particles given off ' by a knowm quantity of radium 
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L"l second can be counted. If a string galvanonaeter is used 
as ^rcurrent detector and photographic registration employed, 
as many as 1,000 particles per minute can be coun e ’ ^ 
able leik is used to permit the string to come back rapic > 

“The a-particle counter just described has been improved by 

ine p pven the very much weaker 

Geiger and made so sens, toe that 

ionisation- produced by a s g p P ^ 

The modified Geiger counter is shown “ 

V has a fine pointed end and projects into the brass tune r 
Wn“ carefully insulated from it. The particle enters 
a .r„L,v whit, is coveted with a ‘hi" -ca 
the nressore within the tube T can be adjusted. A woltege .s 
applM between T and P and maintained ve.y near to the 
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discharge point. The entry of a paiticle causes locM ionisation 
tarts point and this has a trigger action eSoct, canang a 
.hort discharge which is recorded 

to ho independent of the initial ionisation, 
owing to this, the instrument will detect ^-particto as weU ^ 
a-particles. The mechanism of the counter i§ quite (Afferent 
frmn that of the one previously described and 
if a-particles are to be examined in the presence of p-particles. 
it is posstL to modify the counter by using a smaU sphere 
instej^ of a fine point, so that only a-particles give a respo^e 
The oifcal or scintillation method of observing mdmdua 

: Cteohes, has proved to he a -mtoc W 
of great value. When a screen is coated with the phos 







IVb. a-particle tracks of two distinct ranges 
{after Hiitherford, Ghadwich and Ellis) 


IVc. a-ray tracks, one ex- 
hibiting nuclear deflec- 
tion (after Wilson). 


IVd. Nuclear disintegration by a-particle with 
proton emission (after Blackett). 






' THri,^3^-P^BTTCi.l•I "v- 2:]:> 

|)liorescent cr3?stal8 of zinc sulphide '■and expoml to a source 
of a-radiation it becomes luminous, and when viewed mith a 
lens this luminosity is seen to consist of a number of seintil- 
iatiiig points. Each flash is due to 'the inii'iaet of a single 
a-particle upon a crystal. A delicate means for eomitirig the 
individual particles is thus available. 

, The third method, the photographic, will; be very, briefly 
dealt with for its applications are very limited. Itis possible 
to observe the photographic tracks of the a-particles if they 
are allowed to fall tangentially upon a photographic plate, or 
by locally infecting the plate itself with radioactive material. 
Jn the latter case the particles passing- through the gelatine in 
a direction parallel to ' the plate leave tracks which can be 
developed up. 

The most powerful method of studying the individual 
particles is by the use, of the Wilson expansion chamber. An 
example of Wilson chamber photographs is shown in Plate IVb 
and it will be seen from this that- the particles travel in straiglit 
lines and occur in groups, the range having very nearly a 
constant value in each group. The occasional sudden devia- 
tions from the straight-line track which can be seen near 
track ends are due in each case to the collision of an a-particle 
with the nucleus of a gas atom in its path (Plate IVc). Some- 
times, when the conditions are suitably adjusted, short electron 
tracks can be seen emerging from the main a-particle track. 
The electrons responsible for these tracks have been called 
S-rays. They are in fact the secondary electrons of highest- 
energy produced as a result of the ionising activity ' of the 
a-particles. The use of the expansion chamber has yielded a 
number of a very important facts particularly CGncerning the 
disintegration of atomic nuclei. 


The charge carried by an a-partiele 
The value of E/M for the a-particIe indicates that the 
particle is to be identified with a doubly ionised helium atom, 
A final proof of this is forthcoming if the" actual charge E can 
be separately determined, as this enables both E and M to be 
calculated and the identity to be completely established. 



E can be determined by measuring the total charge given up 
by a known number. The method of doing this is illustrated 
in Fig. 14.5. A known quantity of EaC is contained in a 
shallow dish E which is covered with very thin aluminium foil 
to keep back recoil atoms. The a-particles fall upon the 
collecting plate CA which is connected to an electrometer. 
The collecting plate is covered with thin aluminium foil, and 
its area is defined by the diaphragm B. From the area of 
the diaphragm and the known emission by the source, the 
number of a-particles falling on the plate can be deduced, and 
so the charge per particle measured. The whole apparatus is 
maintained in a strong magnetic field (N, S are the pole pieces 
of a powerful magnet) the objects of which are twofold. 
Firstly, , it ' deviates away the jS-rays given off 'by : the source : 
preventing them from reaching the collector. Secondly, it 
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E can be most conveniently measured if the charge carried by 
a known number of particles is ascertained. There exist a 
number of methods for determining the number of a-particles 
given off in 1 second by a gram of radium. It can be measured 
by means of a counter, by the direct observation of scintilla- 
tions, and by collecting and measuring the amount of h'elimn . 
given off in a known time (156 cub. mm. are given off in a 
year). As a mean of these it is found that 1 gram of radium 
emits 3*70 X 10^^ a-particles per second. 

Since the number of particles given off per second is known, 
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curves back, on to the collector the secondary electrons liberated 
from the surface of the metal by the impact of the a-particles. 
Thus the only charge recorded on CA is that brought by the 
a-particles. The apparatus is evacuated in order to avoid 
complications which would be produced by collisions, etc. : The 
value found for E is S-S X 10'*~^^’''e.s.u., which is twice the 
electronic charge. Thus within the limits of ■ exiMjriinental 
error it, is confirmed that the a-particle is a helium %tom which 
has lost its two outer electrons. It is a high-speed helium 
nucleus,, since the normal helium atom has only two outer 
electrons. 


The absorption of a-particles by g^es 
One method of studying the absorption of a-particIes in 
gases is to measure the length of the track in an expansion 


more precise method is due to W. H* Bragg, the details of the 
method being outlined in Fig. 14.6. A narrow pencil of 
a-particles is formed by allowing the radiations from the 
source to emerge from a small aperture in a lead box. Two 
metallic gauzes- A and B, parallel and close to each other, 
form an ionisation chamber. The, saturation current between 
these gauzes i§ proportional to the intensity of the ionisation 
produced between them by the a-particles. The source can 
be moved towards and away, from the gauzes .and by this 
means the amount of ionisation produced at every point , of 
:the a-particle path can be' measured. ■ Alternatively the source 
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Witli a homogeneous source of a-radiatioB^ sucli as that 
given off by Ra Cb Bragg found that the curve relating the 
ionisation with the distance from the source is as illus- 
trated in Fig. 14.7. This curve shows that the ionisation 
along the path of a particle climbs steadily to a maximum and 
then falls with great rapidity to zero, making a slight anfle in 
the curve just before the zero line is reached. If radium in 
equilibrium with its products is examined, the a-radiation 
contains a-particles emitted from Ra, Ra A, radon, and Ra C, 
and as these have different ranges, the resultant ionisation is 
the sum of the ionising effect of each of the different types of 
particle. Each different group produces a curve similar in 



Distance in cm. in air at 760 mm. & 15° C. 

Fig. 14.7 

shape to that of Fig, 14.7, with, however, the scale differing 
in each, since the zero (end of the range) is reached at different 
points. The curves of ionisation are therefore additive, 
leading to the resultant thick curve in Fig. 14.8. The 
dotted continuations show how the ionisation curves of the 
individual groups add up to give the resultant for the complex 
radiation. 

The ionisation curves may be used to determine the ranges 
of the particles, since they indicate the point at which the 
particles lose their power to ionise. The tail-end ankle of the 
curve in Fig. 14.7 (the straggle effect) arises from the fact that 
the collisions of the a-particles with atoms obey the laws of 
probability, with the result that individual ranges vary slightly 
from the average. The range is taken to be the extrapolated 
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value found by producing the almost straight failing portion of 
the curve to the x axis. The distance to which the straggle 
tail stretches depends upon the sensitivity of the measuring 
device used ; the higher the sensitivity the more easily can 
the few particles with excess range be detected. By measuring 
the amount of ionisation over the whole range, that is, by 
integrating the ionisation curve, it can be shown that the total 



number of ions produced in air at 760 mm. pressure and 1.5° C, 
by the absorption of a single a-particle from, say, Ra C' (range 
6-97 cms.) is 2-2 X 10®. 

The ranges of a-particles 

The ranges of the particles can be' deduced from the ionisa- 
tion curves in the manner described, but this method is not 
w'ell suited to weak sources, for which a simple method has 
been devised by Geiger and Nuttall. With this a very com- 
plete study of a-particle ranges has been made. The active 
material is placed on a rod at the centre of a glass bulb which 
is silvered on the inside, and a high voltage is applied between 
the bulb and the metallic holder of the active material. The 
saturation current for different gas pressures is measured, 
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giving ionisation curves similar to that shown in Mg, 14.9.. 
Starting with low pressures, the current rises linearly with 
increasing gas pressure until a point is reached where all the 
a-particles are absorbed and thus achieve complete ionisation. 
Further increase of pressure now is without effect ' on, the 
measured current. At the sharp turn-over point in the curve, 
the a-particles just reach the silvered wall of the bulb, so that 
the bulb radius is the range. The range for a particular gas 
pressure has thus been measured, and since the range in a gas 



is inversely proportional to the pressure, the range at atmo- 
spheric pressure is simply deduced. Geiger has improved the 
method and rendered it capable of giving ranges with an 
accuracy of one-hundredth of a millimetre. 

The ranges of the different a-particles in air may also be 
interpreted in relation to the stopping power exerted by the 
air. A given range means that a given number of centimetres 
of air are required for absorption of the particles. If a sheet 
of any material is interposed in the path of the particles it 
exerts a retardation effect and reduces the range. The stop- 
ping power of the sheet is defined m the equivalent centimetres 
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of air path by which the normal range has been reduced. The 
stopping power of a sheet depends upon its thickness, atomic 
weight, and density, and to some extent upon the actual initial 
velocity of the a-particles which are being absorbed. To a 
first approximation it is proportional to the .square root of the 
atomic weight (Bragg and Kleeman’s law). 

When the a-particles pass through matter the. majority 
travel in straight lines losing energy by removing electrons 
from atoms lying along the whole length of the path. On rare 
occasions a collision with the relatively small nvdem of an 
atom takes place, in which case the a-particle suffers a large 
angle deflection sometimes exceeding 90°. Since energy is used 
up in producing ionisation along the whole length of the path, 
it is obvious that the velocity of the particle must continually 
diminish after it has left its parent atom. (This is not very 
marked in a vacuum where there are relatively few collisions.) 
A relationship exists between the velocity retained after 
emerging from an absorbing sheet of material and the residual 
range left. This, known as Geiger’s law for the reduction in 
velocity, can be expressed as Vs=aR where a is a constant, 
V the velocity of the particle after leaving the absorbing 
material, and R the range in air after passing through the 
absorber. Geiger derived this law by measuring the velocities 
of the emerging particles by the magnetic deflection method. 
It does not hold quite accurately for the longer range particles. 

The fine structure of a-particle ranges and long range a-particIes 

It was for a long time considered that the a-particles 
emitted by a single radioactive body all had the same range, 
excluding the straggle effect due to statistical fluctuations of 
the collisions in the absorbing medium. However, an indica- 
tion that this "fras not so was first found by Rutherford in 
Th C'. For every 10® a-particles emitted with the normal 
range of 8-6 cms. there are 35 particles with a 9-7-cms. and 180 
with a lT6-cms. range. Although these long-range particles 
are few in number they come from the same nucleus as the 
rest. They are clearly more energetic, and it can be shown 
that they arise from excited levels within the nucleus itself. 
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„ When a main group of a-partlcles is more , closely examined, 
it is sometimes found to exhibit a fine, structure, that is to say, 
to consist of a number of discrete individual groups of particles 
whose ranges are very nearly the same but are deinitely dis- 
tinct. Rosenblum first observed this in the a-radiation given 
out by the disintegration of Th C into Th C". The a-particle 
beam was deflected by a very large magnet weighing 120 tons 
and producing a uniform field of 36,000 gauss over a circular 
gap 25 cms. in diameter and 3 cms, wide. Photographic regis- 
tration was used. Later Rutherford and collaborators used a 
fixed radius of curvature and varied the magnetic field, bringing 
particles with different velocities successively into an ionisation 
chamber. By these means the fine structure of the a-particles 
from several bodies was observed. 

The strength of the magnetic field is the main factor enabling 
this fine structure to be resolved. With the very large fields 
employed it is possible to separate particles whose velocities 
differ by only 0*02 per cent. Xhe fine structure can also be 
correlated with excitation energy levels within the nucleus, b.ut 
the levels in this case are those of the product nucleus, not the 
nucleus from which the particles are emitted. 

a-partiele range and the transformation constant 

A relationship of practical application has been found to 
exist between the values of the transformation constants and 
the a-particle ranges for different radioactive materials. In 
general when the transformation constant is large (and the 
period therefore small) the a-particle range is also large. This 
relationship, known as the Geiger-Nuttall rule, is best shown 
by plotting the logarithm of the range, log. R, against the 
logarithm of the transformation constant, log. A. The plot for 
the members of the three radioactive series shows that three 
nearly parallel straight lines are formed, one for each of the 
series. The graphs are not exactly straight lines, but to a first 
approximation they can be fitted into equations of the form 
log. A=^+f>Jog.R, the constant b being the same for the three 
series whilst a has three different values. 

It has been found possible to derive a formula in Justification 
of the Geiger-Nuttall rule. Theoretical w^ave mechanics methods 
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show, :that the energy of an a-particle,.. E,. .is related to the 
transfomation constant A according to the law log » A . E. 
T,Ms corresponds to the empirical Geiger-Nnttall law since the 
a-particle range depends upon the energy. The theory shows, 
too, that h is not quite constant for all different materials but 
decreases w.heii E increases. This accounts in part for the 
deviations from the straight line which are .found wlie.n the 
.respective logarithms ' of trans.formation constant and range 
are plotted against each other. The rule has proved to be 
extremely valuable for fixing roughly the transfo,rmatio,n con- 
stants of very short or very .long lived products. ■ All that is 
required is that the a-particle range be measured and from 
this an approximate value of A is easily calculated. 

The scattering of a-particles by matter 

Fundamental discoveries concerning our knowledge of 
atomic structure have developed from Rutherford’s investi- 
gation of the scattering of a-particles by matter. If a sharply 
defined pencil of a-rays is allowed to fall upon a photographic 
plate, in vacuo, the photographic image which is formed has 
clean, sharp edges. If a thin screen with a stopping power of 
about a centimetre is interposed in the beam, the image 
broadens out and becomes diffuse, due to scattering of the 
particles by the atoms of the absorbing screen. The majority 
of the a-particles are only scattered through small angles of a 
few degrees but some behave quite differently. The latter are 
deflected through very large angles, even up to 150®. The 
number of such particles, which are almost “ reflected ” rather 
than deflected, increases with the thickness of the absorbing, 
screen until a certain limiting thickness is reached, after which 
they remain constant. The number also increases rapidly 
with the atomic weight of the scattering screen, as many as 
I in 8,000 being turned through more than a right angle by a 
thick sheet of platinum foil. 

From measurements of the number of particles scattered 
through small angles, it is certain that the number scattered 
through very large angles is abnormally high if the law’^ of chance 
is obeyed. It must be concluded that the' scaUering mechanism 
for large and small angle scattering is not the same, Rutherford 
showed that the only possible explanation of the large angle 
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scattering is that it is due to a single encounter between the 
a-particle and an atom possessing a very interne central electrical 
field. It is impossible to explain the relatively high frequency 
of large angles by assuming that successive small angle scat- 
. tering of one particle has taken place. In order to meet the 
requirement of such an intense central field, Rutherford pro- 
posed an atomic structure which has now become classical; 
According to this view, already discussed, the atom consists 
of a very small massive positively charged nucleus, in which 
most of the atomic mass is concentrated. Around this and 
outside of it is an equivalent negative charge distributed over 
a sphere. This we now identify with the outer rotating 
electrons of the atom. The whole atom is therefore neutral, 
but as the nucleus is considered to be very small compared with 
the radius of the sphere containing the negative charge, there 
is effectively a positive point charge at the centre. The 
physical radius of the atom is the radius of the sphere con- 
taining the negative charge, which in effect is equivalent to 
the radius of the outer electronic orbit. Rutherford proved 
that for scatter deflections greater than 1® the outer negative 
charge due to the electrons can be neglected entirely, the 
nucleus being the only agent responsible for the scattering. 
The method of calculating the nuclear scatter effect, which is 
due to Rutherford, will now be considered. 

For simplicity it is assumed that an oncoming a-particle is 
effectively a positive point charge associated with a given mass 
and velocity. Owing to its great speed it can penetrate the 
outer electron cloud and approach closely to the positively 
charged nucleus of the atom. An electric force of impulsion, 
obeying the inverse square law is set up between the atomic 
nucleus and the a-particle, since they have like charges. If 
the atomic nucleus is relatively heavy and assumed to remain 
at rest, the a-particle will describe a hyperbola about the 
nucleus as external focus, according to the following treatment. 

Consider an a-particle moving alongPO {Fig 14. 10), approach- 
ing the heavy nucleus which is stationary at S. It is then 
deflected into the path OP'. Let |)=SN be the perpendicular 
distance from the nucleus S to the original direction of the 
oncoming particle. Let E, M, V, be the charge, mass, and initial 
velocity of the a-particle. The charge upon the nucleus of the 
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atO'iii. at S is Ze where Z is the atomie HHHiber of the atom. The 
Telocity of the a-particle varies along its path. Let it have 
the value , at. the point A, which is the closest distance . it; 
approaches the nuclenB at S. The particle. is moving |)erpeii- 
dicnlariy to SO when it i.s at A, hence from the conservation 
of . angular momeiitiiiE p . V =SA . v. From the coB.servation of ' 
metgy the initial kinetic energy is equal to the sum of the 
potential and kinetic e,nergies at the point A, so that 
MV2/2=:Mt;2/2+ZeE/SA 

whence -b/SA) where 6=2ZeE/M¥2. ■ 

With a head-on collision a particle is instantaneously brought 



Fig. 14.10 

to rest at the point where its initial kinetic energy equals the 
potential energy acquired. If this closest approach, equals x 
we get MV^l2=sZeEjXy therefore x^2ZeEfM.Y^ which' is 
.identical with the value for b used above. As the eccentricity 
of the hyperbO'la is' sec 0, then from the geometry 

SA=s=:SO+OA=p cosec ^ (1-f cos 0) 
cot {Qj2) 

Thus ' p2^SA(SA-'6)=^{p cot (0/2)}{p cot (#/2)-6} 

.therefore 6=2pcot0, 

The angle. ^ through which the a-particle is deflected is 
herefore „ ,. cot {^/2)=2j?/6, 
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It remains now to calculate what will be the probability of 
the deflection of a particle through the angle Suppose the 
incident pencil of a-particles falls normally upon a thin screen 
containing atoms per c.c. The thickness, t, of the screen is 
small enough not to have any appreciable effect upon' the 
velocities of the a-particles passing through. The probability, 
f, of an a~particle passing within a distance of a nucleus is 
given by q^rrpHt Such a particle will be deflected through 
an angle greater than <f>. As ^ is a probability, it represents 
the fraction of the total which is deflected through an angle 
greater than </>, and by substituting for p we get 
q=:^iTntb^ cot2 (<56/2). 

Since the probability of being deflected between and 
is the same as that of passing the nucleus within a region 
between p and p+dp 


then dq:=27rpnidp 

=:^ntb^ cot {(l>/2) cosec^ {^/2),d<f>. 

If the total number of particles falling upon the absorbing 
screen is Q, the number deflected between ^ and <^+^9^ will be 

cot {^j2) coseo^ {(f>j2).d<f>. 

In carrying out the experiments the scattered particles are 
made to produce scintillations by falling upon a zinc blend 
screen which is always maintained perpendicular to the 
direction of viewing. By this means the number of particles, 
incident normally upon the screen, which have been deflected 
through the angle ^ can be counted. Let M' particles be 
observed per unit of area at a distance r, then it follows that 
N = 27 Tr sin ^ . M' . 

Account is thus taken of all the particles lying between the 
cones with half angles ^ and The two values obtained 

for F can now be equated giving 

\7rQ,ntb^ cot (^/2) cosec2 (^/2) . d<f>=^2rrr^ sin ^ . M' 
therefore 

cot (9^/2). cosec2 (^/2) 

Sr^ sin^ ” 

which can be rewritten as 



i6r2 


cosec^ (<^/2). 


: ' tim a-FAETICM' ■■ ■■ ■. 2'|.1 

Since 6-^4Z%2E‘^/M^V''^ Jt of a» 

|iartiicles falling upon unit area of the Beint illation screen ia 
proportional to: (1) cosec^ (^/ 2 ) ; ( 2 ) t; (3) the square of 
the unclear charge Ze ; (4) inversely as- Geiger and 
Marsden carried out an experimental test of the theory by 
measuring the distributions of scattered particles with scat- 
tering screens of different thicknesses and of different materiais. 
''fhey found that the scattering was proportional to cbsec‘^ 
to t, and also to the square of the atomic weight. Since, to a 
first approximation, the nuclear charge is proportional to the 
atomic woight these experiments verified the formula deduced 



by Rutherford and so proved that the assumptions made were 
justified. 

The exact verification of the third point above, namely, 
that the scattering is proportional to Z^, was made by Chad- 
wick, who at the same time was able to make an absolute 
determination of the nuclear charge of a number of atoms. 
Jn order to increase the number of observable particles 
scattered through large angles, Chadwick used a fairly wide 
annular ring oRfoil as the scattering screen. This subtends a 
wide cone at the source R and the scintillating screen S (see 
Fig. 14.11). The distances RA and SA are made equal, and 
it can be shown that the number of scattered particles falling 
upon unit area at S, perpendicular to RS, is 
{Q^if6-/()4r2}{log tan <f>2/4:--log tan 

+ cot ^i/2 cosec ^|/ 2 — cot cosec ^ 5 / 2 } 
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llie angles and ^2 meanings indicated in Fig. 14.11; 

r is the, mean value of the distance between the scattering foil 
and the source, i.e. RP, and n, b, t have the same meanings as 
before. Q, being the total emission of particles per second 
from the source, can be determined by measuring the direct 
number of particles striking unit area of the fluorescent screen 
at S. Since the direct beam is about a thousand times more 
intense than the scattered beam, it can be cut down to a suit- 
able known ratio by a rotating sector in order to give a number 
of scintillations which can be reasonably counted . 

From the above expression for the number of particles 
falling upon unit area, it is possible to derive a value for b. 
All the quantities in the formula for b are known except Ze, 
the nuclear charge of the scattering atom, hence the value 
obtained for b enables an absolute determination of Ze to be 
made. This method is at present the only one available for 
making an absolute determination of nuclear charge and is 
therefore important. Chadwick measured Z for copper, silver, 
and platinum, obtaining the values 29*3, 46*3, and 77*4 respec- 
tively. These atoms occupy the 29th, 47th, and 78th positions 
in the Periodic Table, the atomic numbers being therefore 29, 
47, and 78. Thus the values derived for Z by means of Ruther- 
ford’s scatter formula agree with those given by the Periodic 
Table. From this it is clear that Rutherford’s theory of 
atomic structure is upheld. It is further possible to show ^ 
from the scattering measurements that the inverse square law 
of repulsion between the nucleus and a-particle must hold up ‘ 
to a distance of approach of the order of 10-^2 (3333,3^ This 
proves that the nucleus is minute in comparison with the 
atomic diameter which is of the order of 10~8 cms. 


Some general properties of a-partieles 

All the three radiations, a, and y, are ^ able to induce 
physical and chemical changes in a number of materials. 
Glasses, crystals, and many minerals are changed in colour 
when subjected to irradiation by any of these rays, some being 
very sensitive indeed. Glass and quartz become brittle and 
mica sheets discolour and even bend if intense a-radiation is 
employed. The a-particles are able to decompose water and 
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can produce a number of chemioal. changes. I^elaterl to the 
chemical activity are the well known physiological effects. 
These are largely due, however, to the and y-rayn, since 
aymrticles are completely absorbed near the surface of the 
body. The penetrating y-radiation is able to destroy body 
cells, attacking the iiialignant cells mo:re easily than the normal 
For this reason a considerable degree of success has been 
reached in the destruction of malignant tumours byd;he local 
application of tubes containing radium or radon. 

The fact that a-rays are able to turn mica brown lias 
produced an interesting natural phenomenon. Geological 
specimens of mica are occasionally found, to exhibit small dis- 
coloured areas, circular in section. Since they show the 
optical phenomena of pleochroism when examined with 
polarised light, they are called ‘‘ pleochroie haloes.'' It can 
be demonstrated that a small speck of radioactive impurity 
causes the halo. A centre dark patch is produced by the 
a-particles from radium, its radius corresponding to the range 
of these particular particles in mica. A second dark ring is 
formed by the a-particles given off by the radium A naturaUy 
present, whilst a third outer dark band forms, due to the 
longer range radium C' a-particles. The degree of darkening 
at any point in the range depends upon the amount of ionisa- 
tion produced. We know from Bragg's experiments that this 
rises rapidly to a maximum near the end of the range, a fact 
which explains why distinct rings are formed and not con- 
tinuous discs. 

i It can be shown that a mica halo can be produced with as 
‘"ifttle as 5x10“^® gms. of uranium as the central exciting 
material. Such a quantity of uranium emits only one a- 
particle every 10 hours. The observed haloes are due to the 
accumulated integrated effect over immense periods ■ of time, 
Joiy has compared the coloration intensities found in nature 
with those prodhced by a known very large number of a- 
particles given off by a strong source. He was able to prove 
that several hundred millions of years are needed for the 
production of natural haloes.. This time estimate has proved 
to be of great value to geologists and geophysicists. 

Haloes occur in many materials other than mica. Some 
samples of blue fluospar have been found exhibiting seven 
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ringed Jaaloes, each ring arising from an a-particle .group witii 
a distinct velocity. Artificial haloes can be produced in glass 
or upon photographic plates and are similar to those occurring 
naturally. 

Another striking property of a-rays is that they are able to 
excite luminous effects by impacting upon bodies. The 
scintillations already mentioned are but a particular applica- 
tion of this property. Quite a large number of minerals and 
salts glow under a-ray bombardment. This has been utilised 
in industry, luminous paints being manufactured by mixing 
zinc sulphide with a small quantity of a radioactive body. It 
can be shown that bombarded solids not only emit light, but 
also send out weak X-rays. A phenomenon related to the 
production of scintillations is the fact that a mass of radium 
viewed in the dark is seen to glow. If the radium is in air 
spectroscopic examination shows that the glow consists of the 
spectrum of nitrogen. It is only due to the optical excitation 
by the impact of the radiations on the gas surrounding the 
radium. 
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CHAPTER 15 


THE p«SAYS 

Although the identity of the jS-rays giTen off by radioaetiYe 
materials was estabhshed at an early stage in the development 
of the subject, their complexity made an analytical, study very 
difficult. The Curies were the first to show that some of the 
radioactive substances emit negative ions which are much 
more penetrating than the a-particles. These are the jS-rays 
which Becquerel found easy to deflect in. a magnetic field. 
This magnetic deflection proved that the rays consist of 
charged particles. In BeequereFs experiment the rays were 
allowed to emerge from a slit and after being deflected into 
circles by a magnetic field fell upon a photographic plate 
which they blackened. The plate showed, instead of a sharp 
image of the slit, a broad diffuse band. If the particles are 
assumed all to have the same mass and charge this broadening 
can be readily explained by assuming that the beam consists 
of a mixture of particles with different velocities. As a result 
of this the slower moving particles are more easily deflected 
than the faster (radius of curvature of deflection R:s=mt?/H6), 
hence a whole band is covered by the particles. 

The nature of the charge carried by the j8-ray particles was 
demonstrated in a simple manner.by allowing the radiation to 
impinge upon a thick lead plate connected to an electroscope. 
The particles wdk’e absorbed by the plate and gave up their, 
charges, which proved to be negative. In order to avoid any 
secondary effects produced by the total radiations given off 
by the radioactive material, the experiment was conducted in 
a high vacuum. The particles appeared indeed to behave like 
fast cathode-ray particles, that is, like high-speed electrons, and 
this identity was definitely established when it was shown that 
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■the value of ejm, for the ^-paxtioles was the same a.s that for 
the ele'Ctrons. 

DeterittiaatioE of for the p-ray partieles 

Approximate measurements for e[m for the j8-particles were 
made by Becquerel, but it was Kaufmann who first obtained 
an eractTalue and proYed the identity of the electron with the 
^-particle. Kaufmann’s experimental arrangement is shown 
in 'Fig. 15. L A small piece of radium is placed in a highly 
evacuated vessel at the point C and the radiations from.' this 
are allowed to pass between the parallel plates P|, ' The 



plates are 0*15 cm. apart and are maintained at a potential 
difference of 6,750 volts. The rays pass through a hole in D 
a diaphragm, and then strike a photographic plate at E. The: 
■^-radiations are undeflected- by the electric field and as the 
deflection ' produced' on the a-rays is very spiall indeed with^ 
;the field employed, these radiations result in an undeflected 
zero spot upon the photographic plate. The effect ' of the field 
upon the j8-particles is to deflect them to the right. The whole 
apparatus is maintained in a uniforin magnetic 'field NS 'which 
is so arranged as to deflect the j8-particles in a direction at 
right angles to that produced by the electrostatic field, ix. in 
a direction perpendicular to the plane of the paper. The 
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eieetrostetic ig proportional to, Xe/m?'- arici the 
Kiagnetic, cleiectlon to We jmv where X, M, e, m, v have. the 
usual nieanings. These two deflections are at rig.ht angles to 
each other, and if v varies continuously a parabolic curve. will 
result on the , photographic plate. ' By measuring tlie^' eo-.. 
ordinates for any point on the curve both e/m and v can be 
calculated, exactly as in Thomson’s deterniinatlon of E/M for 
positive rays. 

Kaufmann .found that the j3-particles given off by the 
source he employed had very high velocities, varying from. 



2*83x10^® ems./sec. to 2-36x10*^ cms./sec. These velocities 
are of the same order as the velocity of light. Exact measure- 
ment proved that the deflection curve was not a true paraboki 
but of the shape shown in Fig. 15.2. For the purpose of exact 
measurement it is conve,nient to reverse the magnetic fie,ld in 
order to obtain Ihe symmetrical pattern shown. The observed 
points are plotted upon the dotted line, the continuous line 
indicating the true parabola. The faster moving particles are 
those nearest the origin, being the least deflected by the fields, 
and the deviations from the parabola show that e[m is not 
constant but diminishes as v increases... This had been pre- 
dicted by Lorentz from the following considerations. 
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A charge may be regarded as reachmg oat tubes of force 
into space, the tubes having energy associated with theriT 
In order therefore to set a charge and its attendant tubes in 
motion work must be done upon it. The charge has, there- 
fore, an apparent inertial mass, called the electromagnetic 
mass. The equivalent mass of the tubes can be calculated in, 
a simple manner since the moving charge produces a known 
magnetic ^eld and the electromagnetic energy per cubic centi- 
metre in a field H is known to be where p is the 

permeability. The calculation shows that the. total electro- 
magnetic energy in space associated with a- moving spherical 
charge is where is the magnetic permeability (equal 

to unity if the charge moves in a vacuum), e the charge, v the 
velocity, and a the radius. This then is equal to Mvy2 where 
M is the effective electromagnetic mass, which, it will be seen, 
equals 2e^l3a {fi taken to be 1). This mass, being inversely 
proportional to the radius, becomes important when the latter 
is small. 

However, this calculation of the electromagnetic mass is only 
valid providing the velocity of the charged particle is small com- 
pared with the vdocity of propagation of electromagnetic waves ^ 
that is, with the velocity of light. Heaviside pointed out that 
as the velocity becomes great the tubes of force, as it were, 
crowd together and tend to set themselves at right angles to 
the line of motion. Lorentz showed that, in effect, a con- 
traction of length takes place in the direction of motion. As a 
result of this the mass m^ at zero velocity is increased to 
where v is the velocity of the charged particle 
and c the velocity of light. The electromagnetic mass of a 
charged particle thus increases with the velocity, but the effect 
only becomes noticeable when v is very large and indeed of 
the same order as the velocity of light, otherwise the factor 
{l—v^jc^) is indistinguishable from unity: If the mass of the 
particle is entirely electromagnetic in origin it will increase in 
accordance with the Lorentz formula. It will be seen from 
Fig. 15.2 that Kaufmann’s results show that the mass of the 
^-particle increases with velocity, but the accuracy of the 
measurements was not great enough to prove whether the 
Lorentz formula was obeyed or not. 


THE ^-BAYS 2S3 

Increase of ^-particle mass with velocity 
In order to examine the variation of mass with velocity 
more precise measurements were made by Bucherer whose 
experimental method is shown in Fig. 15.3a. The source of 
jS-particles, radium fluoride, was placed at A, the centre of a 
parallel plate condenser. The condenser plates P], Pj, 8 cms. 
in diameter and 0-2o mm. apart, were maintained^at a high 
potential difference. This circular condenser was suiTounded 
by a coaxial cylindrical photographic film and the whole placed 
in a uniform magnetic field arranged so that the lines of force 
were parallel to the condenser plates. A jS-particle will only 
succeed in escaping from between the plates Pi, Pa when the 
magnetic and electric forces acting upon it are equal and 
opposite, since under any other field conditions it will be 
deflected to one or other of the plates. The ^-particles being 



Fig. 15.30 


emitted along all the radii of the plates, can emerge at different 
angles to the magnetic lines of force, particles with different 
velocity succeeding in escaping in each direction. Consider a 
particle wth velocity v moving along a radius at an angle Q 
to the direction of the magnetic lines of force. In order to 
escape the forces acting on it must be equal and opposite so 
that 

Xe=Het; sin i.e. «;=X/H sin 

From this it follows that only particles with the velocity o 
will emerge along the direction 6. If any particle with velocity 
other than v starts out from A in the direction 9 it will be 
deflected on to one of the plates and will not emerge- After 
leaving the plates each jS-particle is now subjected to deflection 
by the magnetic field alone and traverses a circular path of 
radius R sin 6. Thus from the deflection BC and the 

distance PiB, R can be calculated for any given value of 6. 
Since the velocity is obtained from the value of 9, ej'm can be 
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directly determined. reversing X and H a symmetrical 
pattern is obtained upon the photographic film, which, when 
opened out has the appearance shown in Fig. 15.36. Each 
pair of points gives a value for ejm for a given v. 
Measurements by this method have been carried out using 
particles with velocities up to 0*8 that of the velocity of light. 
At this speed the increase in mass to be expected from the 
Lorentz formula is 66 per cent, that of the mass at slow speeds. 
The measurements have completely verified (he law of increase 
predicted by theory. 

It may be noticed that if it be assumed that the mass of an 
electron is entirely electromagnetic, which the mass variation 
at first appears to suggest, then the formula m==:2e2/3a gives 
an estimate of the radius of the electron when it is at rest, or 



moving slowly. The value of a can be obtained by simple 
calculation from the* e/m measured for slow-moving electrons, 
and the value of e. Since 

e=4*80xlO“io e.s.u.=l*60><^10"-^ e.m.u. 
and e/m = 1*76 X 10'^ e.m.u. 

then m =9*1 X 10-28 gijjs 

Substituting these values gives 

9*1 X 10-’28=:,2(1.6x 10-20)2/3^ 

giving a=l*87 X 10-13 CHis. 

This value is only an estimate but is proved by other work to 
be of the correct order. 

In deducing this value for the electronic radius it has been 
assumed that the mass is enjfireZy electromagnetic. The fact 
that the mass variation obeys Loren tz’s formula was at first 
taken to confirm this. However, it cjan be shown fi*om 
Kinstein's Special Theory of Relativity that all moving mass, 
whatever its nature, dbe^js the law m==m^j{l—v-lc-)} A 


■ \ . Tim j8-EA¥s ; i!55 

ittO¥mg charge is only a special case of this. .more general f seel 
kw wMeh .applies to all matter. ' Tiiis being so, there is no 
valid basis for assuming that all the electron mass is entirely 
electromagnetic in origin, because even a residual gravitational 
mass would increase at the same rate as the electrical mass. It 
follows from this that the above deduction of the electronic 
radius .is not fiece.ssarily rigid.,, and, in fact, the concept of the 
radius of the electron in .modern theory is by no ,^mea:ii.s a 
.simple one. 


The p^ray speetra 

It has already been pointed out that the ^-rays are inhomo- 
geneous, consisting of particles with different velocities. This 



lack of homogeneity is best demonstrated by the focusmg 
method of Rutherford and Robinson which is illustrated in 
Pig. 15.4. The radioactive material which is the source of 
the j8-radiation is placed upon a fine wire at S. The ^-rays 
pass through O a fairly wide slit which is in the same plane 
as a photographic plate EP and vertically above S. The 
apparatus is evacuated and placed in a magnetic field with the 
lines of force arranged perpendicular to the plane of the paper. 
Those jS-particles which have the same velocity (strictly 
speaking those which have the same momentum) are deflected 
through circular paths with the same radius and thus focus to 
an approximate point. The result is the production of a line 
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with a very sharp edge at the side nearer to P and, this can .be 
measured with great accuracy. A fc.hick block of lead acts as 
a, shield for the photographic plate, cutting of! any direct 
radiations from .S. 

By measuring OS and the distances of the focal points from 
0, the various radii of curvature can be calculated. Sihce for 
a magnetic deflection the momentum for each 

particle m>n he found. As the variation of mass with velocity 
obeys a known law, the energy of each particle can be calcu- 
lated from the value of the momentum. It is usual to describe' 
this energy in electron volt (e-volts) and not in ergs. 

The origin of the ^^ray spectra 

Owing to the high velocities encountered it was initially 
considered that the particles constituting the ^-ray spectra 
w'ere electron groups sent out from the nucleus during a dis- 
integration. This was, however, disproved by Rutherford, 
Robinson, and Rawlinson. It was known at the time that 
y-rays can eject very high speed secondary electrons from 
atoms when they are absorbed. It was suspected that this 
might be a possible cause of the observed ^-ray spectra. The 
apparatus used to test this point was the same as that shown 
in Fig. 15.4, but the fine wire source S was replaced by a 
radon tube around which could be wrapped various thin metal 
foils. The y-rays emitted by the source ejected secondary 
^-rays in theii* passage through the foils. The foil thicknesses 
were sufficient to stop most of the primary electrons and to 
straggle out the remainder. No definite lines due to the 
primary rays could appear on the plate. In spite of this a 
definite line spectrum was obtained. This could only have 
arisen from secondary electrons ejected from the foil by the 
y-rays, suggesting that the ^-ray line spectra themselves have 
a secondary origin. 

Intensity measurements of the natural ^-ray spectra were 
thereupon undertaken by Chadwick and it became apparent 
that the line spectrum only constituted a small fraction of the 
total jS-ray emission. The main emission was in fact not in the 
form of lines, but was a continuum which could be identified as 
being the true nuclear disintegration radiation by counting the 
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aiimber' of particles giireR off from a known iiuiiiber of dis- 
integrating atoms. Kiitlierford suggested that when a radio- 
active nucleus emits y-rays par// of this radiation is absorbed 
by the outer electrons of the same 'atom, and as a result of 
this the secondary electrons are ejected. This proems of 
internal conversion w^as subjected to direct test and proved to 
be correct. Ra B emits a y-ray spectrum which is marked by 
three very strong lines, amongst others. When these are 
allo^ved to excite secondary ^-particles . from metals such as 
lead or platinum, etc., a secondary jS-ray spectrum is formed 
which is similar to the natural ^-ray spectrum of Ra B, only 
somewhat diffuse. Since the most intense of the linc 3 s in the 
excited spectra must be due to electrons ejected from the K 
shells of the atoms of lead, platinum, etc., it is possible to 
determine the absorption energies for the coirespoiiding lines 
of the natural spectrum by comparing the ^-particle energies. 
These absorption energies proved to be the K absorption 
energy of the radioactive atom, so it was proved that y-rays 
from a radioactive nucleus can be absorbed in the K shell of 
the same atom and thus liberate a secondary electron. Further, 
weaker lines due to quantum conversion in the L, M„ N, . . . 
shells must also occur. This therefore accounts for the com- 
plexity of the observed j3-ray spectra. 

When a y-ray is absorbed an amount of energy equal to the 
characteristic absorption of the state in question (K, L, M, 
. , . ) is abstracted in order to eject the ^-particle and the 
remaining surplus energy reappears as the energy of the 
particle. Thus the energy of the jS-particle plus the known 
absorption energy for th6 characteristic state involved give the 
energy of the y-ray.. It has been possible to identify the shells 
from which the electrons are ejected in a very large number 
of the natural jS-ray spectra which, occur. . 

One point, however, has been left out in the above 
discussion. It is as folio WvS. The K absorption energy effec- 
tive ill the internal conversion of any y-ray is not that for the 
element from which the disintegration .particles are emitted. 
The y-ray is emitted after the disintegration particle and the 
nuefoar charge, and hence the K absorption energy, has changed 
correspondingly (see p. 269). 
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The disintegration electrons 

Although individual sharp lines appeared at first to be the 
most obvious characteristic of the ^-ray magnetic spectrum, it 
was shown by Chadwick from an examination of the intensity 
distribution in the spectrum, that the whole region is covered 
by a diffuse continuous background, the integrated intensity 
of which is far in excess of that of the sum total of the indi- 
vidual linbs. The method employed was an adaptation of the 
focus method already described, only instead of a photographic 
plate a Geiger counter or an ionisation chamber was used in 
the manner shown in Fig. 15.5. The radon source, Q, was in 
an evacuated box and the jS-rays were deviated on to the 



counter T by a uniform magnetic field. The intensity of the 
field could be varied so that successive portions of the spectrum 
could be brought on to the counter. The movable screen B 
enabled the spectrum to be cut off so that the stray radiation 
effects could be separately determined and" corrected for. 

The result obtained in this experiment is shown in Fig. 15.6, 
from which it will be seen that the ^S-ray emission constitutes 
an extensive continuum upon which a few sharp lines are 
superposed. The sum total intensity of these briPH is but a 
few per cent, of the total emission. All j8-ray continuous 
emission spectra are found to be similar in their general shape 
and are characterised by a maximum and a definite sharp 
upper limit, the positions of which vary with different atoms. 

In order to decide as to the origin of the respective line and 
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ijotifciimous Bpectm it is necessary to measure the total number 
of ^-particles emitted. From the changes produced in atomic 
.iiiiinber .by radioactive transformations it is known 
^-ray. disintegration each active atom gives off only one 
^-particle. Thus from a known quantity of active material ^ 
for which the rate of transformation has been determined, the 
number of j8-particles given off per second can be calculated* 
If the j8-radiatioii contains more particles than this* it can be 



Fig. Lj\6 

safely assumed that the excess is due to secondary je-partic^ies 
excited by any of the radiations given off. 

A reliable method, free from - errors due to secondary 
electrons has been devised by Gurney for carrying out this 
measurement. *The experimental arrangement is similar to 
that in Fig. 15.5, only the counter is replaced by a Faraday 
(\ylinder. The field is altered and the whole: spectrum explored . 
Gurney found that each disintegrating Ra B atom emits 
approximately 1*25 electrons and each Ra C atom approxi- 
mately T05 electrons. Theoretically - one. expects an emission 
of one electron per atom so that the exc^s must be attributed 
to the secondary electrons liberated by the y-rays. In order 
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to test this jjoint Eraeleus made a count for the emission from 
Ra E which has no y-radiation. Both the a- and ^-rays 
emitted by a source of Ra(E+P) were allowed to fall upon a 
sensitive counter and the number of particles was determined. 
The S-rays were then deflected by a magnetic field and thus 
the contribution made by the a-particles was found separately. 
The numbers of a- and )8-emitting atoms present at any time 
were known in terras of the disintegration constants of the two 
bodies. The result found was 1-1 ±0-1 ;8-particles emitted per 
atom of Ra E. 

The p-ray continuum and the neutrino 

The evidence obtained from the study of distinct a-particle 
groups and that to be given later obtained from y-ray studies, 
shows that in the nucleus excited quantum levels exist. It 
has been found difficult to reconcile this with the fact that the 
disintegration electrons form a continuum. A difficulty 
arising in connection with l3-ray emission concerns the question 
of the conservation of angular momentum. Every atomic 
nucleus has an angular momentum associated with it (the 
nuclear spin) which is a half integral value of Tif^v when the 
atomic weight is odd and a whole integral value (or zero) when 
the atomic weight is even. The )3-particle, like all electrons, 
has a spin of (1/2) . hj2^ but when it leaves, say, an odd atomic 
weight nucleus, the remaining nucleus retains a half integral 
spin since its atomic weight remains odd. Obviously this 
destroys the conservation of angular momentum since a half 
cannot be taken from a half integral value and leave a half 
integral remainder. The same is true if the parent atom has 
an integral spin. 

It can be shown that the very existence of the continuum, 
without a further hypothesis, implies that the conservation of 
energy is not maintained. Both these difficulties, that of 
conservation of energy and of angular momentum, have been 
accounted for by Pauli’s postulation of a new particle, the 
neutrino. The conception of the neutrino has been developed 
in the following manner by Fermi. This particle is assumed 
to have zero mass, to be uncharged, and to have a spin of 
{Ij2).hj2n. The emission of a ^-particle is considered to be a 
double act, accompanied by a simultaneous emission of a 
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Be'iitriiio. The slim of the energies of the two particles in 
quantised and should indeed exhibit a fine structure similar to 
that of the a-particles. Since the theory postulates that the 
neutrino has no charge and zero mass (or extremely small maas 
compared with an electron) we have no means at present' for 
detecting it* When the neutrino is emitted with zero energy 
the ^-particle energy has a maximu'm value corresponding with 
the sharp end of the continuum. Theory shows Hhat it is 
possible to deduce an estimate of the mass of the neutrino 
from the position of the maximum in the p-my contininim and 
also from the shape of the end of the curve near the sharp 
limit. The -application of this theory to the observed curves 
strongly suggest a zero rest mass for the neutrino. 

The postulate that the neutrino and the j8-particle both have 
a spin of (1/2).A/27 t leads to the retention of conservation of the 
angular momentum. It is well to realise that the existence of 
the particle is at present only hypothetical and that it has in 
fact been introduced to maintain the conservation laws, Chad- 
wick and Lee, in an attempt to detect the neutrino, showed 
that it certainly forms less than one pair of ions in 150 kilo- 
metres of air at N.T.P., a fact which indicates the difficulty 
encountered in attempting to detect the particle. 

The seattering of p-rays 

Owing to the inhomogeneity of the jS-radiatioos, the inter- 
pretation of scatter experiments, so finiitful in the case of 
a-particles, has proved to be difficult. In order to apply 
theoretical considerations it is necessary first to obtain a 
‘' monochromatic ’’ beam of the rays by means of a preliminary 
sorting out with a magnet. This process at the same time 
deviates the rays away from undesirable a- and y-radiations. 
As the angle through which a pa^rticle is scattered is inversely 
proportional to^the square of its energy, j8-rays, being so much 
less energetic, are scattered much more than a-ray particles. 
This means that the effective 'atomic scattering cross-section is 
relatively great, so that any observed scattering may be due 
to more than one atomic encounter. Furthermore, as the 
particles change their m^ss with change in velocity, complica- 
tions arise in calculating effects to be expected. 
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The first reliable scatter experiments were carried out by 
Crowther. The j8-rays fi’om the source were first separated 
out by a magnetic field and a nearly homogeneous beam passed 
through a hole on to the absorbing screen which produced a 
scattered cone from the initial parallel beam. The particles 
were allowed to pass through a very thin screen and then into 
an isolated ionisation chamber where the current they pro- 
fiuced was measured. Various circular stops were introduced 
in the beam, enabling the number of particles scattered between 
known angles to be determined. In order to avoid secondary 
electron effects, the whole apparatus was enclosed in an 
evacuated chamber. Crowther’s results can only be inter- 
preted if multiple scattering be assumed to take place, a fact 
that can be easily verified by the cloud chamber. 

For single scatter to hold with a foil of given thickness, 
theory shows that a certain angle of scattering must be ex- 
ceeded. This condition has been achieved by Chadwick and 
Mereier using a modification of Chadwick’s method of studying 
a-particie scattering. The results found for the heavy elements 
agree with those predicted by theory. In the light elements 
the outer orbital electrons as well as the nucleus contribute to 
^-particle scattering. Abrupt changes in direction in the 
observed cloud tracks of yS-particles, sometimes through more 
than a right angle, are direct cases of single scattering. 


The absorption of p-ray particles by matter 

Owing to the fact that the j8-particles are .scattered with 
ease, both the theoretical and experimental treatment of 
absorption are difficult. The ranges of the particles are large 
(about 100 times those of a-particlea) and the straggle effects 
are great. The scattering effect is so large that with gold 
foils, for instance, as much as 50 per cent, of a ^-ray beam is 
diffusely reflected by multiple scattering. Experiments on 
absoiption have been carried out with an apparatus similar to 
that in Fig. 15.4, the source being wrapped in different thick- 
nesses of the absorbing material. The curves found when the 
rays from a given source are absorbed respectively by paper, 
aluminium, tin, and platinum, etc., are similar in .shape and 
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differences can. be attributed to the different scatter effects 
which increase with the atomic weight. The end point in 
each curve is a measure of the ^-particle range. This range is- 
found to, increase rap,idly with the speed of the particles. ■ 

When the equivalent ra,Ege8 of ^-particles with ditfereiit 
velocities (expressed in terms of mass per square centimetre) 
are determined -in different, absorbing media, they are found to , 
fall upon a single smooth curve. From this it can be'coiicluded 
that, to a first approximation, the particle range is Independe,nt 
of the nature of the absorber. This is only p.artially true how- 
ever. The absorption of the slower moving j3-pa:rticles can be 
studied from the lengths of the tracks in a cloud .chamber. 

Reiuctioii’ of p-particle velocities by matter 

The reduction in j8-ray velocity produced by the passage of 
the particles through matter can be measured by the magnetic 
focus method. A single spectrum line can be Isolated and the 
velocities of the particles constituting this line determined 
before and after absorption by measuring the radius of curva- 
ture in the magnetic field used to isolate the line. It is found 
that a fairly monochromatic line not only displaces (reduc- 
tion in velocity) when the particles pass through an absorbing 
foil, but also broadens. For the purpose of measurement 
the photographic spectrum method of Fig. 15.4 is employed, 
the source being an activated wire bare for half its length and 
wrapped with foil on the other half. Two spectra are obtained, 
a displaced spectrum and a comparison spectrum, enabling the 
reduction in velocity for all the lines to be- determined with 
one photograph. If the observed decreases are plotted against 
the weight per square centimetre of the absorbing material, 
smooth curves which approximate to straight lines are obtained. 

The ionising power of the (3-particIes 

The ionisation per particle can be dii^ectly measured by 
estimating the number of individual droplets (eaeix formed 
rotmd a single ion) in the cloud track of a j8-partiele. Such 
measurements show that in different gases the specific ionisa- 
tion is approxinaately proportional to the number of electrons 
in the gas molecule, being, for instance, eight times as great in 
oxygen as in hydrogen. Below a critical velocity, as may be 
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expected, the ^-particles fail to ionise altogether, but above 
this the ionisation rapidly increases' to & ■ maximum value. 
After reaching the maximum, the degree of ionisation Jails 
with increasing speed to a comtant value. The maximum 
ionisation occurs at an energy of about 1,000 c-volts, more 
than 1,000 ions being formed per centimetre in air at N.T.P. 
Very high speed ^-particles produce only about fifty ions per 
centimetre under the same conditions. 


BEFEEENCE 

“ Eadiations from Eadxoactive Substances.’’ E. Eutherford, J. Cliadwiclr 
and C. D. Ellis. (1930.) 
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THE y-RAYS 

The Y-rays 

The y-radiations were discovered some time after the 
existence of the a- and j8-rays had been established. The 
striking property they exhibit is their great power of pene- 
trating even dense matter. The corresponding ionisation 
effects are relatively small, although the rays were first dis- 
covered by their ionisation properties. It was noticed that 
even a 30-cm. shield of iron failed to screen away some of the 
radiations from radioactive bodies. This penetrating radia- 
tion could not be deflected by the strongest available magnetic 
field, suggesting that it did not consist of charged particles. 
The radiation behaved like X-rays of extremely short -wave- 
length. The high degree of penetration indicated that the 
wavelength was much smaller than that of even the hardest 
known X-rays, These y-rays were found to blacken a photo- 
graphic plate, and if sufficiently intense to induce phosphor- 
escence on a fluorescent screen. 

Wavelengths of the y-W® 

If the y-rays are very short electromagnetic waves, it should 
be possible to measure their wavelengths by the use/>f a 
crystal as a diffraction . grating precisely as has been done 
with X-rays. Rutherford and Andrade were the first to apply 
this method, using the simple and effective arrangement 
shown in Pig. 16.1. In these experiments a difiieulty arises 
owing to the glancing angle being only of the order of a few 
degrees because of the extremely short wavelength. In 
Pig. 16. 1, A is the source of y-radiation and BC a large crystal 
of rock salt. At DE a photographic plate is set up. The rays 
from A strike BC at all angles of incidence, but for certain 
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angles reinforcement will take place, as in the case of the 
X-ray crystal method. ■ These regions of reinforcemenit, which 
effectively constitute spectrum lines, will appear as blackenings 
upon the photographic plate. From the positions of the lines 
and the known spacings of the atomic layers in the rock-salt 
crystal, the wavelengths of the y-rays can be calculated. If 
the radiations are not homogeneous each wavelength' auto- 
matically selects out the correct angle for reflection. 

Later workers liaYe adapted the standard X-ray oscillating 
crystal method to y-ray measurements. The radiations from 
a strong source are passed between a pair' of plates about 
50 cms. long. The plates are maintained at a potential differ- 
ence of several hundred volts so that any ^-rays 'given off by 



the source will be- deviated away . When a strong y-ray source 
is employed the distance between it and the photographic plate 
can be increased to about 150 cms., enabling a higher dispersion 
to be attained. A large rock-salt crystal is slowly oscillated 
(2*^ in 24 hours). Some sources have more than 40 lines in 
the emitted y-radiation. The observed wavelengths vary 
widely, those from . Ea B and ,Ra C extending from 1,323 to 
16 X.U. (The X.U. or X unit, is one-thousandth part of an 
iingstrOm, that is, cms.) 

There are four distinct methods by which the y-radiations 
can be studied in general, namely, crystal reflection, absorp- 
tion, excited secondary electron spectra and natural jS-ray, 
spectra. The csystal reflection method has only a very limited 
application since, it- requires very strong sources. The absorp- 
tion method gives very little information about wavelengths. 
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In the excited electron method, the y-rays are allowed to fall 
upon a sheet of metal and the velocities of the ejected electrons 
measured, from which the wavelengths of the exciting y- 
radiations can be calculated. This method also requires 
strong sources. As the natural /3-ray spectra of radioactive 
bodies arise from the conversion of y-radiation, an analysis of 
the ^-ray spectrum enables the y-ray wavelengths to be 
deduced. This method has a wide general application. The 
energy of a p-ray line is first determined, and then the line is 
identified with a given electron level of the atom. The. known 
absorption energy for this level is then added to the observed 
energy of the ;8-particle coming from the level, and this gives 
the energy of the exciting y-radiation {hv). 

The absorption and scattering of y-radiations 

The reduction in intensity which is produced when a beam 
of y-rays passes through matter is partly caused by scatter 
and partly by absorption. The true absorption will obey a 
logarithmic law if the radiation is monochromatic. Then 
the intensity, after passing through a thickness of material x, 
will become E=Eoai:p( — fix), yu being defined as the absorp- 
tion coeffibient. Most y-radiations are heterogeneous, but if 
increasing thicknesses of absorbing material are placed before 
a source, a stage is reached at which the softer rays are all cut 
out, only the hardest ray remaining. This is monochromatie, 
experiments showing that it exhibits true exponential absorp- 
tion. This can be extrapolated back to zero and by subtraction 
^ the exponential of the next hardest component can be obtained. 
This process can be repeated in a manner similar to that used 
by Bragg in separating the effects due to a-particle ionisation 
in a complex case. By this means a series of absorption 
coefficients for the individual components of a complex y- 
radiation can be calculated, but the method is clearly not very 
reliable, the effective resolving power being low. This process 
has, however, revealed the fact that the total y-tadiation con- 
sists of hard, medium, and soft y-rays given off by the nucleus, 
together with some characteristic X-rays of the outer electronic 
system of the radioactive atom. These eharacteristio X-rays 
arise from the interaction of the nuclear y-rays and the 
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eleetroiiie system' of the atom through which they pass after 
leaving the iinclens., 

'When y-rays are scattered by electrons, part of the scattered 
radiation suffers a wavelength change in accordance with the 
Compton effect. This complicates the investigations. Many 
theoretical attempts have been made to deduce a law of 
scattering, that of Klein and Nishina being most generally 
applicable-. All the proposed theories assume that each 
electron in an atom has the same scattering effect, so that a 
scatter coefficient per electron is calculated* The scattering 
for the whole atom is taken to be Z times this, Z being the 
atomic number. 

The determination of absolute values of absorption coeffi- 
cients is difficult, due in part to the non-monochromatic nature 
of the radiations and in part to the fact that the actual 
ionisation depends not only upon the intensity but upon the 
wavelength too. Observation proves that the reduction pro- 
duced in intensity by the passage of the rays through the light 
elements is almost entirely due to scatter, true photoelectric 
absorption of a y-ray quantum being very infrequent. For 
the heavy atoms the photoelectric absorption per electron can 
be measured by subtracting the scattering for each electron 
{as determined with the light elements) from the total observed 
reduction in intensity. 

Experiments on the direction of the scattered radiations 
show that the scattering predominates in the forward direction. 
Further, in accordance with the Compton effect laws, the 
greater the scatter angle the softer is the scattered radiation . 

The y-rays are not only spontaneously produced by the 
radioactive bodies but can also be excited by impact. When 
strike atoms, a continuous y-radiation Is emitted, the 
amount increasing with the atomic weight of the target* 
a-particles are also able to excite y-rays by nuclear collision. 

The energy given out in the form of y-rays iii the radioactive 
transformations of radon and its short-lived products is only 
about 7 per cent, of the total energy involved. This was 
proved by Rutherford and Robinson who measured the heat 
produced by the absorption of the a- and j8-rays, by means of 
a tkin~walled calorimeter which, being practically transparent 
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to the y-radiatioHs, allowed these to pass out. The heat 
measurements were then repeated with a tUck-wBlled calorh 
meter which absorbed a knowm fraction of the y-rays. 


The aet of emission of Y-rays ' 

The y-rays are usually emitted by those atoms which also 
exhibit ^-ray disintegration and it is important to determine 
whether the act of emission of the y-radiation occurs fte/orc or 
after the disintegration electron has left the nucleus. One method 
of deciding this is as follows. In a jS-ray spectrum two groups 
of lines are identified as arising, say, from the K and the L 
levels of the outer electrons. The difference of the energies of 
these lines is the difference between the absorption energies of 
the K and L levels. However, this difference between K and 
L absorption energies can be determined for any atom from 
the X-ray spectrum, which shows that the K — L difference is 
not th.% same for the parent atom and the atom produced by 
disintegration. Measurements on the jS-ray spectrum show 
that the y-ray (which produces the jff-ray spectrum by con- 
version) is only emitted after the parent nucleus has changed, 
i.e. after the disintegration electron has been sent out. 

A different method of investigation which leads to the same 
result is afforded by the study of the secondary X-rays which 
accompany a disintegration according to the following 
mechanism. The jS-ray line spectrum is produced by the 
ejection of outer electrons because of the internal conversion 
of the y-rays in the K, L, M, . . . states. It follows that an 
electron can fall back into one of these empty states after the 
jS-particle has left, and in doing so a line of the characteristic 
X-ray spectrum is emitted. If the wavelength of this line is 
measured, the atomic number of the emitting atom can be 
determined. Rutherford and Wooster applied this method to 
the H lines of the X-ray spectrum of Ra B, . using the crystal 
method for the wavelength determination, and found that the 
atomic number to which the lines correspond was 83. Since 
Ra B disintegrates from an atom of atomic number 82 to one 
of atomic number 83 it was proved that the y-ray was emitted 
after the disintegration. 
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Tlie fact that the y-rays are given oif after the disintegration 
electron has been ejected implies that the loss of the electron 
has left the remaining nucleus in an excited state with a 
surplus of energy above that required for equilibrium. After 
a very short, but finite, interval, the nucleus J’eturns to a more 
stable condition and in doing so emits its surplus of energy in 
the form of a quantum of y-radiation. Ellis first suggested 
that the different frequencies in the y-radiation given off by a 
radioactive material can be accounted for on the supposition 
of a number of excited energy levels in the nucleus. 

Nuclear energy levels 

The first key to the study of nuclear excitation levels lay in 
the simple additive relationships found in the measured 
frequencies of the y-rays emitted by some of the radioactive 
bodies. These relationships imply the existence of transi- 
tions between excited levels within the nucleus, a fact which 
can also be deduced from the fine structures which have 
been observed in the a-partides. Th C" affords an excellent 
example of the types of excitation levels met with. The 
disintegration of Th B results in Th C which then emits 
an a-particle leaving behind Th 0", which has a y activity. 
The a-particles given off by Th C exhibit a fine structure, aiid 
on the b^is of this, together with the additive relationships 
existing in the Th C" y-ray frequencies, a group of nuclear 
excitation levels can be built up. 

The excitation levels deduced for ThC" are shown in 
Fig. 16. 2. The levels, and their energy values, are shown by 
the horizontal lines, the vertical lines representing the y-ray 
transitions between them. A transition takes place when the 
nucleus readjusts itself from one excited state to another (the 
normal state being included amongst these). It is evident 
that a number of numerical relationships will oocur, such as, for 
instance, the energy difference between the lines A— B equals 
that between C— D and between E— E, whilst that between 
C— E equals that between D—E, etc. This arrangement of 
levels is analogous to the term schemes found in optical and 
X-ray s^ctra. It has been found possible to link up the 
observations with theoretical deductions concerning the spins 
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of the nuclei, and it can be shown that the spins associated 
with the respective excitation levels, introduce a selection rale. 
As a result of this only certain transitions are allowed, as will 
be gathered from the diagram of the Th C" levels. 

It will be seen that the ten observed y-ray energies require 
only "six excitation levels in order to be fitted into a term 
scheme. These same levels successfully explain the fine 
structure of the associated a-particles also. Ellis has shown 
that the fifty -eight observed y-rays of Ra C' can be accounted 
for as transitions between twenty-four excitation levels. In all 
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cases the excitation levels within the nucleus are quantised 
states, and the reversion of the nucleus back to the normal state 
with the accompanying radiation of a y-ray quantum, is analo- 
gous to the emission of an optical or X-ray spectrum line by an 
excited atom. The existence of these nuclear levels has an 
obvious important bearing upon theories of nuclear structure. 

General effects of a |3-partiele disintegration 
The secondary effects which occur when a jS-particle is 
emitted from a nucleus and this is followed by y-radiation can 
now be summarised. In general the nuclear yS-particles leave 
in the form of a continuum, that is, they have varying velocities. 
This fact has been accounted for by assuming tine existence of 
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the yieutrino. The nucleus when it is left in an unstable con- 
dition after the departure of the ;S-particle, reverts back to 
a more stable state, the surplus energy being radiated as a 
y-ray. This it may do in a number of ways and it follows 
that the total y-ray emission from a large group of atoms is 
not monochromatic, but consists of a number of distinct wave- 
lengths related to the excitation energies. 

Some df the y-rays, in their passage through the outer 
electron system of the atom which has radiated them, eject 
high-speed electrons from the K, L, M, etc., shells and these 
constitute the electrons giving rise to the ^-ray line spectrum. 
As the y-rays have each a definite energy, and as a fixed 
amount of energy (the absorption energy) is required to 
liberate each K, L, M, etc., electron, the energy of each 
secondary electron is definite, being the difference between 
that of the incident y-ray and that of absorption. It is this 
fact which results in a definite line spectrum and not a 
continuum. The atom having emitted an electron (or perhaps 
a number of electrons) from the K, L, M, etc., shells is now in 
a state enabling it to radiate a line of its characteristic X-ray 
spectrum. A further minor complication can arise from the 
possible internal conversion of this characteristic X-ray 
spectrum within the atom, the result being the production of 
a weak secondary ^-ray line spectrum, the energies of which 
are considerably lower than those due to the primary y-rays. 

BEFEEENCE 

*' E. Eutherford. J. Chadwick 


CHAPTER 17 


, COSMIC KADIATION : THE POSITRON AND THE 

MESON 

Historical 

. The study of cosmic radiation has proved to be of immense 
scientific interest and importance, having added considerably 
to our knowledge of atomic nuclear structure and being instru- 
mental in the discovery of two new particles, fundamental in 
the same sense as electrons, neutrons, and protons. The 
origin of the study of this form of radiation goes back to early 
observations made in 1900 by Elster and Geitel and by Wilson 
upon the residual leaks of electroscopes. These investigators 
noticed that electroscopes always exhibit a small residual leak, 
no matter how excellent the insulation might be» The amount 
of leak was considerably reduced when the electroscopes were 
shielded with metal plates, proving that the larger portion of 
the leak is due to some sort of external radiation. Experi- 
ments carried out over deep lakes showed that most of this 
external radiation came from radioactive impurities in the 
earth. 

These early investigations remained undeveloped until 1911, 
when Hess pointed out that the leak-producing radiation 
should diminish considerably on taking an electroscope to a 
great height in a balloon if all the radiation came from the earth. 
To test this crucial point he took ionisation chambers to a 
height of 5,000 metres in balloons. As expected, the ionisation 
at first, began to decrease, but at 2,000 metres it reached a 
minimum in intensity and then started to increase steadily with 
height. To account for this increase it is necessary to assume 
that some form of penetrating radiation comes to the earth 
from outside. It is partially absorbed by the atmosphere and 
is thus more intense at higher altitudes. Hess further noticed 
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that the intensity of the oncoming radiation was the same 
during the day and night, and also during a solar eclipse. 
This su^ested that the sun was not the source, and as the 
radiation appeared to be coming uniformly from outer space 
it was called “ cosmic radiation.” 

The height to which a manned balloon can ascend is limited 
to about 18 Kms., even when special precautions are taken, 
hence, to. extend observations, Regener instigated and 
developed the sounding balloon method of investigation. 
Automatically recording instruments, specially designed to 
withstand shock and to be as light as possible, are sent up in 
small sounding baUoons. Quite a considerable fraction of 
these are recovered and by this means investigations have 
been earned up to a height of 30 Kms. All the observations 
prove that a steady stream of ionising radiation is pouriu<>- 
on to the earth from outer space. ^ 

The s-bsorptiou of oosmic radiation 

Many investigators have contributed to the measurement of 
the absorption of cosmic rays by the atmosphere. Representa- 
tive results are shown in Pig. 17.1 which illustrates the variation 
oi mmsation with atmospheric pressure. As at a height of 

rfr “ ^ P®" cent, that at sea level, 

n effect most of the atmosphere has been investigated The 
lom^tion reaches a maximum and then begins to faff 
^ongside with investigations of absorption carried out at 
^at experiments have also been made under relatively 

^at depths of water. Regener measured the absorption of 

chimbem £ Lak^P®'' ioweni^ strongly built io£sation 

At this depth the ionisation is so small that the chamber must 
made as sensitive as possible. The bigger thellumTof 
the chamber the greater is the chanc® of being struck bv 

camSof sfiT' ionisation chamber had a 

The observed intendty et tie bottom of Lake Conataoce i. 
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only 1 per cent, that at the surface, and about^ 10,000 times 
weaker than that at 16 Kms. above sea-level. More recently, 
Clay and, co-workers have extended the water absorption' 
measurements down to 440 metres and work in mines at 
depths equivalent to. 1, 000.,, , metres .of water, ..still, show, traces 
of radiation. The striking penetrating power of the radiation 
is evident when the degree of absorption is compared with 
that of very hard y-rays. The Th C"y-rays, with op. energy 



of 2-6 X 10^ e. v.» arc reduced to 0*5 per cent, of their initial 
intensity after passing through 1-5 metres of water, yet cosmic 
radiation, after passing through 280 metres of water, has stil 
an intensity 1 per cent, that at the surface. The penetrating 
power is so great that it is necessary to assume that some of 
the rays have energies exceeding 10^^ e.v. Other evidence 
places the energy still higher. 


, IH'TBODUCTIOH to atomic physics . 

The geopafMeal iistributioa of eosmic rays 

It was only after many expeditions had been made to 
varioiis parts of the world that the existence of variation of 

Cosmic ray intensity 'with geographical latitude was established^ 
rhe investigations of Compton and his co-workers are typical, 
illusti'ating the amount of work that has gone into unravelling 
the effect. In 1933 Compton organised ten expeditions, each 
of which -measured the radiation at a large number of places 



between the geographical latitudes 46° S. and 78° N. At each 
observation station measurements were made at heights 
between sea-level and 6,000 metres. Some of the combLd 
results from all the expeditions are shown in Pig. 17 2 Each 
of the three curves exhibits the variation of cosmic rav 
intensity with geomagnetic latitude (the latitude referred to 
the magnetic equator). The lower curve is for sea-level the 
rmddle for measurements made at a height of 2,000 metres ’ and 
the upper for 4,360 metres. At aZr altitudes the ioniskon 
remains constant &om the pole down to 49°, at which point 
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there is a, sudden drop in intensity, and the decrease continues 
to the equator. At sea-level the^ drop amounts to 12 per; cent, 
but nt higher altitudes it is- more than 40 per cent. ^ • 

In' the- expeditions Just described free 'sounding balloons 
were' employed. In addition to this, investigations in . the 
stratosphere have been made by manned balloons up to a 
■ height of 18 Kms. In this type of investigation, 'first under- 
' taken by Piccard, the observers must be encased in a. sealed 
gondola. In one flight Cosyns drifted across Europe at a height 
of 12 Kms. and found the cosmic ray intensity to remain con- 
stant down to 49® N., after which it dropped suddenly. These 
measurements confirm those made by the sounding balloons. 

Fariation of eosmic rays with time 

The absorption curve for cosmic radiation is not a simple 
exponential, implying therefore that the radiation is not of 
one t 3 qpe but mixed. It is possible, by the aid of screens of 
lead about 10 cms. thick, to cut out the softer incident rays 
leaving behind a component which is extremely penetrating 
indeed. By this means the two types of rays can be separately 
studied. Experiments extending over many years show that 
there is a small diurnal variation in the softer component, the 
intensity at midday being a few per thousand higher than 
during the rest of the day. On the other hand, the intensity 
oi %hjd penetrating component is practically constant. The 
I constancy of these rays with time strongly suggests that the 
1 radiation does not come from the sun but is arriving uniformly 
on the earth from all directions. 

The uniformity of incidence of the radiation introduces 
certain difficulties regarding its origin. At first sight it appears 
that the stars in the galactic system cannot be the source 
since the distribution of the latter is far from uniform. The 
possibility still remains that they are produced there and are 
smeared out into uniformity by stellar magnetic fields in space. 
The origin of the radiation remains at present unknown. 

The nature of eosmie fays 

As long as the ionisation chamber alone was used, little 
progress was made in discovering the nature of cosmic radia- 
tion. Two new powerful methods were developed and with 
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■these the advaii,ce in recent years has been remarkable. The 
.first of these new methods utilises Geiger-Mfiller counters. If 
two or more counters are coiiiiacted so that a record is only 
made when the counters in the set are simultaneously dis- 
charged, this arrangement, called a coincidence counter set, 
becomes a very powerful \yeapon for the study of cosmic 
radiation. Thus when two counters are set vertically above 
each other, some flistance apart, only the ionising particles 
coming down in a vertical direction can be recorded. In effect 
a cosmic ray telescope has been constructed, and as it can be 
pointed in any direction, the angular incidence of the rays 
can be investigated. Ionisation chambers on the other hand, 
can only record the total radiation incident in dll directions. 
By various groupings and arrangements of multiple counter 
sets any particular desired solid angle of incidence can be 
studied. A great deal of extremely valuable information has 
been accumulated by sending up counter sets in sounding 
balloons. 

The investigations made show that the rays travel in nearly 
straight lines. By interposing absorbing screens between the 
counters and applying the theory of absorption for charged 
particles it can be proved that the energies of the incident 
corpuscles are very high. This point will be discussed later. 

An important result derived from counter coincidence set 
observations was the discovery of the azimuth effect. By 
pointing counters to the east and the west it is found, particu- 
larly at high altitudes and near to the equator, that the rays 
arriving from the west are more frequent than those coming 
in from the east. As will be shown later, this fact is an 
indication that a large number of the incident particles are 
positively charged. 

Although both the ionisation chamber and the counter 
method have yielded valuable information, the most powerful 
w^eapon for the study of cosmic rays is the Wilson expansion 
cliamber, particularly when used in the method developed by 
Blackett. The passage of a high-speed ionising particle 
through an expansion chamber creates a track of ions, and if 
the expansion takes place a very short interval after the 
passage of the particle a fine line track of droplets is produced 
and can be photographed. Normally cosmic rays are passing 
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through any chamber at fairly regular interyais, and if random 
expansions are made an occasional cosmic ray track will be 
obseryed. A re-examination of some of the very early photo- 
graphs taken by Wilson show cosmic ray tracks, which' had 
not then been recognised as such. 

Clearly the study of cosmic ray tracks by means of random 
expansions is inefficient, slow, and laborious. This difficulty 
has been overcome in a very elegant manner by Blackett with 
f.he apparatus now to be described. 

The Blackett eounter-controlM expansion chamber 
The details of the apparatus are shown in Mg. 17.3. If 
very sharp tracks are required the piston producing the expan- 



Fig. 17.3 

Sion must move very rapidly. It must therefore be very light 
and not subject to severe constraints. The piston A is made 
of aluminium alloy and together with the piston rod weighs 
only 280 gms. The observation chamber is made gas-tight b}’' 
means of the flexible rubber diaphragm B. Both the chamber 
to the right of 4 S'^id the space G to the left of A are filled with 
a gas at a pressure of 1-7 atmospheres, the valve E being closed. 

• The amount of expansion is controlled by altering the position 
of the nut H which limits the stroke of the piston. The valve 
E is very light and moves back at high speed when released 
by a trigger which is pulled automatically in a manner to be 
described later. When the trigger is released the excess 
pressure of 0*7 atmospheres drives back the valve E ahd the 
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air under the piston rushes out. With this arrangement the 
piston takes only 0-005 seconds to complete its stroke. 

The details discussed above are concerned only with 
improving the definition, the main novel departure lies in the 
use of the counters. CC are Geiger counters placed directly 
above and below the expansion chamber. They are connected 
up so that a discharge only takes place when an ionising 
particle passes through both. Such a particle must also pass 
straight through the expansion chamber, being right in the 
field of view. By a system of amplifiers the current registered 
in the eoimters by the passage of a particle is made to operate 
a relay which pulls the trigger and sets the piston into 
motion. At the same time the chamber is illuminated and the 
resulting track photographed. Measurement shows that the 
expansion is completed -nithin 0-01 second after the arrival of 
a particle. By this means 75 per cent, of the expansions 
which take place are actually due to cosmic ray particles. It 
is clear that this beautiful method is rapid and economical. 

In order to measure the energies of the particles passing 
through the chamber the latter is maintained in a very strong 
magnetic field. By means of a large electromagnet weighing 
II tons a uniform field of 14,000 gauss can be maintained over 
the whole area of the expansion chamber. Some of the incident 
particles are so energetic that even this high field fails to 
deflect them into an observable curvature. Special pre- 
cautions require to be taken to avoid distortions in the photo- 
graphic lenses or in the tracks (because of gas currents). The 
tracks reproduced in Plate Va are those observed with a field 
of 14,000 gauss imposed upon particles with energies 5x10® 
and 9x10® e.v. respectively. Special optical methods have 
been devised by Blackett for measuring the very slight 
curvatures encountered. 

The effect of the magnetic field of the earth upon eosmie rays 

When high-speed electrically charged particles enter the 
magnetic field of the earth, they suffer deflection. The theory 
of this effect has long been studied with reference to the 
electrons given off by the sun and the manner in which the 
auroras are produced. The extreme penetrating power of 
cosmic ray particles is proof of the high energies involved. It 


PLATE V 



Va. Cosmic ray track of 
energy 9x10® volts. 
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is possible to calGiilate the , orbits of high-speed particles in the 
magnetic field of the earth. , The calciilations made , for the 
aurora by Stormer were first applied to cosmic ray phenomena 
by Rossi, and Stdrmer, then developed in detail by Leraaitre 
and VaUarta' the foUowing results. . . 

AH particles with energies exceeding 6xlOio e.v. can effec- 
tively overcome the influence of the earth field and can reach 
all parts of the surface of the earth, no matter what be the 
direction of incidence. ,. Particles with less energy than this 
are deviated so that there is a forbidden zone of latitudes, say 
between AjN and A^S, which they cannot reach at all, and a 
second zone in each magnetic hemisphere, say between Aj 
and A 2 , any point of which they can reach only in a given 
range of directions. For latitudes higher than Ag in each 
hemisphere the particles can reach the outer layers of the 
atmosphere in all directions. Clearly, as the energy of the 
particles decreases A j and Ag increase. 

It will be remembered that observations upon the distribu- 
tion of the cosmic ray intensity over the surface of the earth 
show a very marked sudden decrease in intensity at latitude 
49*^. The theory shows that A 2 for particles with energy 
2*4x10^ e.v. has this critical value. The reduction in inten- 
sity at this point implies that the incident radiation is mixed, 
consisting of particles with energy greater than 2*4x10® e.v., 
and the fact that some particles manage to arrive near the 
equator implies that energies exceeding 6 x 10^® e.v. also occur. 
This conclusion has been confirmed in a more precise manner 
by Blackett who has carried out extensive measurements upon 
the energies of cosmic ray particles by means of his counter 
controlled chamber in a magnetic field. It is now considered 
that owing to the sun's magnetic field, there are no incident 
primary particles with energy below 3 x10® e.v. and the con- 
stancy of intensity at latitudes greater than 49®, at all altitudes, 
supports this general view. 

The azimuth effect, already described, is produced also by 
the earth’s magnetic field. If the incident particles consist of 
an equal mixture of positive and negative particles, there will 
be no azimuth effect, but if one type of charge predominates, 
the result of the direction of the earth’s field is to produce an 
increase in intensity either from the east or the west according 
to whether there is an excess of negatively or positively charged 
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primary particles respectively. The observed azimuth effect 
shows that the incident particles contain wore positive timn 
negative charges. 

Although 2x1010 e.v. is the present limit for which energies 
can be measured in the expansion chamber, there is strono- 
indirect evidence that some incident particles have energies a 
thousand times, and possibly a million times, greater than this. 
Such enormous en^gies are unknown in any other field of 
physics and are very muhh greater than those met with in 
radioactivity, which are of the order of lO® e.v. For this 
reason the study of cosmic rays is of very great importance 
since projectiles with energies of a very high order are now 
available for observational purposes. 


The positron 

A fundamental discovery arising from cosmic ray investiga- 
tions was the detection in 1932, first by Anderson and laL 
independently by Blackett of a new particle, the positrcm. It 
was noticed that among the cosmic ray tracks photographed 
with an expansion chamber in a magnetic field, were some 
identical with those produced by fast electrons, but deflected 
by the field in a direction, opposite to that expected far a negatively 
cUrged particle. The traclis appeared to be produced bv 
posiUve electrrms:' These particles are now called positrons. 
Iheir existence is shown in a very striking manner by the 
interesting cosmic ray phenomenon known as cosmic ran 
showers, discovered by Blackett and Occhialini with'the counter 
controlled chamber. A t 3 ^ical shower is shown in Plate Vc 
It consists of a group of tracks originating from a point out- 
side of the chamber, usually in the massive metal parts of the 
apparatus. Since the cloud chamber is in a magnetic field the 
tracks are curved. Each shower consists of an approximately 
equal number of positively and negatively charged particles 
smce the curvatures of about half are in an opposite sense to 
those of the rest. From the energies and amotint of ionisation 
it can be concluded that the tracks are due to positive and 
negative electrons. It is clear that the shower must originate 
m a defimte small region, a fact which decides the direction 
of motion of the shower particles. Hence the direction of 
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curvature iinambigiioiisly fixes the sign of the charge* Shower 
production will be discussed in more detail later* 

After its discovery in showers it was found that there are 
other sources of positrons. When hard y-rays are absorbed 
by matter the quantum of radiation is sometimes completely 
absorbed by an atom which simultaneously emits a positron and 
, a. negatim electron. This phenomenon is called pair productioh, 
and if the absorption takes place in a cloud chamber main- 
tained in a magnetic field a paired track is seen to come from 
the atom absorbing the quantum. Similar pairs are also 
sometimes seen in cosmic ray photographs. The Plate Vb 
( reproduced by permission of Professor Blackett) is an example 
of pair production in a magnetic field. 

The harder the y-radiation the more effective is it in 
producing positrons. The positron yield also increases 
with the atomic number of the atoms which are struck. 
The positrons created by this process of conversion of 
y-radiation have approximately the same energy, no matter 
what the absorber may be. This suggests that the pair 
production does not arise jErom a nuclear interaction but 
Occurs in the Coulomb field, a fact in agreement witli theoretical 
|)redietion. 

Pair production by absorption of y-radiation is a remarkable 
phenomenon, for here there is a complete transformation of a 
quantum of radiation into matter (electrons and positrons). The 
converse process, the annihilation of a positron and an 
electron which have come together has also been observed. 
In this case annihilation radiation"' is emitted and can l>e 
detected. 

Many sources of positrons are available. When light 
elements are bombarded. with a-rays, pair production some- 
times results, due probably to the internal conversion of the 
y-rays given off after the nuclear collision. The most copious 
supplies, however, can now be obtained from artificially pro- 
duced radioactive substances, the properties of which will be 
discussed in a later chapter. In these only positrons , mid 
not pairs, are ejected. These are emitted from the nuclei of 
the atoms concerned, not from their outer electron systems 
(inter-action with the Coulomb field) as is the case in pair 
production. 
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The mm of the positron 

Strictly speaking the cloud tracks attributed to positrons 
only indicate the fact that the charge is positive and that the 
amount of ionisation is similar to that produced by an electron, 
being the same to within 20 per cent. The latter fact shows 
that the charges of the electron and positron are approximately 
equal. The mass is best estimated by observations made upon 
pairs produced by the absorption of y-rays of known energy. 
Suppose that a y-ray of energy E creates two oppositely 
charged particles of masses and m_. At the instant of 
creation the particles are ejected with energies and c_ 
respectively. It is known from the Eelativity Theory that, if 
c is the velocity of light, an amount of energy equal to mc^ is 
required to create a mass m. As the original y-ray energy is 
used up in creating the particles, the surplus reappears as the 
kinetic energy. It follows then that E=(OT+-fm_)c24-c++c_. 
Since the y-ray energy E and the electron mass are known, 
the positron mass can be calculated if the kinetic energies 
of the particles e+ and e_ are measured. The particle energies 
can be derived from track curvatures in a cloud chamber 
maintained in a magnetic field, if values of charge and mass 
are assumed. 

It is not always possible to measure both members of a pair 
with the same accuracy and in this case a slight modification 
of the method can be used. Suppose the positron and electron 
masses are equal, then by numerical substitution we get 
^+-F»i_)c2=l-01 X 106 e.v. If the 2-62 x lO® e.v. y-radiation 
from Th C" is used to produce the positrons it foUows simply 
that e+-fe_=(2-62xl06-l-01xl06) e.v. =1.61x106 e.v It 
is clear that the maximum energy a positron can acquire under 
these conditions occurs when the electron energy e_ is zero. 
Thus, if the masses of the electron and positron are identical 
no positron will ever have an energy exceeding 1-61x106 ev 
Anderson first pointed out that these metho<i^ would give’ a 
positron mass. Chadwick, Blackett, and 
Occhiahm, who measured the energies of a large number of 
positrons, finally found that m+=(l.02±0-10)w_. Within 
experimental error it is therefore proved that the positron and 
electron are tdemtical except as regards charge 
When a statistical distribution of the ener^es of the positrons 
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and electrons in pairs is carried out, it is found that for a 
number of cases- the positron^ energy is greater than the electron 
energy. This is because the pair of particles is created in the 
neighbourhood of an atomic nucleus which is positively 
charged. If both the particles are generated with the same 
amount of kinetic energy, the positron, being repelled by the 
nuclear field, acquires an increased energy, whilst the electron, 
being attracted, has its kinetic energy reduced. 

The nature of the positron 

Some of the fundamental properties of the positron can be 
derived from the application of conservation principles. Since 
an electron and positron are created by the disappearance of 
a quantum which has no charge, it is clear from the fact that 
the charge is conserved that the electron and positron charges 
must be equal and opposite. The derivation of the positron 
mass from the principle of the conservation of energy has 
already been discussed. A further property can be derived 
from the conservation of angular momentum. It is known 
from spectroscopic and specific heat studies that the electron 
has an angular momentum equal to {lj2)Jhj2rr. For angular 
momentum to be conserved the positron must have a spin 
numerically equal to this, for there is evidence that a radia- 
tion quantum cannot have a half integral spin associated 
with it. Hence the charge, mass, and spin of the positron are 
known. 

The experimental detection of the positron has been a 
triumph for Dirac's theory of the electron, which had predicted 
the existence of the positron long before at was discovered. 
Dirac had applied the quantum mechanics to the derivation 
of the wave equations for an electron moving in an electric 
field. By taking into account the effects due to relativity a 
theoretical explanation for the electron spin was obtained. 
However, the complete solutions to Dirac’s equations resulted 
in .electron states with positive kinetic energy and negative 
kinetic energy. According to the theory, transitions between 
these states should take place, but since such transitions did not 
appear to be observed in nature, Dirac inferred that practiedUy 
all of the predated negative energy states are usually filled up. 


286 : IHTBOBtJCTIOH TO ATOMIC PHYSIOS 

He was able to show that, if a Imle ’’.occurred in one of these 
negative energy states,- Le, if one were unocciipied, fMs hole 
tmtiM correspond to an observable particle. Such a p.article 
would have the 'same mass and spin as an electron but would 
have a positive charge. In fact, such a '' hole ” would be a 
positron. , 

It is of interest to inquire why the positron remained un- 
detected for so long. The answer was given by Dirac who 
showed that, owing to the fact that a positron tends to rush 
towards an electron with resulting annihilation of both, the 
mean life or existence time of a positron depends upon the' 
number, of electrons near to it. The concentration of the latter 
ill matter is very high and as a result the mean life of positrons 
is mry small. Calculation shows, for instance, that the mean 
life m' water is only secomL It is the extremely short 

life of the positrons that explains why they - can only be, 
observed in a cloud chamber or with a Geiger counter imme- 
diately after being created. As soon as a positron approaches 
an electron the particles rush together and annihilate each 
■ other. , They completely disappear and in doing so give 'out 
.radiation with total energy This' 

annihilation radiation has been detected when positrons are 
allowed to be absorbed by a sheet of metal. 

/The mechanism' of pair production by, the. absorption of a 
quantum of radiation is as follo'ws. Radiation can be trans- 
,ferred: to electrons by one of thiee methods, ejeci, 

Compton effect, and pair production. In the photoelectric 
eife-ct the quantum is completely absorbed by the. ordinary 
outer electronic system of an atom and its energy reappears as 
kinetic energy (minus work of emission). In the Compton 
effect the quantum, transfers a certain proportion of its 
momentum to the. electron, and passes : on in the form of 
degraded radiation. In pair production, characteristic only 
of high energy quanta, an electron is lifted, ©ut of b, negative 
energy state in a manner analogous to the ordinary photo- 
electric effect. This constitutes the negative member of the 
pair. However, a hole has been left behind in the negative 
energy states and, by Dirac’s theory, this is in effect a positron 
left behind. Hence the ejection of an electron from a negative 
energy state automatically creates a positron at the same 
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time. TMs is the meclianism of pair prodHotion* It is 
iMustrated in Mg. 17.4. 

It has b6B% suffffBsfBd thdt wuTiy of thB ificMBfit 'COBMic Tuy 
particles are positrom. If this is true outer space must contain 
very many positrons. They can exist there since the negative 

•fe 



electron concentration in space is extremely low compared 
with that in matter. 

The formation of cosmic ray showers 

Effects really due to cosmic ray showers had been noticed 
years before the showers were recognised, being shown by 
ionisation chambers at all altitudes. Occasionally an ionisa- 
tion chamber would show a very sudden burst of ionisation 
due, as we now know, to a shower of cosmic ray particles. 
Showers can therefore be studied at sea-level with expansion 
chambers or at varying altitudes with ionisation chambers by 
recording the bursts. 

It is now established that the majority of showers are 
j)roduced by the cascade process illustrated in Fig. 17.5. 

A very energetic cosmic ray particle strikes an atomic nuclem, 
losing a large amount of energy in the form of a photon. The 
principle of conservation of momentum requires that this 
photon shall be emitted in the forwards direction. After 
travelling a short distance, the photon collides with an atom 
and is absorbed by interaction with the Coulomb field near 
the nucleus leading to the process of pair pT(dmtion, which 
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is a |)}iotoeiectric effect npon a virt^ml orbit of negative energy. 
The iiieiiibers of the pair are similar in nature to the incident 
.particle (which was either an electron or a positron) but have 
roughly only half its energy. Each member of the pair is’ 
capable of liberating a quantum by collision with an atomic 
imcieiis. Each photon so liberated can in turn produce a 
pair. Clearly after passing through sufficient matter the 
original incident particle is transformed into a group of 



electrons and positrons approximately equal in number. (If 
every particle creates a photon the number will be exactly equal.) 

The theory of this cascade process has been worked out in 
detail by Bhabha and Heitler, who have shown that a plate of 
lead 1 cm. thick suffices to produce a hundred particles in a 
shower formation. Such showers in lead plates can be studied 
in the laboratory by placing the plates either just outside of, 
or within, an expansion chamber. The low-energy particles 
observable at sea-level are largely secondary particles arising 
from showers created in the atmosphere. The effective thick- 
ness of the atmosphere is such that showers of 

many tko%tsands of particles, and extending over quite large 
areas, can be created, and have been observed. 
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Heisenberg has put forward the view that some, showers are 
not cascades, but are created by an explosion process. Accord- 
ing to his theory, an incident particle strikes a nucleus and 
thereby an energetic photon is liberated. This is absorbed by 
an atom, but instead of a single pair being formed, multiple 
pairs are created by a single operation. There is some evidence 
that this explosion mechanism possibly takes place. 

By arranging counters in triangular patterns Eossi and 
other workers have considerably extended the study of cosmic 
ray showers. 

The meson or heavy electron 

The discovery of the heavy electron, now called the meson, 
has a striking similarity to the discovery of the positron, smce 
both were predicted some time before being recognised and 
both were discovered during the process of cosmic ray investi- 
gations. The study of the penetrating component of cosmic 
radiation resulted in a number of difficulties. Calculation 
showed that the mean free path of a shower-producing electron 
is only 0*6 cm. in lead so that even very energetic electrons are 
quickly absorbed by the cascade process whilst traversing lead. 
However, at sea-level about 80 per cent, of the cosmic radiation 
consists of extremely penetrating particles of which 50 per 
cent, pass through 100 cms. of lead. 

Clearly these penetrating particles are not electrons. Theory 
shows that the mean free path of penetration is proportional 
to the square of the mass of the penetrating particle (for low 
mass), from which it must be concluded that the penetrating 
component of cosmic radiation consists of particles of mass 
greater than that of the electron. To determine the mass of 
a cosmic ray particle it is necessary to nieasure both the 
curvature of the track formed in a magnetic field and also the 
number of ions, produced per centimetre of path. It so 
happens that vuth very fast particles the amount of ionisation 
produced is almost independent of Ae mass, an electron and a 
proton being equally effective. Only when the particles have 
slowed down is there a measurable difference. Some twenty 
tracks of slowed down penetrating particles have been record^ 
and from these it has been proved that there exist particles, 
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either positiYely or negatively charged, with' masses many 
times that of the electron. These particles have been named 
mesons (particles of intermediate mass). The first meson track 
was identified by Anderson in 1937. 

Yukawa's theory of the origin of the meson 

After the experimental discovery of the meson attention 
was drawn to the remarkable prediction of such a particle 
made by Yukawa in 1935. The history of the discovery of 
the meson is in fact almost identical with the history of the 
discovery of the positron for in both cases mathematical theory 
of an abstruse nature had predicted the particle, the theory in 
each case remaining more or less neglected, and after the 
experimental discovery of each of the particles, the earlier 
theory was recalled. 

The Yukawa theory is a modification of the Fermi theory of 
^-decay for radioactive materials. An atomic nucleus con- 
tains in it neutrons and protons (perhaps bound together Jn 
a-particles). Neutrons are uncharged, hence any force oper- 
ating between a neutron and neutron or a neutron and proton 
is not of the coulomb type. Experiments carried out upon the 
scattering of neutrons by protons show that forces operate 
between these particles within a range of cms. Such a 
force had been postulated by Fermi to explain j8-decay. 
Fermi supposed that the neutron and proton were different 
quantum states of the same fundamental particle and could trans- 
form one mto the other by the quantum emission of a particle. 
Thus if a proton loses a positive electron it becomes a neutron, 
and if a neutron loses a negative electron it becomes a proton. 

A proton and neutron are bound together by what is called an 
exchange force ’’ arising because they are rapidly changing 
their identity by the exchange of the particles Just postulated. 
The conception of exchange force is not new and has been 
used very successftdly to explain chemical valency and various 
aspects of spectroscopy. The exchange can be represented as 
where P and N are the proton and neutron and e is 
the exchangtug particle. According to the Fermi theory, 
electrons or positrons Jump to and fro and sometimes escape, 
and this constitutes the mechanism of ^-decay, the decay 
period depending upon the probability of escaping. 


COSMIC BADIATION : THE POSITBOS’ AND THE MESON 291 

It is possible by this theory to calculate decay periods and 
also the binding energy between the proton and the neutron. 
It is found that there is complete discrepancy between calcula- 
tions based upon observed jS-decay and calculations based upon 
binding energies derived from the mass defect of deuterium, 
etc. Yukawa thereupon attempted to solve the difficulty by 
modifying the theory in the following manner. 

Yukawa proved mathematically that it was impossible to 
assume that the exchanging particles producing the exchange 
forces are electrons and positrons. Instead of this, theory 
demanded that the particle should have the charge of the 
electron, either positive or negative, and should have a mass 
approximately 100 times that of the dectron. The exchange then 
is represented by where jj. is the particle with mass 

~137m {m is electron mass). This particle is probably to be 
identified with the meson observed in the expansion chamber. 

The instability of the meson 

The mass value assumed for the meson is adopted in 
order to give the correct binding-enei^y values. It remains 
to explain ^-decay and to do this Yukawa makes a further, 
assumption, namely, he postulates that the meson can sponta- 
neously disintegrate, being in this sense radioactive. If the 
meson is represented by /i the decay is shown by p.-»-e-i-neutrino. 
If the original meson is positively charged (theory demands 
both types) the decay particle is a positron, if it is negatively 
charged, then the decay particle is an dectron. The charge 
a-nd spin are conserved, the spin of the meson being an integer. 
Since the electron mass is very much less than that of the 
meson the electron must be ejected with high energy equal to 
the loss in mass. Calculation shows that the electron energy 
will be about 4 X 10'^ volts. In order to explain ^-decay the 
meson must h^ve a natural decay period. When this is 
evaluated it is found to be about 10~® second. 

The particle postulated by Yukawa is more probably identi- 
fied with the heavy electron foimd in cosmic rays, since the 
predicted instability has been confirmed experimentally. The 
penetrating component of cosmic rays consists largely of 
mesons, and if these decay in 10-6 second, they are clearly 


292 INXBODtJCTIOir TO ATOMIC PHYSICS 

produced in the atmosphere and do not come from outside. 
From certain anomalies in the absorption of this penetrating 
radiation a decay period, which is approximately 10“® second, 
has }>een derived. Blackett has obtained a similar value from 
measurements made on the fluctuations of cosmic ray intensity 
produced by alteration in the atmospheric temperature.' The 
values so calculated agree well with those predicted bv 
Yukawa. 

Properties of the meson 

Measurements of the mass of the meson are relatively 
inaccurate, involving a high degree of uncertainty. iSome 
twenty determinations have been made, the observed values 
varying from 39 to 570 times the electron mass. It may be 
that all mesons have not the same mass, but the evidence, 
taking into account the high errors of observation, is entirely 
inconclusive on this point. The detailed Yukawa theory 
requires the existence of positive, negative, and neutral mesons. 
The neutral particles have been called “ neutrettos,” having the 
same supposed mass as the other two but no charge. The 
symbols used for the particles are respectively. 

The three particles are related to protons and neutrons 
according to the following reactions. A proton on emission of 
a positive meson becomes a neutron, a neutron on emiHginr i of 
a negative meson becomes a proton, and the emission of a 
neutretto is equivalent to the emission of a light quantum in 
the sense that the stale, but mt the nature, of the emitter changes 

With free protons or neutrons these processes^eamiot actually 
take place, no mesons being set free, as energy is needed for 
the creation of the meson mass and this is not available. 
However, in the immediate neighbourhood of the proton or 
neutron the meson has a virtual existence ^ being in effect con- 
tinuously emitted and absorbed, but unable to escape. If the 
meson is not reabsorbed by the same heavier particle (proton) 
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the whole time, but: is absorbed by a very nearby, neutron, the 
latter will become a proton, and the original proton becomes a 
neutron. Effectively then the neutron and proton have infsr- 
changed places. Such conditions of closeness of particles occur 
in niiclei, and the resulting binding between the particles dne 
to the change of the position of the meson is the exchange 
force. The nentretto is required by theory to account for the 
exchange forces needed to bind like particles such as protons 
and protons. 

Since a free proton is for a part of its lifetime a neutron 
with a closely bound meson, the magnetic moment of a free 
proton is the resultant average of the true magnetic moment 
of the proton and the magnetic moment of the meson, taking 
account of the relative time spent in both states. The proton 
is only ‘‘dissociated” for a small fraction of its life, but as 
the meson is much lighter than the proton, the meson magnetic 
moment is considerably greater. Thus the net magnetic 
moment of a free proton should exceed that expected by simple 
theory. This is indeed observed. Further, in a strictly 
analogous manner a neutron is, for a fraction of its lifetime, 
dissociated into a proton and a negative meson. (This com- 
bination has a negative magnetic moment.) It follows that, 
although uncharged, a neutron will have a negative magnetic 
moment. This again is observed experimentally. 

The penetrating portion of the cosmic radiation consists of 
free mesons^ the disintegration of which has been observed in 
the cloud chamber by Williams. Their origin is a problem 
not yet explained. The theory of collision and absorption 
between atoms and mesons has been worked out on the basis 
of cosmic ray research results. When a meson collides with a 
neutron within the nucleus of an atom (clearly such events are 
frequent in the air) multiple processes can result. To take 
only a simple example, let a positive meson react with a 
heutron then either 

can represent what occurs, or possibly 

or, alternatively, we may get 
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and so on, with more complex reactions involving more 
particies, all ihe res'inU of one collision. Methods of calculation 
begin to break down and indeed Heisenberg is of the opinion 
that the quantum theory itself begins to break down and is no 
longer applicable. In effect the process under consideration, 
ill cosmic ray phenomena, leads to an explosive shower as 
distinct from a cascade process shower. 
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THE NUCLEUS OF THE ATOM 


Introdiietioii 

The success attained in dealing theoretically with the 
electronic structure of the atom can be attributed to the fact 
that the constituent components (nucleus and electrons) are 
relatively so small compared with their distances apart that 
they can be treated as point charges. Exact calculations can 
therefore be made and theory can be checked. However, the 
problem of finding how the nuclei of atoms are constructed is 
more difficult, since it is known that nuclei are very small. 
The nuclear matter must be very compact and must also have 
some form of structural arrangement of packing of the con- 
stituent particles. The closeness of packing is the main 
difference between nuclear and extra nuclear structure. It is 
known that the forces acting between particles which are very 
close together differ from the force which acts when they are 
relatively far apart. These special forces give the nuclei their 
special properties. 

Within recent years a great deal of progress has been made 
in developing a comprehensive theory of nuclear structure. 
M^ny independent lines of investigation have contributed to 
the problem. The experimental data have been derived from 
studies of mass spectra, the phenomena of radioactivity, the 
investigation of collision effects between atomic nuclei and 
high-speed radioactive or artificially accelerated particles, 
cosmic rays, the study of the spin properties by spectroscopic 
means, etc. Theoretical investigations have gone hand in 
hand with experiment, sometimes explaining observations 
sometimes predicting new properties, and as a result of the 
great deal of work that has been done and is still being carried 
out, a satisfactory theory of the nucleus is evolving. 
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Of primary importance are the whole number rale and the 
mass defects., already discussed. ' These indicate, firstly that 
the different nuclei are built up from integral numbers of 
simple units, secondly that the degree of binding of these units 
differs from atom to atom. , The basic simple building stones 
of nuclear structure are the proton and the neutron. It is not 
yet known with certainty whether a-particles (helium nuclei) 
exist as real independent sub-units in nuclei, but there is a 
distinct possibility of this being the case. The a-particle is a 
stable arrangement of two protons and two neutrons. The 
fact that radioactive nuclei can eject a-particles strongly 
suggests that such particles exist as individuals in at least the 
heavy radioactive nuclei. 

Gamow^s theory of a-partiele disintegration 

The spontaneous emission of a-particles, characteristic of so 
many radioactive nuclei, has been explained by Gamow who 
has applied wave mechanics considerations to the problem of 
nuclear stability. This has led to an important advance in 
the conception of nuclear structure. Wave mechanics analysis, 
in general, shows that there is often a small but finite probability 
for the occurrence of events which are ncrrmally absolutely for- 
bidden by cldssical mechanics. The event considered in this 
connection by Gamow is the spontaneous emission of an 
a-particle. 

Gamow postulates the existence for a radioactive nucleus 
of a potential barrier which is a space in which the potential 
is so high, that, according to classical conceptions, an a-particle 
inside this barrier cannot escape. The distribution of poten- 
tial within and around the nucleus is similar to that shown in 
Fig. 18.1. The centre of the nucleus is at 0, the ordinate X 
representing the potential at any point distant r from the 
centre. If the nucleus is approached from some distance the 
inverse square law is obeyed, the potential curve CD being a 
rectangular hyperbola. As the centre of the nucleus is ap- 
proached (r made small) the curve drops to form a potential 
well. If PM represents the kinetic energy of an a-particle 
(strictly, the kinetic energy per unit charge), then, according 
to the classical point of view, the particle never escape 
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from HH. In the wave mechanics treatment the wave repre- 
senting the a-particle is reflected to and fro within the barrier, 
behaving virtually as a stationary wave. The theory shows 
that part of this wave leaks out of the potential barrier. Physi- 
cally this means that the equivalent particle has a small but 
finite’ probability of escape. 

The probability of escape is a meatsure of the radioactive 
transformation constant, since the more probable the escape 
the shorter is the effective radioactive period. If the prob- 
ability of escape is small the transformation constant is also 


Radiat distance 


small. The higher the position of M in the diagram, that is, 
the higher* the kinetic energy of the a-particle, the greater is 
the probability of escaping, from which it follows that a high 
transformation constant will always be associated with long- 
range particles. The detailed apphcatioin of this theory 
enables a relationship to be derived between range and trans- 
formation constant. This is found to be the same as the 
experimental Geiger-Nuttall law. 

As the a-particle exists within the nucleus in the form of a 
stationary wave, there are different normal modes of vibration. 
That is to .say, the equivalent particle can have different 
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■distiBcfc energy values.. It is to be expected from this that 
nuclei can go into states with different degrees of excitation; 
As already discussed in connection with a-, p, and y-ray 
emission, this is the ease. 

A particularly interesting application of the theory, and 
indirectly a confirmation of it, exists in connection with the 
experiments made by Rutherford and his co-workers on nuclear 
disintegration by means of accelerated particles. Although 
the study of natural radioactivity is of great value, more rapid 
progress in the understanding of nuclear processes has been 
made by the development of the technique of artificially 
disintegrating atomic nuclei. This will now be considered. 

Artificial disintegration of nuclei by a-particles 

It was long ago realised by Rutherford that the high-energy 
a-particles could be used as projectiles in an attempt to dis- 
integrate atomic nuclei. When an a-particle is shot into a 
gas the chance of a collision between the particle and the 
nucleus of one of the gas atoms is very small, owing to the 
relatively small nuclear radius. However, in 1919 Rutherford 
succeeded in observing such collisions and thereby produced 
the first experimental transmutation of matter, the dream of 
the alchemist for centuries. Rutherford found that when 
a-particles are shot into nitrogen gas, high-speed protons are 
ejected from the nuclei of the nitrogen atoms. He followed up 
this investigation, examining twelve light elements and in each 
case a-particIe impact caused the violent ejection of a proton. 
A special method was devised for the determination of E/M 
for the ejected particles and by this means it was proved 
conclusively that they were protons, and not nitrogen nuclei 
which had been knocked on.’’ The protons had surprisingly 
long ranges, those from aluminium going as far as 90 cms, in air. 

The mechanism of the production of these Jong-range high- 
speed protons was demonstrated by Blackett in 1925 by means 
of expansion chamber observations. An example of this 
method of investigation is shown in Plate IVd. This shows 
the tracks of a-particles through nitrogen gas. The forked 
track, which is clearly visible, shows where an a-particle has 
struck a nitrogen nucleus. The long, thin track from the fork 
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is , that , of the ejected high-speed proton^ the shorter thick 
branch being the track of the recoil atom. The a-particle 
enters the nitrogen nncleiis and forms an unstable combination, 
which, after a short but, finite interval, disintegrates, ejecting 
a proton. An isotope of oxygen, 0^*^, is left behind. This 
wiU lie discussed in more detail later. 

When calculations are made, taking into account the known 
energy of the a-particle and the probable height of the nuclear 
potential barrier, it is found that the energy of the particle in 
the ease illustrated in Plate IVn is classically not sufficient to 
enable it to pass through the barrier. However, the Gamow 
wave mechanics theory indicates that there is always a finite 
probability of penetration because of the leakage of waves 
through the barrier. Nuclear disintegration can therefore be 
accomplished with the aid of energies considerably less than at 
first anticipated. 

The neutron 

The study of the disintegrations of light atomic nuclei by 
a-particles led to the discovery of the neutron, by Chadwick, 
in 1032. Already in 1920 Rutherford had predicted the 
existence of a nuclear particle which possessed without 
charge^ but he had failed to detect it. In 1930 Bothe noticed 
that when beryllium was bombarded with a-particles no protons 
were ejected, as at first anticipated by analogy with nitrogen. 
Instead of this a penetrating radiation was emitted which he 
interpreted naturally as being a form of y-radiation. This 
radiation was able to expel high-speed protons from paraffin 
wax. Chadwick showed that the number and range of these 
protons was such that the incident radiation could not be 
y-rays, but consisted of uncharged particles with a mass approxi- 
mately that of the proton. He called these uncharged particles 
neutrons. 

Neutrons are now known to be constituents of every atomic 
nucleus (other than that of hydrogen which is a simple proton). 
The absence of charge enables the neutrons to penetrate matter 
very easily and also makes it impossible to obtain trades of 
neutrons in an expansion chamber^ Cases have, however, been 
observed where a neutron collides with an atom in an expansion 
chamber and at the point of collision tracks suddenly appear 
without any apparent origin. 
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" Experiments made on the penetrating power of neutrons 
from beryllitim show 'that 10' per cent, of the incident neutron 
radiation is able to- pass through 30 cms. of lead. Certain light 
bodies like paraffin wax have, bn the other hand, a high ab- 
sorption coefficient to neutrons. When an element is excited 
into neutron emission by impact with a-particles, neutron 
groups with distinct energies are emitted. These different 
groups are related to different excitation levels within the 
nuclei. 

It is convenient to express nuclear disintegrations in the 
form of a nuclear reaction equation, similar to the reaction 
equations used in chemistry. A typical equation, given below, 
is that for the emission of a neutron by the collision between a 
boron nucleus and an a-particle. This is represented by 

The left-hand upper superscript gives the mass of each particle 
and the left-hand lower superscript the charge. A boron nucleus 
of mass 1 1 captures a helium nucleus of mass 4, the combination 
breaking up into ordinary nitrogen and a neutron. Both 
nuclear mass aud nuclear charge are conserved in the reaction. 
Any mass apparently lost reappears as kinetic energy of 
ejection. 

The mass of the neutron has been evaluated by Chadwick, 
Feather and Bretscher by the following method. Neutrons are 
produced when deuterium is irradiated with the 2-62? x 10® e.v. 
gamma radiation from Th C". The reaction is 

The energies of the protons thus formed are deter- 
mined by measuring their ranges or the amount of ionisation 
they produce. Since the neutron and proton masses are nearly 
equal it can be concluded that the neutron energies are about 
equal to the proton energies. Since the masses of and 
are known, and also the energies of the particles and quantum, 
solving this gives the mass of the neutron as 1*00895. This is 
slightly greater than the proton mass, 1*00778. 
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Bohr’S theory of Endear disintegratioE 

A iiumber of theoretical dijOScnlties in connection with 
nuclear disintegration have recently been removed by Bohr, 
who has postulated a theory explaining the mechanism of 
disintegration. It had previously been assumed that in a 
disintegratign process the projectile simply knocked a particle 
out of the nucleus leaving behind a changed nucleus. This 
apparently simple mechanism was difficult to apply in detail. 

Bohr first assumed that the close nuclear packing makes it 
necessary to treat the nucleus as a whole, somewhat in fact 
as a drop of water is to be considered as an entity. When a 
projectile strikes a nucleus it is first captured, and since it is 
very energetic the effective temperature of the nucleus rises, 
possibly by several million degrees. This newly created inter- 
mediate nucleus has a great excess of thermal energy, and 
after a small but finite time the energy is distributed amongst 
all the nuclear particles. Calculations show that because of 
the high density of matter in the nucleus, the thermal con- 
ductivity is very high, thus the thermal energy is very rapidly 
distributed. If sufficient energy has been introduced, one of 
the particles already with large kinetic energy may receive 
a sufficient addition to enable it to overcome the potential 
barrier. This particle escapes and we have a disintegration. 

Bohr has suggested the following model to illustrate the 
mechanism. Suppose there are a number of balls in a saucer, 
all moving, but none of which has sufficient velocity to carry 
it over the edge of the saucer. This represents a nucleus, the 
balls being the constituent j)articles, the height of the saucer 
wall being a model for the potential barrier within the nucleus. 
Suppose, now, a ball is shot into the saucer from outside 
(representing the projectile). If there are sufficient balls in 
the saucer the projectile will not be able to pass straight 
through but will be stopped by striking some of the balls 
already there. The energy of the projectile will rapidly be 
distributed amongst the rest of the balls, the velocities of 
which therefore increase. One of the balls near the edge of 
the saucer may easily quickly acquire sufficient energy to 
enable it to leave altogether. This represents the mechanism 
of disintegration by capture. 
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In the light of this theory the reaction for the production 
of neutrons by a-particles previously described should be 
modified as follows. First the boron nucleus captures the 
a-particle to form an isotope of nitrogen thus 

The nitrogen isotope, the intermediate nucleus, is umtable 
because of excess energy, and after a small but finite time dis- 
integrates into ordinary nitrogen and a neutron thus 

The end of the reaction is the same as if there had not been 

an unstable intermediate nucleus. 


Nuclear transmutatioiis using accelerated particles 

An important practical application of Gamow’s theory is 
the way in which it pointed to the possibility of disintegrating 
nuclei by the aid of artificially accelerated particles. The 
a~particles used for disintegration purposes have energies up 
to 8 X 10® e.v. In spite of this only one particle in a hundred 
thousand is able to produce a transformation. From the 
classical point of view at least several millions of volts are 
necessary before a disintegration of a medium-light nucleus 
can be produced, but Gamow's theory showed that there is 
finite probability that a much less energetic particle can pene- 
trate a nucleus and as a result of capture produce disintegration. 
The probability diminishes with the energy, so that if an 
attempt is made to disintegrate nuclei with particles of rela- 
tively small energy, very Urge numbers will be required in order 
to produce an appreciable number of disintegrations. 

This idea of using very large numbers of less energetic 
particles was first successfully put into practice in 1032 by 
Cockcroft and Walton, who were able to induce transformations 
in lithium and boron by bombarding the latter with a stream 
of protons (hydrogen ions) artificially accelerated with only 


THE KUOLEHS OF THE ATOM 


303 


300,000 volts. In these disintegrations a-particles were 
ejected. Later experiments showed that, providing sufficient 
protons were available, disintegrations could be induced with 
potentials as low as 20,000 volts. This is a very interesting 
confirmation of the wave mechanics conception of nuclear 
structure. 

The proinetion of high voltages 

Since high-voltage acceleration of particles plays an imj^or- 
tant part in disintegration investigations, we shall consider 
here briefly the methods which have been developed for this 
purpose. There are seven main methods for producing high 
voltages, all of which involve difficult problems in electrical 
engineering. The different methods, in brief, are as follows : — 

L The impulse generator 

A system of condensers is charged in parallel and then dis- 
charged in series. The arrangement is relatively cheap and 
by it about 3 X 10® volts can be reached. However, the impulse 
only lasts 10"“® second, and as there must be 5 seconds’ rest 
period between each discharge and the next the available 
energy is not great. 

2. Condenser-rectifier voltage multiplier 

Condensers and rectifying valves are arranged so that a 
transformer voltage can be multiplied then rectified. Some 
2 X 10® volts can be obtained. 

3. Electrostatic generators 

The Van de Graaf generator consists of rapidly moving end- 
less belts on to which charge is directed by corona points 
operating at 20,000 volts. The charge is carried to a large 
sphere and accumulates there until a potential of 5 X 10® volts 
builds up. The spheres used are 15 ft. in diameter and 22 ft. 
from the ground. The main problem lies in insulation. The 
apparatus must be contained in a large, high building other- 
wise discharges to the walls may occur. By the use of com- 
pressed air in the apparatus room still higher voltages can be 
achieved. It has been observed that gaseous CCI 2 F 2 
remarkable insulating properties, being even superior to trans- 
former oil at high pressures. The apparatus can be surrounded 
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by this gas to reduce the chances of a short circuit. The 
current available is decided by the speed of the belts. The 
machines already in use can produce I milliamp at 5 x 10® volts 
(an energy of 5 kilowatts). 

4. High-frequency resonance transformers 

A modified Tesla high-frequency discha:^ge from a 200- 
kilowatt oscillator is passed through a single turn of copper 
tubing.' This acts as the primary of a transformer. The 
secondary has fifteen turns, and both the coils are tuned to 
resonance. Oscillations up to 800,000 volts can be built up in 
the secondary coil. 

5. Cascade transformers 

Four transformers, each capable of producing 250,000 volts, 
are arranged in series. By this means 1x10® volts can readily 
be built up. The cost of the transformers is high. 

6. Linear resonance acceleration 

Charged particles are accelerated down the axis of a series of 
cylindrical electrodes which are alternately connected to the 
terminals of a high-frequency high voltage oscillator. The 
frequency and electrode lengths are adjusted so that as the 
charged particle emerges from each electrode the field has 
swung round enabling the next electrode to give the particle 
another accelerating impulse. By applying about 80 Mlovolts 
an effective voltage of 2*85 x 10® has been attained. 

7. Magnetic resonance 

This, the most important method, is that employed in the 
cyclotron, the theory of which will shortly be discussed. With 
all the other direct methods involving the actual production 
of true high voltages, it is considered that insulation difficulties 
set 6 X 10® as the upper limit. With the cyclotron the particles 
acquire the equivalent energy which would be produced by 
high voltage, without actually using a high potential The 
equivalent of 19x10® volts has already been reached vnth 
the new cyclotrons under construction still higher values are 
expected. The cost of the machine and operation costs are 
both high, and the working is difficult. 
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The eyelotron 

A notable development in the method of disintegrating by 
accelerated particles has been brought about by LawrencOj 
who in 1932 devised a highly ingenious apparatus, now named 
the cyclotron, by means of which projectiles with energies up 
to 19 X 10® e. volts can be produced in very large numbers. 

In the cyclotron the ions are energised by multiple accelera** 
tion, according to the principle illustrated in Fig. ,18.2. The 
principal portion of the apparatus consists of a flat, circular, 
metal box cut into halves, the two parts being separated by a 
gap. Since they have the shape of the letter D they are 
called the dees!" An alternating potential of high frequency, 


Altetnatii^g 

potential 


Oeflecting 

electrode 


Fig. 18.2 

but in general not exceeding 100,000 volts peak value, is applied 
between the dees. These are in an evacuated chamber which 
is maintained in a uniform magnetic field of about 15,000 gauss. 
To do this magnets which may be 100 tons in weight are 
required and the consumption of electrical power is very high. 
Gaseous ions are generated near the centre of the dees either 
thermionically or else by special capillary ion sources of high 
TKa Inns mav he either nrotons, or deiiterons or 
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that ffie time taken to describe a semicircle is irdependmt both of 
the velocity of the ions and of the radivs of curvature of the path. 

The radius of curvature of the path E. is given by 

HEV=MV2/R 

where E, M, and V are the charge, mass, and velocity of the 
ion and H the strength of the magnetic field. 

Thus R=MV/HE. 

Clearly the time T taken to traverse a semicircle is 
^R/V=7rM/HE=T. 

This is therefore independent both of R and V and is the same 
for all particles with the same mass and charge. The firequency 
of the applied alternating potential and the value of H can be 
chosen so that a particle starting at a just reaches b at the 
time when the potential has swung through half a cycle. The 
particle is therefore acceierated across the gap into the opposite 
dee. Since this act of acceleration increases the velocity of 
the ion it travels in a semicircle with larger radius and reaches 
the point c. But the time taken is independent of both radius 
and velocity so that c is reached exactly at the moment when the 
changing field can accelerate the particle once mpre across the 
gap. By this means several hundred separate accelerating 
impulses can be given to each particle before the outer rim of 
the dees is reached. At the outer circumference a supple- 
mentary electrode is placed which deflects the accelerated ions 
on to a target containing the material to be studied. 

By substituting in the expression for T the value of E/M for 
a proton we find T=(6-57x 10-4)/H sec. With a magnetic 
field H equal to 15,000 gauss the time taken is about 4-4 x 10-8 
sec. The reciprocal of twice this, about 1-1 X 10'^, gives the 
frequency in cycles per second of the alternating potential 
which must be applied for the phase to change over exactly in 
time with the arrival of the particles at the gap. Such a 
frequency is that of a radio wavelength of about 26 metres. 
For deuterons, twice this wavelength is required. 

The final energy attainable depends on the magnetic field 
strength and upon the radius of the final path. This explains 
the need for powerful magnets giving a large field uniform 
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over a considerable area. With a radius of, say, 38 cms., and 
a fleid of 15,000 gauss, protons acquire a velocity of emergence' 
of 54x10^ cms./sec. which is equivalent to accelerating an' 
electron by 15 x10^ volts. It would seem- at first that there 
would be no. limit to the increase of effective voltage attain- 
able, but this is not so. 'The speeds of the particles are 
becoming so great that the relativistic increase in mass is 
significant This leads to a steady increase in time in succes- 
sive paths within the dees and the particles get out of step 
and are lost fmm the beam. There is thus at present an upper 
limit. The largest cyclotron yet constructed has a pole face 
diameter of 145 cms. and with this the equal to 19X10® 
electron volts has been reached. Still larger cyclotrons are 
projected and still higher energies are expected. The currents 
of these high-energy ions are extremely intense compared even 
with the strongest available radioactive sources. Thus some 
90 microamps of deuterons of 16x10® electron volts can be 
produced and by irradiating beryllium with these a yield of 
2 x10^^ neutrons per second results. It will be remembered 
1 gram of radium gives 34x 10^® a-particles per second, each 
of considerably less energy than the ions in the cyclotron 
beam. So energetic are the beams that the ions have "a 
range in air of over half a metre, forming a striking luminous 
beam when allowed to emerge through a thin window. The 
production of neutron radiation is so intense that special 
precautions to protect operators must be taken: 

Artifieial radioactivity 

Up to 1933 radioactivity had always been considered to be 
a type of energy manifestation entirely beyond control, but in 
that year Mme. and M. Curie- JoMot succeeded in producing 
radioactivity by artificial means. In their experiments 
aluminium w^as bombarded with a-particles, a nuclear trans- 
formation taking place with an accompanying emission of 
neutrons. The reaction is 

The residual atom, is an isotope of phosphorus which does 

not normally exist. This newly created isotope is a/nd 
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radimciive, breaking down into a stable isotope of silicon by 
the spontaneons emission of a positive electron thus 

The radio-phosphorus^^^ as it is called, has a normal.- radio- 
active decay curve with a period of 195 seconds and can be 
proved to be phosphorus by chemical means. 

This important experiment first proved that new radio- 
elements could be created by bombarding stable atoms with 
high-speed particles. A rapid extension of the work followed, 
other projectiles such as accelerated protons, accelerated 
deuterons (the nuclei of deuterium), neutrons, etc., being 
employed. Neutrons are particularly effective in inducing 
nuclear transformations for, being uncharged, they penetrate 
nuclei very easily . 

New radio-elements have now been created in large numbers 
and more are being discovered. Some of these new elements 
have positive electron emission, and others negative electron 
j8-emission. Some of the ejected electrons have energies as 
high as e.v. Exactly as in the case of natural ^-ray 

activity the emission is in the form of a continuum with a 
sharp upper limit. The transformation periods observed vary 
over a wide range. 

Nuclear chemistry 

The production of artificial radioactivity only differs from 
the earlier transmutations already discussed in that the 
resultant nucleus is in one case stable and in the other case is 
unstable and breaks up spontaneously, due probably to a 
surplus of energy. Similar principles therefore govern botli 
types of transmutation. In general a broad distinction can 
be made between two types of disintegration, namely, those 
in which the transformations are produced by the capture of 
the projectile and those in which they are produced without 
capture,. The disintegration without capture is caused by the 
violent disturbance induced in a nucleus by the close passage 
of a charged projectile. In both types of disintegration there 
can be either emission of y-radiation, or of particles, or of both. 
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The particular reactions which take place depend upon both 
the nature of the projectile and the nucleus which is struck. 
A given projectile is capable of producing usually quite a 
number of different reactions with a given nucleus, a fact 
which can be explained by Bohr’s theory of disintegration, by 
what is effectively “ evaporation ” of a particle. We shall con- 
sider first transformations that can be induced wdth accelerated 
protons, since these are the simplest projectiles available. 

A typical reaction with accelerated protons is obtained with 
lithium. Consider for the moment the heavier isotope only. 

^Li+jH=2|He. 

This reaction illustrates a case of simple capture with the 
formation of stable nuclei. The proton has entered the 
lithium nucleus and remained, producing two a-particles. A 
more complex example of capture is aiforded by the impact 
of a proton on boron. The first possible reaction is simple 
capture, as above, leading to reaction, 






A stable isotope of carbon has therefore resulted. But other 
reactions are also possible and the following takes place : 


However, the ®Be nucleus is unstable and tends to dissociate 
into 2 ^He so that the above reaction ultimately becomes 


“B-fjH=3^He. 


We shall now consider transmutations induced by neutrons 
of which there are very many examples. The following is an 
illustration of the number of possible reactions that can occur 
m. & simple case. The resulting reactions induced by the 
bombardment of nitrogen with neutrons are : 


(1) 'jN+>-”B-f^He; 

(2) »N+>=^^C+iH; 

(3) »N-f,>=lLi+2^He. 

In the last reaction three particles are produced. These 
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have 1)6611 observed, as a* triple forked track in an expansion 

chamber. 

The reactions produced by particles more complex than 
protons and neutrons are in no way different. The example 
below illustrates what takes place when the heavier isotope of 
lithium is bombarded with deiderons. There are again three 
possible reactions : 

(1) 3Li+iD=4S®+o’^ ; 

( 2 ) lLi+ll)=2lB.e+ln ; 

(3) ’Li+?D=«Li+iH. 

A reaction of particular interest takes place when cicc6l6Tcited 
deuterons are projected into deuterium gas. Two possibilities 
can occur, namely, 

( 1 ) ; 

(2) ^D+^D=|He-!->. 

In the first case a new hydrogen isotope of mass three has been 
created, in the second case a new helium isotope of mass 
three. 

Finally, we shall consider two cases of disintegration, using 
radioactive a-particles as the projectiles, namely, the reactions 
produced by bombarding magnesium. • Consider only the two 
magnesium isotopes of masses 24 and 25. The reactions are ; 

:Mg+^He=^ISi+> 


12- 

plg+pie- 


-®Al+iH. 


“13“ 


It so happens that both the newly created j^Si and j|Al are 
unstable and radioactive, one emitting a positron the other an 
electron. The two decay processes are respectively 


ZSi=f,M+e^ 

28 A 1 28c 

13 


^=®«Si+e- 


It has only been possible to select a few examples of the 
effects produced by different projectiles. A whole new field 
of nuclear chemistry is rapidly being built up and it is quite 
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certain that much light will be thrown upon the structures of 

complex toclei by the study' ' of these reactions. There is a 
distiiict; possibility also of obtaining sufficient synthetic radio- 
active material to replace that naturally occurring. Many 
himdreds of new. types of nuclei have up to date been created, 
most of them unstable and radioactive. ■ 


luelear isomerism 

Chemical isomerism, frequently found in organic compounds, 
is due to the spatial rearrangement of a group of atoms forming 
a molecule. An analogous “ nwlewr isomerism ’’ has now been 
found in a small group of artificially produced nuclei. These 
nuclear isomers have the same mass and charge but exhibit 
different radioactive properties: The suggested explanation is 
that the lowest excited state of a nucleus has a spin differing by 
many units from the still lower unexcited ground state. Theory 
shows that certain selection rules operate with the result that 
the first excited state is metastable. The nucleus can remain 
in this metastable state for a sufficient length of time for it to 
be observed as a different atom. Chemical separation of the 
isomers can sometimes be achieved. At least seventeen pairs 
of isomers have so far been detected. 


The fission of uranium Buelei 

A distinctly new type of disintegration has recently been 
observed when uranium and thorium nuclei are bombarded 
with neutrons. When these heavy atoms are irradiated new 
radioactive series are set up, at first thought to be ^Urans- 
uranic,'' that is, to involve species with atomic numbers greater 
than 92. Hahn and Strassmann showed, however, that the 
bombardment of uranium by neutrons leads to the production 
of barium and hvypton nuclei by a process of nuclear fission." 
A neutron is captured by the already complex and relatively 
unstable uranium nucleus and forms a very unstable nucleus 
of greater mass. This has a mean life less than 5xl0~^^ 
second. The close packing of the particles gives the nucleus 
properties analogous to those of a liquid drop, in accordance 
with Bohr’s theory. The high excitation due to the neutron 
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capture causes the drop to split up into two large sub-farUcles 
which repel each other violently. Owing to the packing fraction 

differences there is a net gain in kinetic energy of the order of 
200 X 106 e.v. per disintegratim. This is of very great interest 
and may prove to be of importance, since it is clearly a case 
of tapping the enormous enei^y sources latent in nuclei. 
There is some evidence indicating that several neutrons may 
be ** evaporated ** from the fission products immediately aftei 
the fission has taken place. 

The nuclear origin of stellar energy 
In steUar interiors the temperatures are very high, so great 
indeed that the thermal velocities of atoms are sufficient to lead 
to nuclear disintegration when collisions occur. It can be shown 
quantitatively that these “ thermo-nuclear reactions ” account 
for the tremendous emission of energy from stars. Stars can 
be roughly divided off into two groups brighter and fainter 
than our sun. As shown spectroscopically both types have a 
high hydrogen content. In the hot interiors all atoms are 
stripped of electrons by thermal ionisation. The calculated 
temperatures are ultimately of the order of 20,000,000° C., 
which considerably exceed those needed for nuclear disintegratimi. 
The High concentration of energetic protons leads to nuclear 
disintegrations with considerable emission of energy. Approxi- 
mately correct numerical results are obtained by assuming that 
a “ carbon-nitrogen disintegration cycle ” takes place in the 
brighter stars and a proton-proton interaction in the fainter. 

In the bright stars the carbbn acts as a catalyst converting 
hydrogen into helium according to the following chain of 
reactions, with emission of positrons and y-radiation : 

’gC-fjH->“N-l--y radiation 
>^-^“C+e+ 

-4- -f-y-radiation 
jH-o^gO +y-radiation 
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The remains practically unaffected enabling the cycle to 
continue for great Urns periods with consumption of protons mly, 

•In the fainter stars it is probable that the main reaction is 
simply Intermediate cases, such as that of 

our sun, probably involve both reactions to about the same 
extent. 

It is to be noted that these modern views on stellar energy 
emission and stellar evolution imply that any heavier elements 
in a star, even such as Li, Be, B, etc., are destroyed, by proton 
collision, with resulting a-particle emission. Such atoms, on 
this view therefore, existed before the star as such was formed. 
The evolution of a star is now considered to be as follows. A 
star begins by the condensation of a large Bmaunt oi matter 
at a point in space. Owing to gravitational attraction this 
cluster gradually contracts, the gravitational potential energy 
thus set free being ultimately liberated as radiation. When 
contraction proceeds the temperature rises until that of the 
core is about 200,000® C. At this point the thermal energy 
suffices to enable interactions to take place between protons 
and any deuterons present. Calculation shows that after some 
10® years all the deuterons will be exhausted, gravitational 
contraction then being resumed for a period of 10^-10® years. 

As a result of the second contraction the core temperature 
rises to about 5 X 10® ®C., the thermal velocities of the protons 
being then great enough to permit of interactions with 
deuterium, lithium, beryllium, and boron. This stage of the 
star’s life is described as the giant stoge^ When all the 
above four types of nuclei have been consumed further con- 
traction sets in, the temperature rising to 20 X 10® ®C. When 
this is reached the carbon cycle begins, supplying energy for 
the nmin radiating life of the star. The hydrogen is steadily 
converted into helium and when the protons are largely 
exhausted another contraction begins, this time rapidly. The 
energy so liberated soon exceeds the thermo-nuclear energy. 
The centrifugal forces increase and the star may then break 
up. , ' 

This theory of stellar evolution does not account for the 
presence of the original cosmic matter forming the star, nor 
does it give any clue to the mode of formation of complex 
heavy atomic nuclei. 


II 
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Nuclear spin 

Important contributions to nuclear theory have ^ resulted, 
from spectroscopic studies of nuclear spins. Nuclei can be 
divided off into four distinct groups according to the nuclear 
mass and charge. About half the isotopes in the Periodic 
Table have even nuclear mass and evm nuclear charge, about 
a quarter have odd mass and even charge, and another approxi- 
mate quarter have odd mass and odd charge. The fouith 
group consists of four species only in which the mass is even 
and the charge odd. 

The first important conclusion derived from hyperfine 
observations is that procticulty ull the nucleccr spins 
determined with certainty are half integral and are associated 
with odd atomic weights. (The small fourth group is an excep- 
tion to this rule and will be discussed separately.) A second 
conclusion is that light nuclei with masses integral multiples 
of four have almost certainly zero spin. This has been proved 
for the lighter elements, helium, carbon, oxygen, and sulphur. 
This fact is important, for these particular elements lie on the 
lower spur of the mass defect curve. Spin data and mass 
defect data seem to imply the existence of the a-particle as a 
nuclear sub-unit. Since the a-particle has a zero nuclear spin, 
nuclei built up only from them will also have zero spin. 

It is very likely that nuclei consist only of neutrons, protrons, 
and possibly a-particles formed from groupings of the latter. 
Clearly a nucleus with an odd mass number has an odd particle 
left over in its constitution. If the nuclear charge is odd this 
odd particle must be a proton, but if tk^ nucUar charge is even 
it must be a neutron. One can therefore distinguish more 
precisely the two groups of nuclei with odd atomic weight, 
for in one there is an odd proton and in the other an odd 
neutron. 

Observed nuclear spins vary from 1/2 to S/2 in spite of the 
fact that a nucleus can contain, when heavy, more than 200 
particles. Theory and experiment agree that a proton and a 
neutron both have inherent spins of 1/2. (The magnetic 
moment of such a particle wiU be considerably less than that 
of an electron because of the greater mass.) Land4 has there- 
fore proposed a theory to explain the origin of the nuclear 
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spins. In this theory Land6 considers that the nuclear spin is 
to be attributed to the single odd particle^ neutron or proton. 
This particle has a spin of i/2 and is also assumed to have an 
orbital angular momentum which may have a quantum number 
0, I, 2j 3, etc., exactly analogous to the I value of the electron 
in its orbit. The spin of the odd particle, together with iLs 
angular mornsnluniy combine to form a remlfant which is the 
nuclear spin. This theory of Lande succeeds in explaining 
why only small nuclear spins are observed. For example, the 
nuclear spin for arsenic has been stated to be 3/2 and this 
could arise from the addition of the spin of the odd proton 
either in parallel with an orbital momentum of i or anti-parallel 
with an orbital momentum 2. 

The theory is able to show that the nuclear mignetic moment 
will be different in the two cases. The calculations made on 
this basis for a number of nuclear magnetic moments are in 
fair agreement with those observea. Even when the hyperfine 
structures have been accurately measured it is difficult to 
derive therefrom exact values for nuclear magnetic moments. 
It is necessary in some cases to assume that three neutrons can 
contribute to the final resultant spin. 


The distrihntion of nuclear spins 

It has been shown by Tolansky that the numerical distribu- 
tion of nuclear spins differs in a striking manner for atoms 
with odd nuclear proton and those with odd nuclear neutron. 
The two forms of distribution are shown in Fig. 18.3. The 
shaded areas represent atoms for which a doubtful, but prob- 
able, value of the spin has been deduced. Smaller spins are 
favoured in the atoms with even atomic number (odd nuclear 
neutron). The general form of the distributions can be 
accounted for .by the Lande theory of nuclear spins. These 
curves show that the nature of the odd particle decides the 
spin and this is precisely what the Lande theory predicts. 

The distribution of spins in the small fourth group of atoms, 
those with even mass and odd charge, is of special interest. 
The stable atoms in this group are ^Li, The 

nuclear spins are known for these. They are each int^al and 


gin- ■ , , lOTBOBtTCTIOK TO ATOMIC PHYSICS 

eqml to unity. The deuteroa is structurally a combination of 
one proton and one neutron and as each of these constituents 
has a spin of 1/2 it can be considered that in the deuteron the 
spins of the individual components add up in parallel to give 
a resultant spin of 1. The lithium isotope of atomic weight 6 
probably contains an a-particle together with a neutron- 
proton pair in the nucleus. The spin of the a-particle is zero. 




.since the nuclear spin of helium is zero. The remaining proton- 
neutron pair will be expected to have the same residual spin as in 
the ease of the deuteron, namely, unity. This is indeed the case. 
By a similar argument, the nucleus will contain two 
a-particles and a proton-neutron pair, and the nucleus 
three a-particles and a proton-neutron pair. This simple 
conception therefore predicts that the spins of all the four 
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members of the group wiE be identical and equal to unity, a 
predictiqii_ which js in complete agreement with observation. 

It is to be noted that the Lande theory implies the existence 
of extremely small orbits within the very small radim of the 
wmhns^ which is of the order of cros. 

Atomie particles, nuelear particles and their transitions 
An analogy can now be drawn between the properties of 
atoms and nuclei. This is shown in the following table, 
suggested by Heisenberg : — 



Outer atom 

Nucleus 

Constituent particles which 
can be emitted. 

electron 

proton 

neutron 

a-particle 

Emission during transitions. | 

1 

photon 

y-ray (photon) 
electron 
positron 
neutrino 

r positive *) 
meson < negative / 

[ neutral J 

Corresponding field. 

electromagnetic 

electromagnetic 

De Broglie waves 

Type of force. 

Coulomb field 

Coulomb field 
exchange force 


It is evident that nuclear phenomena are mnch more com- 
plex than atomic phenomena. More particles may yet be 
discovered. There is, for example, always the possibiEty of a 
negative proton being found. 
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THE BELATIVITY THEORY 

The Michelson-Morley experiment 

The Theory of Relativity, propounded by Einstein in 1905, 
and the quantum theory of Planck, haye completely revolu- 
tionised modern scientific and philosophic thought. In the 
jiresent chapter the restricted or so-called Special Theory of 
Rdafivity will be discussed. This is based upon a celebrated 
optical experiment carried out in 1897 by Michelson and 
Morley in an attempt to measure the drift of the ether past 
the earth, as it moves in its orbit round the sun. 

Physical theory, particularly that associated with the 
propagation of electromagnetic waves, at that time postulated 
the existence of a universal all-pervading ether filling space. 
The earth, in its orbital motion, passes through this ether with 
a high velocity. If, therefore, a beam of light is sent from a 
source to a receiver on the earth in the same direction as the 
earth’s motion, it should take longer to complete the journey 
than if sent in the reverse direction, against the earth’s motion. 
This is because, on this view, the light travels in the ether with 
a fixed velocity, and the receiver is moving forward in front 
of the advancing wave when emission is in the same direction 
as the earth's motion, and vice versa. The aim of the experi- 
ment was the measurement of this time difference, from which 
the relative velocity of drift between the ether and the earth can 
be calculated. 

To make the observations a Michelson interferometer was 
set up as in Pig. 19.1. A beam of monochromatic light SA 
was partly reflected and partly transmitted by the half-silvered 
mirror at A. The divided beams fell normally on the mirrors 
C and B and returned to A where they united to form inter- 
ference band.s, observable by an eye placed at D. Let it be 
supposed that the paths AG and AB are of equal length d. 

SIS 
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Suppose the wliole apparatus moves througli the ether with 
velocity «? along SB. (v is in this case the velocity of the earth 
in the directioii SB.) Let c be the velocity of light through 


C 



the ether. Owing to the velocity of the system the optical 
path becomes that shown in Pig. 19.2. The beam reflected 
from A strikes the upper mirror at an angle other than the 
normal^ since the mirror has moved from C to C' in the time 


C c' 



taken for the beam to reach it. Let T be the time required 
for the beam to pass from A to B and Tj, that needed to pass 
back again to A which has now moved to A'. We have 

H^dUc-v) 
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The total time for the journey and back is 

T +Ti ={d/(c+i?)}+{d/(c-«)} 

=2dcj{G^—vf): 

Wince the distance travelled by the light is the time taken 
times the velocity of light, the length of the path is 

■-=2dl{l-v^lc'^) 

=2d(l+i’Vc-) 

to a hrst approximation. 

The length of the path AC' can easily be derived from 
Fig. 19.2 for AG—d and also CCjAC —vjc, hence we have 

(AC')2=AC2+(C'C)2 

(AC')2(l-J^=AC2 



or to a first approximation 

AC'=d(l+«^2/2c^)- 

Since AO'— C'A' the total path AC'A'equals 2o!(14-»2/2c‘-^). 

There is therefore a difference dv^jc^ in length between the 
path from A to B and back and the path from A to C and back. 
If the earth were to stop suddenly the interference fringes 
would be displaced, because the path difference would then 
vanish. If the whole apparatus is turned through 90° the 
arm AC now becomes optically longer than AB by dv^jc^ 
instead of being the shorter. The effect of rotating the ap- 
paratus is to produce a path difference equal . to 2dv^/c^. 
From the known motion of the earth the ratio vfc is approxi- 
mately 10“*. If d is 10 metres the optical path difference is 
2 X 10"® cms. This is 2/5 of a wavelength of sodium light, an 
amount very easy to observe since a displacement of only one- 
hundredth of a wavelength can just be detected. 

The result of the Michelsoh-Morley experiment 

To reduce the dimensions of the apparatus in order to main- 
tain the temperature constant and avoid vibrational effects, 
the arms AC and AB were kept small, but d was increased to 
10 metres by a system of mirrors reflecting the beams to and 
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fro before returning to the balf-silvered mirror. The whole 
optical system was monnted upon a massive base which 
floated on a pool of mercury. The apparatus could be kept 
in slow* rotation, at a rate of ten complete rotations ■ an hour. 

. The result found by Michelson and Morley was ;surgrising. 
There was no observable displacement of the fringes, suggesting 
that the relative velocity between the earth and the ether is 
zero, or certainly less than a fortieth of that expected. There 
was, however, just the possibility that at the time of the 
experiment the real velocity of the earth in space was very 
small, because of the motion of the solar system as a whole. 
At a given time of the year it would be possible for the orbital 
and solar motions to be in opposite senses and practically 
cancel. To eliminate this possibility, observations were made 
at different times of the year, when the directions of the earth’s 
orbital motion are different. In no case was there an 
observable ether drift. 

Aberration of light and ether drift 
When the result of the Michelson and Morley experiment is 
closely considered it is seen to* reveal a remarkable discrepancy 
with earlier experiments made to test ether drift. One of the 
most striking of these is Airy’s experiment on the aberration of 
a star. The fact that aberration occurs at all appears to 
show that the earth is in motion tlirough the ether : aberration 
is the apparent an^ulm change in direction of a star dm to the 
velocity of the earth. Airy reasoned as follows. Supposing the 
ether to be at rest, then, if a star is viewed with a telescope 
whose barrel is filled with water of refractive index p, a greater 
aberration will be produced because, although the velocity of 
the earth is not changed, the velocity of the light down the 
telescope axis is reduced by the water. Observation shows, 
however, that the aberration is not affected by the introduction 
of the water medium. It was shown by Fresnel that the only 
'' classical ” explanation for this is that the drifts with the 
water in the telescope with a velocity v{l— I where v is the 
velocity of the earth in its orbit. The following derivation 
will prove this. 
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In Fig 19 3 let AD be the tme direction of incidence of 
light from a star falling upon the object-glass of the telescope 
A Owing to the velocity of the earth in the toection BF, 
AB is the apparent direction. The angle BAD is the aberra- 
tion when the telescope is filled with air. If the telesco^ tube 
is now filled with water, the rays incident at A are refracted 
by the water to the direction AC, AD being the direction 
of incidence and AB the normal. From tMs we have 
sinBAD=fisinBAC, or as the angles are smaU, BD=/iBO. 
Since the velocity of light in water is l//i that in air, the time 
taken to traverse the water-filled telescope must be fi times 
that taken to traverse the same telescope when filled with air. 


Kg. 19.3 

The eyepiece wiU therefore have arrived at B. where BE =/tBD^ 
when the ray is expected to arrive at C. 

Since observation shows that the aberration is the same as 
with an air-filied telescope, the ray must actually arrive at M 
and not at C. The only explanation is that the ether drifts tht 
distance CE whilst the ray passes down from A. However, the 
water has moved through BE with the velocity v, hence the 
velocity of drift is 

i;'=CE.d/BE 

=(BE-BC)®/BE 

=i;(l-BC/BB) 

For air the drift velocity is practically zero, since y. is nearly 1 
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TMs fornmla, d appeared to be completely 

verified m another manner as the result of an experiment by 
Fizeau in 1859 when the difference in the velocity of a beam 
of light sent with and against a moving stream of water was 
measured.; 

The Lorentz-FitzGerald contraction 
The experiments just described establish the fact that when 
we are concerned with moving (water) there seems to be 

an ether drift, the velocity being that given by the Fresnel 
formula. On the other hand, the Michelson-Morley experiment 
appears to show that iAe ether surrounding the earth moves with 



the velocity of the earth itself To remove this discrepancy 
Lorentz and FitzGerald independently proposed a remarkable 
hypothesis now known as the '' Loreniz-FitzGerald contraction 
hypothesis'^ They suggested that the length of the path AB 
in Fig. 19.1, which lies in the direction of the earth's motion, 
contracts due to that motion by an amount dv^[2c^. If this 
happens the optical paths in the interferometer have the same 
equivalent lengths, leading to a null result for the Michelson- 
Morley experiment. The percentage contraction predicted is 
only about 5 X 10“’? per cent. The contraction in a length of 
2 Kms. is only 10“^ cms. 

The contraction theory is based upon electromagnetic 
conceptions which were considered Justified because of the 
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electrical nature' of matter. This will be made clear by a 
consideration of. what is . called : the ; Lorentz ^ imnsformatim-. 
Suppose we consider two observers, one 0, at rest, and the 
other O' moving with a velocity v along the .r axis. Let each 
describe the rectangular co-ordinates of the same point P 
(see Fig. 19.4).- The motion is equivalent to two ftames of 
reference (rectangular co-ordinates) in relative motion along 
the X axis. Let the figure represent the, state of affairs at a 
time t measured by the clock of the observer 0 and f measured 
by the clock of O'. According to observer 0 the co-ordiiiates 
of P are x, y, z, and i and to 0' they are a;', y\ z\ and t\ Let 
0 and 0' coincide in space at time zero. Clearly, since 
NN' and as PN' it would appear obvious that 

x' ^x—vt 

One should be able to transform from the co-ordinates of the 
observer at rest to those of the observer in motion by the 
above simple relationships. This is described as the classical 
transformation for non-accelerated systems. When critically 
examined it is seen to contain the assumption that space and 
time are absolute measurements independent of each other and 
independent of the systems. 

However, both experiment and theory show that if electro- 
magnetic measurements stated with respect to fixed axes are 
transformed to axes moving with velocity v in the x direction, 
the form of the transformation rules changes. In order to 
maintain a principle of relativity it is necessary to be able to 
transform from axes at rest to axes in motion without changing 
the form of the equations of motion. Lorentz pointed out that 
the equation forms would be retained unchanged if instead of 
the classical transformation, one used 

x'=^{x—vt) 

y'^y 

z'z^zZ 

in which jS==:l/(l— where c is the velocity of light. 
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The differences between the classical and the Lorents; trans- 
formations are shown thus : 

MecJmniml transformation Lormtz transformation 

According to the observer 0 the length he estimates for PN' 
is x—vt This is less than the length a;' which the observer O' 
attributes to the same distance since j8 is greater than unity. 
Each observer therefore ascribes a contraction to the measure- 
ment made by the other in the direction of relative motion. 
Piirthermore, space and time are not independent entities but are 
related. 

As ^=1/(1 when v is small compared with c this 
approximately equals l+t;?/2c2. The contraction ascribed by 
each observer to the unit length measurements of the other is 
v^j2c^i exactly the amount required to explain the result of 
the Michelson-Morley experiment. 

However, if the proposed contraction has a purely electro- 
magnetic origin, Lord Eayleigh pointed out that transparent 
moving media should become doubly refracting owing to the 
stresses set up by the contraction. Although sought for, this 
effect has not been found. All the difficulties and anomalies 
have been removed by the Theory of Relativity propounded by 
Einstein in 1905. This shows that* the electromagnetic con- 
traction is but a special case of a general law applicable to all 
matter. , „ 

The Special Theory of Relativity 

Perhaps the most remarkable feature about Einstein’s theory 
is that it is based upon a single statement of fact arising out 
of the Michelson-Morley experiment. This experiment shows 
that the velocity of light measured by an observer is constant 
and does not depend upon his awn velocity in the direction to 
and from the source emitting the light. This is the fmida- 
mental basic fact upon which the theory rests, namely, that the 
velocity measured for light is independent of the velocity of the 
observer. We shall now consider the implications of this. 

Let MMx be two mirrors equidistant from an observer 0 
(Fig. 19.5). Let M, Mj and 0 be at rest with respect to each 
other and let 0 and O' have a relative velocity v in the diree- 
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tion M'O. G sends out light signals simultaneously to M and 
M| aiid' as'OM=OMi the signals return. simultaneously. 

Let the obserYer O' know that the observer 0 recei'ves the 
returned signals at- the same instant. . ■ He is not aware of the 
fact that OM=OMi; since the effective velocity of the light 
may be different in the two paths. Let him call the length in 
the direction of motion X and that in the direction perpendicular 



X 

. - ■- o'' 

Fig. 19.5 

to the motion 1. Let the full lines in the figure represent posi- 
tions relative to O' initially, and dotted lilies subsequent 
positions as seen by this observer. We shall follow out the 
deductions which O' would make on the assumption that the 
velocity of light, with respect to himself, is independent of 
direction. 

According to the observer O' the length MM' equals vti md 
OW equals cti if ti is the time taken for the light signal to go 
from 0 to the mirror M, which by this time has moved to M'. 

OM'=OM-MM' 

i.e. cti=X—vti 

giving ti=Xlic+v). 

If #2 is the time taken for the light to return from M' to the 
observer who is how at O'" then M' 0 '"=ci 2 . Since M' 0 "=A 
and as 0''0'''=vt2 
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The total time taken for the light to go to the mirror M and 

come back is T—ti+^ 2 ' 

Substituting gives 

T = A/(c4-«) + A/(c — «) 

=2cA/(c2— v2). 

So far we have only considered the signal sent in the direc- 
tion of motion, we shhll therefore now examine the behaviour 
of the signal sent in che perjpendicular direction. OMi' is 
equal to As the total time taken for the double 

journey is T, because the signals are received at the same time, 
the time to travel over OMi' is T/2. The distance OMi' =cT/2, 
and as O has travelled to P during this time (T/2) it follows 
that OP=t)T/2, Since OM^'P is a right-angled triangle, 

OMi'2=OP2-fMi'P2 
hence c 2 'p 2 / 4 — {; 2 q) 2 / 4_|_^2 

giving T=2l/(c2— 1;2)*. 

The value just derived for T can now be equated to that 
already found for the other arm, i.e. 

2Ac/(c2 — d2)=2Z/(c2-v2)1 
whence A=Z(1 — 

Thus, according to the observer O', the length I in the 
direction of motion contracts to A where A=Z(1 — v^fc^)^. This 
is eicacUy the contraction reguwed by the Lorentz transformation. 
It has been derived here mechanically and is not nmdy an 
electromagnetic property. It is easy now to derive the com- 
plete Lorentz transformation by referring back to Fig. 19.4. 
According to the observer O, PN'=a;—eZ where t is the time 
measured by him for O' to move the distance NN'. The 
observer O' calls the distance PN',*'. However, as just proved 
above, this appears to 0 to be equal to a:'(l — giving us 

’ x'{l—v^lc^)*=x-~vt 

i.e. x' —p(z—vt) where /3=1/(1— e2/c2)i. 

This is the equation given by Lorentz for electromagnetic 
transformations. 

The transformation for the time variable is derived from the 
same figure in the following simple maimer. PN==PN'-(-NN', 
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and according to O' this is equal to x'-r-vt'. The length PN, 
which is a; for the observer 0, appears by the above reasoning 
to be a:(l—?;-/c2)S to the observer 0' who therefore equates 

a;(l — v^/c^)i=x' 

which gives x=^{x'-{-vt'). 

Since, however, x' —^(x—vt) we can substitute for x' and we 
find that 

x=p{^{x—U)-\-vt'} 

.=Px—p2vt+pvt'. 

Kearranging gives 

^vt'=Pvt+x(l~^^) 

but 1— ;82=={1 — 1 /{ 1 — ?;2|c2)} 

= (-t)2/c2)/{l_j;2/c2) 

==— U 2 j 82 /c 2 . 

Hence ^vt' —^^vt—v^^^xjc^ 

giving t' =^{t—vxlc^). 

By similar reasoning 

t=P(t'+vxje^). 

As lengths perpendicular to the direction of motion are not 
affected we finally obtain 

x'=^{x—vt) x—^(x'-^vt') 

y'=y y=y' 

z'—z ^z=z’ 

t' =^{t—vxjc^) t=^{t’-{-vx'lc^). 

This is the complete Lorentz transformation. 


Physical significance of the transformation 

We shall now derive a number of important physical con- 
clusions by applying the above transformations. These hold 
for all matter since they have been derived in terms of dynamics 
only, without invoking any dectromagnetic properties a,s postu- 
lated by Lorentz. It is clear that observers in relative motion 

ascribe a contraction to each other’s lengths. This is of great 

importance and can explain many physical phenomena, such 
as the result of the Michelson-Morley experiment. 

Observer’s tintes as well as lengths are affected also. Con- 
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sider a clock on the system of O' at the origin, i.e. where x' is 
zero. From the above transformation However, t' is 

the time of the clock according to O' and t that according to 
0, and as jS is greater than one, more time has elapsed according 
to 0 than according to O'. It follows that all movements on 
the reference frame of 0' appear lethargic to 0. The opinion 
is reciprocal, for a clock at the origin of the reference frame of 
0(a:=zero) obeys the relationship leading to a similar 

conclusion. The clocks would appear infinitely slow if one of 
the observers were moving with the velocity of light. 

Consider now a particle moving with constant velocity 
along the x axis. According to the observer 0' the particle 
moves from the point Xi at time ty to the point x^ at time 
< 2 '. He therefore ascribes to it a velocity 

Vy=iX2~-Xi')l(tz--ti). 

In a similar manner the velocity of the same particle is 
estimated by the observer. 0 to be 

Vi={X2—Xi)lit2—tl). 

Substituting from the transformation equations for Xy, 
ty, tz in the latter expression (remembering that v is the relative 
velocity of the two observers), leads to 




_ ^{X2-\-Vi2)—fi{Xy'-\-Vty) 

Pits' +VX2'jc^) -Pity'+VXy'lc^) 


dividing through by p and then rearranging gives 
« Xs'-Xy' Hh'-h> 

^ it2-ti)+viX2‘—Xy)/c^. 
Dividing top and bottom by t^ —ty leads to 

(Xs —Xy)l{t2'—ty)+V 


Vy. 


Vy-- 


1 

_ V+Vy 


l+Wi'/c®. 


This is the law for the addition of velocities and may be com- 
pared with the classical or Newtonian law which states simply, 
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ttat if reference frames have a relative velocity of v and if th©: 
particle velocity estimated by O' is t?/, then that observed by 

0 is just ■ 

The velocity of light 

The law for the addition of velocities leads to a very impor- 
tant conclusion relating to the maximum velocity attainable. 
Suppose that to an observer O' the particle has a velocity equal 
to c, the velocity of light. Since the observer O' is moving 
past 0 with a relative velocity v it is of interest to see what 
velocity 0 will now ascribe to the moving particle. This is 
obtained by putting Vi'=c in the formula Just derived. When 
this is done we get 

^^~l+ve/c^ 

■=C. 

A surprising fact therefore emerges, 0 also measures the 
velocity of the particle as the velocity of light. This is indeed 
in harmony with the fundamental assumption originally 
made, namely, that the velocity of light is independent of the 
velocity of the frame of reference. It is clear that the maximum 
vdocity ever attainable is that of light, for the addition of the 
velocity to a particle with the velocity of light c results in a 
final velocity c. This limit to the velocity attainable in 
nature is of fundamental importance. 

The contraction in length in the direction of motion is also 
associated with the limit of attainable velocity. It has already 
been proved that a length I contracts by virtue of its velocity 
V to ?;2/c2)J. If V has the value c, Le. if the matter moves 
with the velocity of light its length bemmes zero. This is 
clearly not possible, hence a particle oa^n only approach ' but 
never attain the velocity of light. In the next section it will be 
shown that mass depends upon velocity. The rrmss of a 
particle becomes infinite when it acquires a velocity eqvtal to that 
of light, another fact showing that this velocity is never actually 
attainable by matter. Therein Mes the fundamental distinction 
between matter and quanta, since the latter do have the 
velocity of light. 
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The variation of mass with veloeity 

According to classicdl mechanics mass is constant under all 
conditions of vdocity and acceleration. Relativity considera- 
tions show that this is not the case. Consider what takes place 
when two balls of equal mass {when compared together in the 
same reference frame) impact together at an angle. As shown 
in Fig. 19.6 they move off after the 
impact with the horizontal components 
of the initial velocities unchanged and 
with the vertical components reversed. 

Let the two observers 0 and O' 
have spheres of equal mass {compared 
at rest) and let the observer O' have 
a velocity v in the x direction. Each 
observer projects his sphere with {accord- 
ing to himself) the same speed V in 
the y direction so that they vrill meet 
half-way between the observers at the 
point A (see Fig. 19. 7) when 0 and O' are directly opposite 
each other on the y axis. To do this O' must project his 




sphere from the point 0 j As the x-compo'nent of velocity of his 
sphere is not affected by .the impact it will return to the observer 
at the point Og' such that 0i'0'=0'02'. The y components 
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of velocity of the spheres are interchanged and, as both are V, 
each returns back to his own observer with the same velocity, 
. . namely, V. 

' 0 infers' that the momentum in the y direction of the other 
sphere is eqnal to that of his own, since the latter returns with 
unchanged velocity. If then, in his reckoning, the mass and 
velocity of his sphere and that of the other observer are m, V, 
and mi, Vi, respectively, he equates mV =miVi. As the 
meeting point A is half-way between 0 and O', the distances 
OA and O'A are the same to both observers, being perpen- 
dicular to the direction of motion and, according to the trans- 
formation, not affected in length. 

However, the time which 0 thinks is taken by the sphere 
from O' to reach A is jS times longer than the time he con- 
siders to be taken by his own sphere. Hence to 0 the sphere 
of O' appears to move at a velocity slower than V, i.e, with a 
velocity V/j8. Thus he equates Vi=V/j8. This leads to 

mV=miVjpy 

i.c. mi=mj8 

or mi=m/(l— 

This relationship shows that, according to 0, the masses on 
the reference frame of 0' increase with velocity, being infinite 
if the velocity of light is reached. This law relating mass and 
velocity has been directly confirmed by measurements of the 
masses of high-speed electrons. Very many observations made 
with both bound and free high-speed particles indirectly con- 
firm this law which is now firmly established. The change of 
mass with velocity is very important in spectroscopic theory, 
for in elliptic orbits the velocities of the electrons are so great 
when near to the nucleus that the mass change with velocity 
affects the energies of the orbits considerably . 

The four dimensional eoiitinuum " 

To conclude this survey of the Special Theory of Relativity, 
a brief indication of its . jfiirther development to accelerated 
systems, called the General Relativity Theory, will be considered. 
The application of the Special Theory to the conception of a 
four dimensional continuum made by Minkowski, is the inter- 
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mediate stage in ' the ■ evolution ' of the gravitationai ' theory of 
Einstein . When the equation of a line in Cartesian co-ordinates 
is transformed we arrive at the following. 

: The distance ^ between two points with co-ordinates XiyiZi 

and by 

On applying the transformation equations we must expect 
to arrive at an equation of the same form in the co-ordinates 
of a second frame of reference, moving with respect to the first 
with velocity v. This is described by saying that the equation 
must be an invariant ^ i,e, unaltered in form by a change of axes. 
When the transformations already derived are applied to the 
above equation the result is 

—Xi) 

which clearly depends upon v and is certainly not similar in 
form to the original equation. 

It will be found by substitution that the expression 

^2 s=z{x^ + {yt + (^2 —'^^( 3^2 “~'^i 

does remain invariant when a transformation is made. For a 
line element this invariant form of equation is 

The units of length, etc., can be adjusted for mathematical 
simplicity so that the velocity of light e is unity (i.c. the unit 
of length is 3xl0i^ cms.). This simplifies the invariant 
slightly- to;;, 

ds^:=dx^'\-dy^-\-dz^ — 

Physically this means that a length is not described by the 
three dimensions dx^ dy, dz, but in addition, the time dimension 
dt is forced upon us. The quantity ds is called a ''point- 
event ” and is not exactly, a distance in space but is an interval 
in a four-dimensional continuum involving space and time 
inextricably bound to each other. 

It will be; noticed, from the first form of the invariant, that 
when d5==0 we have €^==={dx^-i-dy^+dz^)ldt^, i.e. 'something 
moving with' the velocity of light. This can only be a light 
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qmnfum (or a ray of light) hence the equation f?s—0 is that 
for a ray of light. 

In the four-dimensional continuum the equivalent of a 
straight line is a line making ds a minimum. This is termed a 
“geodesic.” It is clear that the history of a particle can be 
represented by the integral of ds, such an integral being called 
a “world line.” An ordinary “event” consists of the inter- 
section of two world lines. 

The General Theory of Relativity 

A discussion of the General Theory of Relativity passes 
beyond the scope of this book. By extending the special 
theory to acederating systems, Einstein has derived a law of 
gravity superior to that of Newton. The Newtonian inverse 
square law of gravitational attraction appears as a first 
approximation in the new law. Briefly speaking, Einstein 
assumes that the presence of matter distorts the curvature of tJie 
four-dimensional space. This ultimately leads to what is 
equivalent to gravitational attraction. 

Three possible experimental confirmations of this abstruse 
theory were predicted by Einstein, namely : 

(1) It had long been known that the orbit of the planet 
Mercury e:^ibits a precession of 42" are per century, a pheno- 
menon which cannot be explained by the inverse square law 
of gravitation. Einstein found that the orbit of a planet is 
only a Kepler ellipse to a first approximation. When the 
second order terms are derived from the new theory they show 
that the major axis of this elHpse should precess with an angle 
equal to 6^2/c2 per revolution, » being the orbital velocity 
and c the velocity of light. This is- exactly the amount of 
pr^ession observed m the case of Mercury. 

(2) The theory shows that as matter distorts the continuum 

this IS equivalent to the production of a variabh refractive index 
xn space in the neighbourhood of matter. Light passing close to 
to ™ todd be defleoM .Hghtly by an to 

calculated. Measmements made during ecKpses of the sun on 

-- - 

(3) It can be proved that the frequency of a rotating or 
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resonating body is slowed down by a gravitational field. 
IVom this it follows that the wavelengths of spectrum lines 
given out by the sun are displaced slightly to the red compared 
with those given out on the earth, where the gravitational 
field fis much less. The calculated displacements are very 
small (of the order of 0*008 A) and are just on the limit of 
observation. There is on the whole evidence in favom of the 
effect on the sun. In the very heavy stars the effect can be 
measured. 

It can be considered that the predictions of the theory have 
been confirmed by observation. Thus the very remarkable 
theory based upon such apparently intangible ideas has been 
completely vindicated. 

KEFEEEITCES 

“ Relativity : The Special and General Theory,’* A. Einatein. (1922,) 

“ Relativity Physics.” W. H, McCrea. (1933.) 


APPENDIX 



RECEIT DETEBMINATIONS OP IMPOKTANT ATOMIC 
COISTAITS ■ 


WitMn recent years a nnmber of high precision experiments 
have been made in order to increase the accuracy of the 
experimental values for a nnmber of fnndamental atomic 
quantities such as the electronic mass, the electronic charge, 
Planck^s constant, the velocity of light, etc. Frequently 
several of these independent quantities enter together in 
a particnlar experiment, and as each investigation involves 
its own percentage experimental error, a careM statistical 
analysis of all the experimental data must be made before the 
most probable values can be deduced. From the viewpoint 
of atomic physics, most attention has been devoted to the 
determination of the electronic mass and charge and indirectly 
it has been necessary to evaluate more accurately a number 
of other physical constants. 

Considerable controversy has in the past existed concerning 
accurate values for the electronic charge e and the electronic 
mass at rest Mq* With increasing precision these difficulties 
have now practically disappeared as will be seen from the 
following data compiled by Dunnington with modifications by 
Birge added. In order to derive the numerical values of e and 
Mq the experiments to be described, a number of auxiliary 
constants are required but in all of these the accuracy is such 
that any errors which remain do not' contribute to the incon-, 
sistencies which led to the earlier controversy. The auxiliary 
constants are : ^ 


Faraday (International coulombs per mol) . 
Velocity of light (cm./sec.) . . . . . . 

Rydberg constant . . . . . . 

Gas constant (erg/deg. moL) . . . . . . 

Ratio of mass spectrographic to chemical weight 
Rydberg constant (infinite nucleus) . . . . 

Value adopted for Planck’s constant h (erg sec.) 


96506 * 6±5 ■ 

2*99776±0-00015xI0^ 

109677*58±0-0i 

8-3144±0-0004xl0’' 

1*000275 

109737*30±0*02 

6*624di 0*002 X 10-S7 
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It is found that the best methods for fixing the electronic 
mass and charge involve first the determination of c/otq 
and then of e. We shall consider first the various c/mg 
values. 

c/mo • 

The measurements on c/oto can be divided into two distinct 
groups depending -upon whether the electron is bound to an 
atom or is free. The first group includes the precise spectro- 
scopic methods and the second group the electric and magnetic 
deflection experiments. The investigation of Bearden upon 
the refractive index of a diamond prism for X-rays can be 
considered as belonging to the free electron group. The results 
are tabulated below. 


Table II 


Observers 

Date 

Method 

Result X 10~’ 
e.m.u. 

Houston . . .. . . 

1927 

Fine structure — ^He^ 

1*7607 

Kinsler and Houston 

1934 

Zeeman effect 

1*7571 

Shane and Spedding 

1935 

Fine stmotur© 

1*7582 

WiHiams . . 

1038 

ditto 

l‘7580 

Houston . 

1938 

ditto 

1*7593 

Drinkwater, Richardson 
Williams . 

1940 

ditto 

1*7591 

Perry and Chaffee . 

1930 

Linear acceleration 

1*7610 

Kirachner .... 

1932 

ditto 

1*7590 

Dunnington .... 

1937 

Magnetic deflection 

1*7597 

Shaw . . . . . 

1938 

Crossed fields 

1*7581 

Bearden 

1938 

X-ray refraction 

1*7600 


Weighted mean e/mQ=l<7592jbQ-0005x 10^ e.m.u. 


The various methods employed may be described briefly as 
follows : — 

(1) Comparison of the wavelengths of corresponding lines in 
the line spectra of hydrogen and helium, together with Bohr’s 
theory of spectra, gives a precision value of e/m. 

(2) When a line source is emitting in a strong magnetic 
field, then, in suitable cases, the lines split up into a number, 
from the separation of which e/m can be derived. 

(3) If vi and vg ^^^e like components in the fine structures 

22 
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of H and D lines respectively, H+ and D+ the masses of the 
nuclei, and F is the Faraday, then 

e/OT={F/l- 008 I)(D+./i-H+»' 2 )/D+(i' 2 -»'i) 

and m-H+D+{»' 2 ->'i)/(D+«'i-H+»' 2 ). 

This method has very high precision. 

(4) In the linear acceleration experiments, of which there 
are a number of variants, electrons are accelerated by a known 
field and the velocity attained is measured accurately. 

(5) The purely magnetic deflection method employed by 
Dunnington has already been described. 

(6) Modern methods using crossed electric and magnetic 
fields are refinements and improvements on the original 
classical method of Thomson. 

(7) From measurements of the refractive index of a diamond 
prism for X-rays of known wavelength, e/m can be found in 
terms of the known grating space of the diamond crystal. 

It Is clear from the data in Table II that the different values 
have a random distribution so that within the present limits 
of measurement the value of e/nio cannot be considered to be 
affected by the degree of binding of the electron. 

e 

The electronic charge e can only be measured directly with 
precision by the oil-drop method, in which the velocity of a 
drop in a gravitational field and then in a combined gravita- 
tional and electrical field is measured. There are, however, at 
least ten other ways by which the electronic charge can be 
indirectly evaluated. In these experiments various combina- 
tions of e, and A occur, and by combining these -rtfhere 
necessary with the known values of Rydberg’s constant or the 
velocity of light c, appropriate methods of algebraic elimina- 
tion can be applied and from each a value of e can be derived. 
The results obtained by these methods are tabulated in 
Table III. 

The methods may be briefly described in turn as follows - 
(1) The wavelength of a particular X-radiation is measured 
with a ruled grating and then with a calcite crystal. From the 
derived grating space of the latter the charge on the electron 
can be calculated. 
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Table III 


Method 

Combination 

measured 

e X 10*® ©.S.1I. 

Billed grating ....... 

e 

4-8025 

X-ray continiram limit . . . . . 

hje 

4*8026 

Ionisation potentials ... 

hje 

4-8090 

Wien’s radiation constant . . . . 

hie 

4-8145 

Stefan-Boltzmann radiation constant . 

elhi 

4-8168 

Electron diifraction (crystal) . . 

(A/eKe/m-,)i 

4-7964 

Electron diffraction (film) . . . . 

A/m, 

4-7972 

Compton effect . ... 

A/m, 

4-7956 

Specific charge . . . . 

e/m„ 

4-7963 

X-ray photo-effect - . . . . . 

(flmMh) 

4-7953 

Oil dtop method ^ . . . . . 

e 

4-8036 

Oil drop method . . . . . . . 

e 

4*802 


Weighted mean e =4*8Q25jb0*0004x e.s.n . 


(2) In this method the minimum voltage at which electrons 
can produce X-rays of specified wavelength is determined* 

(3) Ionisation potentials are measured by the method of 
electronic impact. 

(4) Wien’s radiation constant is derived from heat radiation 
observations. 

(5) The Stefan-Boltzmann constant is obtained by measuring 
the net radiation per square centimetre from a heat source at 
known temperature. 

(6) Electron diffraction observations with a crystal give the 
de Broglie wavelengths of the electrons used in terms of the 
crystal grating space. 

(7) The diffraction of electrons from surface films, when 
examined, leads to a value for hjmQ* 

(8) The. same quantity is obtained from Compton effect 
studies on the scattering of X-rays, the effect of binding being 
taken into account. 

(9) The methdds for evaluating the specific charge have 
already been discussed. 

(10) X-ray photo-electrons are ejected from a thin film with 
radiation of , known frequency and the electron energies 
measured using a magnetic deflection method. 

(11) The largest error in the oE-drop method lies in the 
value of the coefficient of viscosity of air. This has recently 
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been re-detemined and has led to a modification of the earlier 
■ value reported for the charge by Millikan, 

The best value for the mass of the electron, derived from 
, the charge and the ratio of mass to charge is 

mQ=9d066 X 10~^^ gms . 

To the quantities already enumerated three more can be 
added.. According to Millikan (1938) • the best value for 
Avogadro’s number is ■ 

N=6*023j::0»QQl X 10^^ p er mol. 

With this the mass of the hydrogen atom becomes 

M=l*674xl0~^^ gms. 

The third quantity is the mass of the neutron. This is best 
measured by disintegrating heavy hydrogen with gamma- 
radiation of known wavelength. The most recent value found 
for the mass (Chadwick, Feather and Bretscher, 1939) in terms 
of oxygen == mass 16 is 

ne utron mass =1*00 895. 
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NUCLEAR FISSION ■ AND ATOMIC ENERGY 
ExplaBEtory 

In Chapter XVIII the nuclear fission of uranium was briefly 
mentioned and it was hinted that this might constitute a vast 
source of nuclear energy. Research in this field, culminating 
in the atomic bomb explosions of 1945, was being intensively 
pursued secretly throughout 1939-45, but it is only recently 
that the secrecy ban has been lifted and an account of this 
work can thus be included in this reprint as an appendix. 

Nuclear Fission 

In accordance with the Einstein principle of the equivalence 
of energy and mass (E=mc2 where e is the velocity of light) it 
follows that a kilogramme of matter, if completely transformed 
into heat energy, could convert over 30 million tons of water 
into steam. This conversion is the source of stellar energy of 
radiation, and apart from separate individual atomic disinte- 
grations naturally associated with cosmic rays and radio- 
activity, no such energy conversions normally take place on 
the earth. 

The practical application of nuclear disintegration processes 
to both the production of an atomic bomb and to the future 
probable employ as a source of power, owes its origin to the 
utilization of the nuclear fission of uranium, first demonstrated 
by Hahn and Strassmann in 1938, the mechanism of which 
will now be discussed. A comprehensive theory of the process 
has been developed by Bohr and Wheeler with the following 
general conclusions. 

If a neutron be captured by a heavy nucleus then there will 
be either (1) photon radiation, or (2) neutron emission, or 
(3) fission. ' There is competition betw^een these processes, 
depending largely upon the state of stability of the nucleus. 
If the energy of capture is transformed into deformation of the 


342 


INTBOBUCTIOK TO ATOMIC ■ PHYSICS 


nuclear '*drop/' as postulated by Bohr, then under suitable 
conditions, the drop deforms so far as to split in two, since 
excitation' of the nucleus by absorption of the neutron leads to 
osoElations like those produced in a water drop by surface 
tension. Some very heavy nuclei are near the limit of stable con- 
stitution, and it does not require great energy to initiate fission. 

Experiments made by separating the fission products arising 
from- the neutron bombardment of uranium established that 
the latter splits up into two nuclei of roughly equal mass, with 
a great liberation of energy. The two new, charged nuclei, 
being formed within the small distance of a nuclear radius, are 
violently repelled with great energy. There is an energy gain 
of some 200 million electron volts at the expense of mass con- 
sumed in the process. In 1939 Joliot, Halban and Kowarski 
showed that the fission of one uranium atom by one neutron is 
accompanied by the simultaneous emission of three other 
neutrons. It is this latter fact which permits of application 
of fission to practical purposes. For it enables initiation of a 
chain reaction in a sufficiently large mass of material, resulting 
in a rapid geometric increase in fissions, once the first fission 
has started, in a manner recalling the formation of a cosmic 
ray cascade shower. 

Bohr and Wheeler showed that a rare isotope of uranium 
was involved in the observed fission. There are three isotopes 
in uranium masses 238, 235, 234 (abundance ratios 1 : 1/140 : 
1/17,000). These investigators showed that the binding energy 
of a neutron in a heavy nucleus of even charge is less when the 
mass is odd than when it is even. This points to 235 as the 
responsible atom and this was confirmed by energy measure- 
ments. It was also shown that 238 could undergo fission too 
but only when bombarded by high energy neutrons, whilst 
235 required only low energy (thermal) neutrons to initiate fission. 
This prediction of the theory was confirmed by extracting a 
small amount of 235, using a large mass spectrograph as the 
instrument for isotope separation. 

The mechanism of fission of 235 by neutron absorption can 
thus be represented by the reaction 




I: 


-> (a) fission product 
-> (6) fission product 




;34S^ 

'THe U^ is unstable aad breaks up iri a short time period 
estimated to be second, emitting high speed neutrons. 

The two fission products have variable masses, one being in 
the range 124-134 and the other in the range 90-100. Both 
products are unstable and decay by successive beta emissions 
with periods ranging firom fractions of a second to over one 
year. . 

The Chain Reaction 

Theory of the reaction showed that if a chain reaction could 
at all be initiated, then for equal weights, the energy produced 
would be many millions of times that of chemically burning 
fuels. Two conditions are necessary for onset of a chain 
reaction: (a) the mass of reacting material must be large 
enough to absorb and conserve the neutrons which would other» 
wise escape, leading to collapse of the chain of collisions; 
(b) the purity must be high, that is, the quantity of non-active 
material capable of absorbing (and wasting) neutrons, must 
be strictly reduced. With the critical mass is shown by 
calculation to be only a few kilograms (less than 100). But 
the U235 chain is normally prevented through absorption by 
the 140 times more abundant which is in this sense an 
impurity. If 17^35 can be isolated reasonably free from ad- 
mixture, the critical mass will spontaneously lead to a violent 
chain reaction, exploding with a power calculated to be of the 
order of that of 8,000 tons of TNT. This fission explosion only 
occurs when the critical mass is reached, for in a smaller 
volume of metal less than one neutron is conserved per fission^ 
as there is escape at the surface and the chain fails to develop. 
For a sphere of metal the neutron escape depends on the sur- 
face, i.e. on the square of the radius, but the absorption depends 
on the volume, i.e. the cube of the radius. Clearly as the 
radius is increased, from a small value, a critical size is reached 
and above this more neutrons are produced than are lost, and 
the explosion develops rapidly. 

Quantities less than the critical armuni are completely staUe 
and quantities exceeding this spontaneously explode, A mass of 
metal exceeding the critical mass cannot therefore exist. 

To produce the explosion it is only necessary to bring inti- 
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: mateiy together mechanically two quite safe pieces ,, of 235 
metal each, of mass somewhat greater than half the critical 
¥aliie. This mechanical operation constitutes the act of 
, detonation. No other mechanism- for artificially inducing the 
explosion is required, for there are always produced ip any 
mass of metal a number of free neutrons by incident cosmic 
radiation;, and these suffice to start the explosion. 

Mature of the explosion 

■ If an appreciable fraction of the atoms in a mass . of 235 
metal break up rapidly by fission, the energy thuS' liberated 
leads to a violent rise in temperature, which might be of the 
order of 10,000,000° C. and will be accompanied by a pressure 
of many millions of atmospheres. Radiation, being propor- 
tional to the fourth power of the temperature, will be intense 
and the associated radiation pressure will be correspondingly 
high. There is also intense gamma radiation and a great cloud 
of radioactive matter forms. 

Under such conditions it is clear that the disintegrating 
material will itself expand at great speed. As the expansion 
leads automatically to a fall in density, neutron absorption 
will dimmish and the chain reaction will quickly collapse. It 
is essential that the fission reaction chain will develop so 
rapidly that a considerable portion of the material reacts before 
dispersal The life-time of the reaction is small enough and 
the neutrons are sufficiently fast to ensure that this important 
condition is actually fulfilled.' 

The life-time of the total explosion itself is very small and 
is determined by the rate of expansion which ultimately leads 
to cessation of fission. All the 235 is not converted and the 
calculations which have been made on the energy liberated 
take into account only the fraction consumed. 

■Separation of ■ 

The production of' several kilogrammes of separated 
represented a major national effort in the U.S.A. The pro- 
cesses tried included diffusion, distillation, centrifuging, thermal 
diffusion, chemical exchange and separation by mass spectro- 
graph, using a 2,000 ton magnet. The major separation was 
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11238^^1. ^ isotopic compounds XT 235 'P 

U»»F. have masses 349, 352, hence a single diffusjon through 

a porous barrier enriches U^aspg by a factor a=7||=l-0043. 

SantTeVr^^^ ratbs which lead to the instaUation of a vast 

thousand?,Jf separation can be achieved. Many 

thousands of stages are required and the initial quantity of gas 

so that 100 kilogrammes separated require 10,000 tons of 
uramum. Thousands of pumps and many acres of diffusing 
bamer were necessary. The cost was of the order of a hundred 

m^ion pounds. The achievement is unique in the history of 

science. w 

^ Sufficient 17236 was obtained for the manufacture of a small 
number of atomic bombs. The project was highly speculative 
since no prehminary small-scale test bomb can be constructed 
The ^al production and detonation of the bombs confirmed 
tne whow theoretical prediction. 

The Pile 

u showed that at certain neutron speeds 17238 

had a large probability of capture, but instead of fission, U23a 
18 formed. This is unstable (beta active) and on decay leads 
to & tranmramc element, i.e. one of atomic number greater 
than 92 Thm element 93Np239 has been named neptunium and 
the reaction is 

92^238 J ->j2U239_>ggNp239 _f.g 

decays to another new element 

94 PU 239 , plutonium, thus 

g3lfp239^^Pu239+g. 

The importance of this reaction is that plutonium is easily 
separated cAemma% from the uranium and in accordance with 

Now materials of low atomic weight (e.g. carbon, but prefer- 

ably ^ deuterium) can slow down fast neutrons. If ordinary 

fast neutrons 

om U fissions that may be initiated by cosmic rays, etc., 
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will be slowed down and then absorbed by' to form 
ultimately. 

, A large complex lattice , of lumps of uranium distributed 
within a moderator is called a ‘‘ pile.',’ By such a device the 
neutron velocities, can be slowed down to the required values 
for producing fissions, and the ' atoms do not effectively 
destroy the reaction chain (neutrons of intermediate energies 
have a resonance reaction with 238) » 

Such a large pile can be maintained self-sustaining and thus 
becGme a power plant. . Thus the production of power requires 
a slow-neutron induced fission chain in a pile, whilst an atomic 
bomb requires a fast-neutron chain in U235 or Pu^^s; 

In 1942 a small pile was produced using pure graphite as 
moderator. As the pile was built up the critical dimension for 
the particular concentration of 235 used was reached (several 
tons) and additional mass led to a self-sustained reaction. 
The first pile contained 6 tons of uranium and produced the 
low power of 200 watts, but this was sufficient to confirm the 
theory. The reaction is controllable by the insertion of strips 
of absorbing metal (cadmium). To produce 1 kilogramme of 
Pu239 pep (Jay the pile must operate at about 1 million kilo- 
watts, from which it is seen that an effective Pu239 producing 
pile must contain thousands of tons of uranium metal and 
represents a vast engineering project. 

The pile warms up and the cooling problem is a great one. 
Furthermore the uranium must be protected from corrosion 
and oxidation. To add to the difficulties the neutron radiation 
from the pile is so great and dangerous that operations 
within this vast structure' must be automatically controlled 
from a considerable distance away. No operators can ap- 
proach a pile, which has to be enclosed in thick concrete walls. 

The individual piles, of which a number have been con- 
structed, consume only a few grammes per day of uranium. 

An opening at the top of the pile lets out an intense uniform 
beam of neutrons, which serve as a source for further experi- 
ments. 

The piles now in operation function principally as producers 
of Pu23^ and other radioactive materials. The energy 
liberated is not at present available for practical purposes 
since it is the low efficiency energy in the heated up 


, , A JUA A, 

water-eooHng system, and is aUowed to go to waste The 

hive'' nof vItT ^ temperature 

have not yet been solved. When they are, the oiles mav 

isTemiS to' ^ 'T'® ^ The pile 

IS permitted to run for some time and pieces of uranium are 

Se'^Z; the plutonium extracted cheZa% 

«tok or^„r”‘T “, “*“• “<* '>? “ 

stocK ot plutonium is slowly accumulated. 
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